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NPEANCIIOBMUE

OTa KHHUra OTpaKaeT MHOTOJIETHHH ONBbIT MpernoiaBaHHs Co-
OTBETCTBYIOLLET0 Kypca B MoCKOBCKOM (PU3HKO-TEXHHUUECKOM HH-
cruryte. OcobeHHocTu noarotoBku ctyneHtoB B MOTH Bri3bIBa-
10T HeOOXOAUMOCTb YCKOPEHHOIO U3JI0XKeHUs Kypca MaTeMaTHKH,
no o6beMy NpHOIMAKAIOLIETOCS K YHUBEPCUTETCKOMY. B cBs3u ¢
3TUM aHaJUTHYecKas FeOMeTpHUsl H3JjaraeTcs Tak, 4ToObl Ha Ipo-
CTOM U JOCTYIIHOM MaTepHase MOATOTOBUTb CTYIEHTa K H3yUEHHUIO
JquHelHOU anrebpbl. CoOCTBEHHO JIMHEHHOH anre6pe, T.e. TEOPUH
JIMHEHHBIX NPOCTPAHCTB, NpelrocsaaHa 0oJblias [JaBa O CUCTe-
Max JMHeHHbIX ypaBHeHUH U Matpuuax. Ee nesb — narb uurare-
JII0 UCCJIeIOBAaHKME CUCTEM JIMHeHHBIX ypaBHEHHH, He3aBUCHMOe OT
MeTOJ0B JINHEHHOH anreOpbl. B aToil e riaBe cobpaHbl U 1py-
rye cBelleHUs!, HeoOXonuMble AJ1s nanbHelero. bosee nongpobHoe
NpelcTaBjeHHe O CTPOEHHH KHUIM MOXKHO NOJIYYUTh U3 OIJiaBJe-
HUS.

B HacTosileM HM3MAHWHK MO CPaBHEHHIO C MPEABIAYIIAM YJyu-
lIeHbl MHOTMe [0Ka3aTeJbCTBa, 3aHOBO HamHcaHbl maparpagdsl o
JKOPJ@HOBOH (popMe MaTpHLBl U O MOJHUBEKTOPax U BHEIIHUX (op-
Max. BHeceHO GoJibllIoe KOJIMYECTBO MeJIKMX U3MEHEeHHUH, Cr1ocoo-
CTBYIOLIUX YJYYIIEHHIO U3JI0KEHHS, U UCTIPaBJIeHbl HEKOTOPBIE M0-
TPELIHOCTH.

MHe xoueTcs ¢ 6J1arOLAPHOCTBIO OTMETUTD TO BJMSHHE, KOTO-
poe oKasaJu Ha 3Ty KHUIY IperojaBaTesu Kadeapbl MaTeMaTH-
ki MOTH, Gosblie Apyrux — Bce, YMTaBLIME JEKLUU MO Kyp-
Cy aHaJUTHYeCKOH reoMeTpuU U JUHeHHOH anre6pbl. OcobeHHO 5
6aaronaped npod. A.A. A6pamosy, npod. JI. A. Beknemurieso,
yn.-xkopp. PAH JI. JI. Kynpsisuesy, npod. B.B. Jluackomy, akan.
JI. B. OBcsnnukosy, npod. C. C. Peiikosy, npod. C. A. Tessikos-
CKOMY.



Irasa |

BEKTOPHAS AJITEBPA

§ 1. BEKTOPbDI

1. IlpenBaputenbHble 3aMeyaHus. [lepBble ryiaBbl 3TOH KHU-
TH MOXKHO paccMaTpHBaTh Kak IMPOJOJIKEHHe LIKOJBHOTO Kypca
reoMerpuHu. MaBecTHO, UTO KaXkaash MareMaTHuecKas AUCLHUIINHA
OCHOBEIBAeTCSI Ha HEKOTOPOH CHCTEMe HeJO0Ka3blBaeMbIX MPesJIo-
JKEeHHH, Has3blBaeMblX akcHoMaMu. [To/iHbIH MepeueHb akCHOM Teo-
MeTpHH, TaKkKe Kak U oOCYKIeHHe POJM aKCHOM B MaTeMaTHKe,
moxHO Ha#it B KHrre H. B. Edumosa [5]. (LLudpsl B KBagpaTHBIX
CKOOKax 03HAUYaIOT CCHIJIKH Ha CIHCOK PEKOMEHIYeMOH JUTepaTy-
pbl, IOMELIEHHBIH B KOHIIE KHHUTH.)

Mpl He cTaBUM cebe LeJbI0 M3J0KEHHE JIOTHYECKMX OCHOB
npeaMeta ¥ MOTOMY [IPOCTO ONMpaeMcsl HAa TeOpPeMbl, J0Ka3blBa-
eMble B Kypce 3JeMeHTapHOH reomeTpuu. PaBHbIM 00pasoM, Mbl
He MbITaeMCsl AaTh OMpeleseHHe OCHOBHBIX F€OMeTPUYeCKHUX MO-
HATHUH: TOYKH, TPSIMOH, MIOCKOCTH. UWTaTesb, HHTEpeCyONH-
CSl UX CTPOTHM BBeJEeHHEM, MOXKET OOpPaTHUTbCH K TOH Ke KHHUTe
H.B. EpumoBa, MBI e mpocTo GyneM CYUTATh, UTO ITH U APYyTHe
BBeJIeHHbIE B IIKOJIe MOHATHS H3BECTHBI YUTATEJIO.

[IpenmonaraioTcsl TakxkKe H3BECTHBIMH OIpefleleHHe Bellle-
CTBEHHBIX (HeHCTBUTE/NBHBIX) YHCEJ W HX OCHOBHBIE CBOKCTBA.
(Crporast Teopusi BelleCTBEHHOrO YHCJ/a MPUBOAUTCS B y4eOHH-
KaX MaTeMaTHYecKOro aHajusa.) DymeT LIMPOKO MCMONb30BAThCS
TO O0OCTOSITENBCTBO, UTO MNPH BLIOPAHHOH eNMHHIE H3MepeHHS
Ka)KJIOMy OTpPE€3Ky MOXHO COINOCTaBHUTb IOJIOKHTEJbHOE Bellle-
CTBEHHOE YHCJIO, Ha3blBaeMoe ero MJIUHOH. EQuHnuyy usmeperus
Orurn mol 6ydem cuumame 8v.6paHHOL pa3 Hascez0a W, TOBOPS
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0 IJIMHaX OTPe3KOB, He OyleM yKasblBaTb, KaKoH eIMHHLEH OHH
U3MepSIIOTCS.

2. Onpepnenenne Bektopa. [loHsATre BeKTOpa Tak»Ke H3BeCT-
HO U3 LIKOJBHOTO Kypca, HO JIy4llle HATOMHUTL OCHOBHbIE (DAKTBhI,
C HHUM cBsi3aHHble. [lapy ToueK Mbl Ha3blBaeM ynOpsO0OUEHHOLL,
€CJIM TIPO TH TOYKH H3BECTHO, KaKasi M3 HUX MepBas, a Kakas —
BTOpAs.

Onpenenenue 1. OTpe3ok, KOHIBI KOTOPOTO YHNOPSIAOYEHH,
Ha3bIBAETCS HANPABAEHHbIM OMPe3Kom UIN sekmopom. IlepBeii
U3 ero KOHIOB Ha3blBaeTCsi HAa4asoM, BTOPOH — KOHILIOM BEKTOpa.
K BeKTOpaM OTHOCHUTCSI U HYy.1e80li 8eKmMOp, Y KOTOPOTO Hauajo U
KOHel[ COBIanaloT.

HanpaBieHue BekTOpa Ha pHUCYHKe MPHHATO 0003HAYaTh
CTpesKOH, Haj OyKBeHHbIM 00O3HAaUeHHEM BeKTOpa TOXKe CTa-
BUTCSl cTpesika, Hampumep, AB (mpu stoM OykBa, o6o3Hauaro-
masi HauaJjio, o0si3aTeJbHO NHULIETCs NepBoil). B KHUrax OyKBHI,
o603HayallIie BEeKTOPbl, HAOUPAIOTCS MOJYKHPHBIM IIPH(TOM,
HanpuMep, a. HysneBo# BekTop o6o3Hayaercs 0.

PaccrosiHve MeXay HauyajoM M KOHLOM BeKTOpa Ha3blBaeTcsl
ero dauroil (a Takxke modysem UIW AOCOAOMHOU BEAUUUHOLL).
JlnuHa BekTOpa 0603Hauaercs |a| nin |AB].

BekTopbl Ha3bIBAIOTCS KOAAUHEAPHbIMU, €CITH CYLIECTBYET Ta-
Kasi IpsiMasi, KOTOPO# OHU MapaJiiesibHbl. BeKTopel komnianaphot,
€CJIH CYIIeCTBYeT MJIOCKOCTb, KOTOPOH OHU mHapasiiesbHbl. Hyite-
BOH BEKTOpP CUMTAETCsl KOJIJIMHEAPHBIM JII0OOMY BEKTODY, TaK Kak
OH He HUMeeT OMpeeJeHHOro HampasjeHus. [lJiuHa ero, pasyme-
eTcsl, paBHa HYJIIO.

Onpenenenue 2. [IBa BeKTOpa Ha3bIBAOTCA pagHbiMU, eC-
JIM OHY KOJIIHHEAPHbI, ONMHAKOBO HAMpPAaBJIEHbl, © HMEIOT PaBHbIE
IJIAHBL.

M3 aToro omnpenesieHus BHITEKAeT, YTO, BHIOPAB JIOOYI0 TOUKY

—
A’, MBI MOXKEM MOCTPOUTB (K MPUTOM TOJbKO onnH) BekTop A'B’,
paBHBIH HEKOTOPOMY 3aJJlaHHOMY BeKTOpy AR, WJH, KaK TOBOPST,

neperecty BeKTop AB B Touky A’.

3. O gpyrom omnpenesneHMH BeKTOpa. [lOHATHE PABEHCTBA BEKTO-
POB CYLLECTBEHHO OT/IMYAETCS OT MOHSATHS PABEHCTBA, HANPUMED, YHCE.
Ka0e 4ncsio PaBHO TOJIBKO caMoMy cefe, HHade rOBOPsl, ABA PABHBIX
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Yucsia MpU BceX OOCTOATENbCTBAX MOTYT PacCMaTPHUBAThCS KaK OfHO W
To ke yrucso. C BeKTOpaMH J1es10 06CTOUT T0-APYTOMY: B CHJIY Olpefese-
HHS CYLIECTBYIOT pas3/HuHble, HO PaBHble MeXJy COOO0H BeKTOpbl. XOTs
B GOJIBILIMHCTBE CJy4yaeB y Hac He OyfeT HeOOXOAMMOCTH pas3jinyaTbh MX
MesKIy coO0H, BIIOJHE MOXKET 0Ka3aTbCsl, UTO B KAKOH-TO MOMEHT Hac 6y-

JeT UHTEPeCcoBaTb HMEHHO BEKTOP @ a He paBHbIH emy BekTop A'B’.

Jlnst Toro 4To6bl YIPOCTHTH MOHSITHE PABEHCTBA W CHATb HEKOTOpPbIE
CBSI3aHHBIE C HUM TPYAHOCTH, HHOTJA HAYT HA YCJOKHEHHE ONpeaeseHuns
BekTOpa. Mbl He Oy/eM M0J1b30BAThCS ITHM YCJOXKHEHHBIM Ompejese-
HHUeM, HO cdopmyaupyeM ero. UroOsl He myTaTh, OyneM nucatb <Bek-
TOp> (¢ 60JbIIOK OYKBbI) AJs1 0003HAYEHHUsT OTPeNesieMOr0 HHXKe MOHS-
THS.

Onpenenenue 3. [lyctb naH HanpaB/eHHbIH 0Tpe30K. MHOXKeCTBO
BCEX HaIpaB/JeHHBIX OTPE3KOB, PaBHLIX JAHHOMY B CMBICJIE OIpefese-
HUS 2, HasblBaeTcsi Bekmopom.

Takum o6pasom, KaxKIbli HampaBJeHHBIH OTPe30K omnpenesser Bek-
Top. Jlerko BUIETb, UTO [1Ba HANpaBJEHHBIX OTPE3Ka ONpPEeNEsISIOT OIUH
U TOT Ke BexTop Torma M TONBKO TOTZA, KOTAA OHHM PaBHBI COTJIACHO
onpenenenuto 2. Ilns BekTopoB, Kak ¥ I/1s 4uces, paBEHCTBO O3HAYaeT
COBMaieHHe.

W3 nHauanmbHOro Kypca (pM3MKH XOPOLIO M3BECTHO, UTO CHJIA MOMKET
6bITh M300paXkeHa HampaB/eHHBIM OTpe3koM. Ho oHa He MoXkeT ObITh
u3o6pakeHa BeKTopoM, NMOCKOJbKY CHJIbI, H300pakaeMble PaBHbIMM Ha-
MpaBJeHHBIMH OTPe3KaMH, TPOU3BOJST, BOOOIE TOBOPSI, pa3/JUUHbIe JeH-
crusi. (Econ cuna pmeficTByer Ha ympyroe TeJso, TO H300paKkamollui ee
OTPE30K HE MOXKET ObITh MepeHeCeH ke BJIOJIb TOH MPSAMOMH, Ha KOTOPOH
OH JIEXKHT.)

DTO TOJMBKO OJHA M3 TPUYMH, MO0 KOTOPEIM Hapsiny ¢ BexkTopamu npu-
XOIHUTCS paccMaTpUBaTh W HampaBjeHHble oTpe3kH. [lpu 3THX 06CTOS-
TENbCTBAX NMPUMEHEHHEe OINpeeseHnsl 3 OCN0KHSAETCS OOJMbLIUM UUCIOM
oroBopok. Mbl 6yzieM MpHAePKUBATHCS ONpeneseHus 1, mpudueM no obie-
My CMBICJTYy BCerzia OyneT sICHO, UIeT JIM pedb 00 ONpeleseHHOM BeKTOpe,
WJIM Ha ero MecTO MOXKeT ObITb MOJACTaBJeH J000H, eMy paBHBIH.

B cBsi3M co cKasaHHBIM, CTOMT pa3bSCHUTb 3HAUEHHE HEKOTOPBIX
CJIOB, BCTpeYAIONIMXCsl B JHUTepatype. BmecTto ompenesnenuss 2 MOXKHO
BBECTH /ISl BEKTOPOB JPYroe ONpejesieHHe PaBEeHCTBA, COIJIACHO KOTO-
pPOMY BEKTODPBI PaBHBI, €C/IM OHM PaBHBI M0 JJIMHE, JIeXaT Ha OfHOH mps-
MOH M HampaBjeHbl B OfHY CTOPOHY. B aToM c/iydae BeKTOp He MOXKeT
OBITb TEpeHeceH B JIOOYI0 TOYKY MPOCTPAHCTBA, a MEPEHOCHUTCS TOJbKO
BJIOJIb NIPSIMOH, HAa KOTOPOH OH JexXUT. [Ipy TakoM MOHMMAaHWH paBeH-
CTBa BEKTOPbl HAa3bIBAIOTCS CKOAb3AULUMU BEKTOPaMH. B MexaHuKe cuia,
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JeHcTByOLIasi Ha aGCOJIOTHO TBEPAOE TeJIO, H300paXKaeTcsi CKOJIb3SLHM
BEKTOPOM.

MoXKHO /17151 BEKTOPOB He [1aBaTh HHKAKOr0 0CO0OT0 OMpeie/IeH s pa-
BEHCTBA, TO €CTb CUMTATh, YTO BEKTOP XapaKTEPHU3YETCs MOMHMMO IJIHHbI
W HamnpaBJ/JeHHs B TIPOCTPAHCTBE, elle U TOYKOH MPUJIO2KEHU . B 3tom
clryuae BEKTOPBI Ha3bIBAIOTCS npusosceribimu. Kak yke yIOMHHAIOCh,
CHJIa, IeHCTBYIOLIAS HA YIIPYTOe TeJs0, H300paxaeTcs MPUIOKEHHBIM BeK-
TOPOM.

Ecau HY>KHO TMOAYEPKHYTb, YTO PABEHCTBO BEKTOPOB IMOHHUMAETCHA B
CMBICJIE OTpe/ieIeHHsT 2, TO BEKTOPbI HA3BIBAKOTCS CB0600HbIMUL.

4. JInnevinple onepanuu. Tak Ha3bIBAIOTCS CIOKEHHE BEKTO-
POB M YMHOXKeHHe BeKTOpa Ha UKcJ/10. HanoMHHUM UX onpeneneHus.

Onpenenenue. Ilycte nanel 1Ba BekTopa a U b. [Toctponm
paBHblE UM BEKTOPHI ﬁ 7 ﬁ Torna BekTOp ﬁ Ha3blBaeTCA
cymmoti BeKTopoB a U b u o6o3Havaercs a + b.

3ameTum, 4yTO, BHIOpaB BMECTO B npyryw TOo4ky B’, Mbl MO-

Jayunn 6sl gpyroét Bektop A'C’, paBHbIi BekTOpy AC.

Onpenenenune. [Ipoussedenuem sexkmopa a Ha 8euye-
cmeenHOe 4UCAO « Ha3blBaeTCsl BEKTOpP b, YIOBJETBOPSIOUIMH
CJIEAYIOLIUM YCJIOBHUSIM:

a) [b| = [al]al;

6) b Ko/sHHeapeH a;

B) b U a HampaBJ/eHbl OIMHAKOBO, ecau « > 0, U TPOTHBOTO-
JoxHo, ecan « < 0. (Ecau ke o = 0, ToO U3 MEPBOro yCJ0BHS
caenyer b =0.)

[IpousBeneHre BeKTOpa a Ha UUCJIO v 0003HAYaeTCs aa.

[IpuBeneHHOe ompesesieHHe OMpefessieT BEKTOP «a He eIMH-
CTBEHHBIM 00pa30M, HO BCe YIOBJETBOPSIOIINE €My BEKTOPbI paB-
HBl MEXIY COOOH.

B kypce cpenHeil WKOJMBI ObLIK BEIBEIEHBl OCHOBHBIE CBOHCTBA
JUHeHHbIX onepaluui. [lepeuncanm ux 6e3 nokasaTesbCcTBa.

[Ipennoxenue 1. as aroboix sexmopos a, b u ¢ u aro-
boLx uucenr o U 3 8bINOAHEHO:

1. a+b=Db+ a (cromenue KommymamusHo).

2. (a+b)+c=a+ (b+c) (cromenue accoyuamusno).

3. a+0=a.

4. Bexkmop (—1)a — npomusonoroxcHviti 045 a, TO €CTb
a+(-l)a=0.
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(af)a = a(pa).

(o + B)a = aa + fa.
ala+b) = aa+ ab.
la = a.

Bekrop (—1)a o6o3Hauaercs —a. PagHocmuro BeKTOpoB a U b
Ha3bIBaeTCsl CyMMa BeKTopoB a U —b. OHa o6o3HauaeTcs a — b.

Eciu b+x =a, Tox =a—>b
(puc. 1). B stom cMmbicne soiuuma-

Hue — omepaliusi, CONOCTaB/sOIIAs Ta- b a-b

pe BEKTOPOB PA3HOCThb MEPBOrO H BTO-
poro, ecTb onepauus obpaTHasi CJI0XKe-
HUIO, U Mbl HE CUHTAeM €ro OTAeJbHOH
onepauuer. TodyHO Tak e Mbl He BBHI-
JieJisieM fieJieHHe BeKTOpa Ha UYHCIO «,

TaK KaK ero MOXXHO OTNpele/UTh KaK YMHOXKEeHHe Ha !,

V3 onpeneneHust MpousBeeHHs] BEKTOpa Ha YKCJO MPSIMO CJIe-
OyeT

[Ipennoxenue 2. Ecau a # 0, mo awboil sekmop b, koa-
auneapHuiti a, npedcmasum 8 sude b = £(|b|/|al)a. 3nak narwoc
UAU MUHYC bepemcs CMOMPS N0 MOMY, Hanpasiexvt a u b odu-
HAKOBO UAL HeM.

[IpuMeHsisi JIUHEHHbIE OMEpAlMK, MOXKHO COCTaBJSATh CYMMbI
BEKTOPOB, YMHOXKEHHBIX Ha UMCaAa: vja) + adg + - - - + apag. Bol-
paXkeHHsl TaKOrO BH/A HA3BIBAIOTCS AUMELHbIMU KOMOUHAUUAMU.
Uucaia, BXOAsIIHME B JUHEHHYI0 KOMOHUHAIMIO, HA3bIBAIOTCS €€ KO-
apppuyuenmamu. CBOHCTBA, TepevyrC/IeHHble B TPeIIoXKeHUH 1,
M03BOJISIIOT MPe0OPA30BbIBATL JIHHEHHbIE KOMOWHAIMK MO 00bIU-
HBIM TpaBHJIaM aare6pbl: pacKpbiBaTb CKOOKH, MPUBOAUTH MOA00-
Hble UYJIeHbl, IEPEHOCHTh HEKOTOpble YJeHbl B APYTyH 4acTh pa-
BEHCTBA C MPOTHBOIMOJNOXKHBIM 3HAKOM H T. 1.

[Ipennoxkenue | naetT B HEKOTOPOM CMBICJE MOJHBIH Habop
CBOHCTB: JI0Oble BBIYMCJIEHHS, UCIOJb3YIOIHE JUHEHHbIE orepa-
MM, MOXKHO MPOHU3BOLHUTH, OCHOBBIBAsiCb Ha HUX W He ofparia-
ICh K ompeneseHnsM. DTo OyIeT UMeTh sl Hac MPUHLKIHAIbHOE
3HaveHue B . VI.

JIuHeliHble KOMOWHAUMK 00Jafal0T CJAEAYIOUIUM OYEBHIHBIM
CBOMCTBOM: €CJIH BEKTOPHl aj,...,a) KOJJIHHEapHbl, TO JIO-
6asi UX JuHelHas KOMOMHAUWA MM KOJJHHeapHa. Ecau ke oHH

N

a
Puc. 1.
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KOMIIJIaHapHBl, TO Ji00ass UX JUHeHHass KOMOMHAUUA UM KOMILIa-
HapHa. IDTO cpasy cjelyeT U3 TOTO, YTO BEKTOp aa KOJJIMHeapeH
a, a CyMMa BeKTOPOB KOMILIaHapHa cJlaraeMblM, W KOJJIMHeapHa
UM, €CJIM OHH KOJIJIHHeapHBI.

5. BektopHble npocTpaHcTBa. MHOXeCTBO HasblBaeTcs 3a-
MKHYMblM OTHOCUTEJIbHO HEKOTOPOH OMNepaLry, eCau AJs JH00bIX
3JIEMEHTOB MHOXKECTBa pe3y/bTaT MNPUMEHEHHUs 3TOH olepaLuu
MPUHALJEXKHUT JTAaHHOMY MHOMKECTBY.

Onpenenenue. Henmyctoe MHOXKECTBO BEKTOPOB, 3aMKHY-
TO€ OTHOCHUTEJIbHO JIMHEHHBIX OllepalUil, Ha3blBAeTCS 8EKMOPHbLLM
npocmparcmeom. Ecnu ofHO BEeKTOpHOe NPOCTPAHCTBO SIBJSIETCS
NIOAMHOXKECTBOM JPyroro, T0 OHO Ha3blBA€TCS €ro noonpocmpan-
CMBOM.

TakuM 06pa3oM, MOXKHO CKa3aTh, YTO MHOXECTBO BCEX BeK-
TOPOB, MNapaJjieNbHbIX NaHHOH NpPSMOH, U MHOXeCTBO BCeX BeK-
TOPOB, MapaJiyie/ibHbIX TaHHOH TMJOCKOCTH, SIBJSIOTCS BEKTOPHBI-
MU TIPOCTPaHCTBaMH. UTOOH! pasjuuaTh 3TH 1Ba THIA BEKTOPHBIX
MPOCTPAHCTB, MX HAa3bIBAIOT, COOTBETCTBEHHO, OOHOMEPHOIMU W
dsymepHoimu IPOCTPAHCTBAMMU.

[ToMHMO yTIOMSIHYTHIX, CYLIECTBYIOT €llle 1Ba BEKTOPHBIX MPO-
CTPaHCTBA: HYyAes0e, WIH HYAbMepHoe, COCTOsIIee TONbKO U3 HY-
JIEBOTO BEKTOpa, U mpexmepHoe — MHOXKECTBO BCeX BEKTOPOB
MPOCTPAHCTBA.

HyneBoe mnpocTpaHCTBO sBJseTCS MOANPOCTPAHCTBOM IS
KaXKJOT0 JAPYroro, W Kaxl0e BEKTOPHOE MPOCTPAHCTBO SBJSET-
s IOANPOCTPAHCTBOM MJI TPEXMEPHOTO.

Ecau nana niockocTs P, To MHOXKeCTBO BEKTOPOB, MapaJeb-
HBIX 3TOH IIJIOCKOCTH, Ha3blBAeTCSl €e HanpasAstouuM 8eKmop-
Hoim noonpocmparcmeom. Heo6xonrmMo noguepKHyTh, UTO TMJIOC-
KOCTb W ee HalpabJsitollee NOANPOCTPAHCTBO — Pa3Hble 0ObEKTHI:
IJIOCKOCTb — 3TO MHOXKECTBO TOYEK, a MOANPOCTPAHCTBO — MHO-
JKECTBO BeKTOPOB. Bce niockocTy, napasJesnbHble P, HMEIOT 0OIHO
U TO JKe HampaBJsiollee TOANPOCTPAHCTBO. AHAJIOTMYHO ONpee-
JisileTcsl HalpaBJsiiolllee BEKTOPHOe MOANPOCTPAHCTBO /151 NPSIMOU
JIMHHH.

6. JluneiiHas 3aBUCHMOCTH BEKTOpPOB. Mpbl OyneM roso-
pUTb, YTO BeKTOp b packiadvisaemca mo BekTopam ay,...,ag,
€C/IM OH TIPeJCTAaBUM KaK HUX JIHHeHHass KOMOWHALWs: HaUIyTCs
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Takue Ko3(puureHTs, uto b = fia; + -+ - + Pra,. Bnonne mo-
JKET CJYYHUTbCS, YTO KAKOH-TO BEKTOP pacKJaablBaeTcs Mo JIaH-
HOHM CHCTeMe BEKTOPOB, M TPHU 3TOM KO3(D(HUIHUEHTH pasJokKeHHs
omnpeJesieHbl HEOJHO3HAYHO.

[Ipumep. Ecin ag = a; + ag, 10 BekTop b = —ag packaa-
NbIBaeTCS TaKXKe Kak b = —a; —as uau b = a3 — 2a; — 2as u
T. 1. [TocMoTpuM, ¢ UeM 3TO CBsI3aHO.

HyneBoii BekTOp packianbiBaeTcsi 1o JioOOH CHCTEME BEKTO-
POB: MBI TTOJIyUHNM HYJIEBOH BEKTOp, €CJHM BO3bMEM JIMHEHHYIO KOM-
OHMHALHUIO 3THX BEKTOPOB C HYJEBBHIMH KO3d(pHIMeHTaMH. Takas
JIMHelHasi KOMOWHALUSI Ha3blBAETCS MPUBUALLHOL.

Onpenenenune. Cucrema BEKTOPOB aj,...,a); Ha3blBaeTCs
AUHELHO He3a8UCUMOLL, €CTW HYJEeBOW BEKTOp pacKJ/aJblBaeTcs
Mo Hed eJMHCTBEHHBIM 06pa3oM.

HHaue roBopsi, cucTeMa BEKTOPOB JIMHEHHO He3aBUCHMA, ec-
JIU TOJIBKO TPHUBHAJbHAs JIMHeHHass KOMOWHAIWS 3THX BEKTOPOB
paBHa HYJEBOMY BEKTOpYy, HWJH, MOAPOoOHee, eclyd W3 paBeHCTBA
ara; + -+ + agap = 0 caenyet, 4to ap = -+ = o = 0.

CucremMa BEKTOpPOB aj,...,a) AUHELHO 3a8ucuma, eCld Hy-
JIEBOH BEKTOp pacKJafblBaeTcs M0 HeH He eIMHCTBEHHBIM 00pa-
30M, TO €CTb €C/JHM HalayTcsl Takue KOI(PPUUHUEHTHI v, ..., Ak,
4yT0 ia; + --- + arar = 0, HO He BCe OHMU pABHBl HYJIO:
o+ +ap £0.

B npuBeneHHOM BEbIlIE TIpHMepe BEKTOPHI aj, Az, a3 JUHEHHO
3aBHCHUMBL: a1 +as —ag = 0.

PaccmoTpuM cBoECTBa JIMHEHHO 3aBUCHMbBIX U JIMHEHHO He3a-
BUCUMBIX CHCTEM BEKTOPOB.

Ecnu cpenu BeKTOpOB aj,...,a; €CTb HYJEBOH, TO Takas CH-
cTeMa JIMHeHHO 3aBHcHMa. JleHcTBHTENBHO, PACCMOTPUM JHHEH-
HYI0 KOMOWHanuio, B KoTopyio 0 BXomuT ¢ koaduuuentom 1, a
oCTa/ibHble BEKTOPBI C HYJNEBBIMM Ko3d(pduureHtamu. Takas Ju-
HeliHast KOMOMHALIMS HETPUBHAJIbHA U PaBHA HYJEBOMY BEKTOPY.

D10 — yacTHBIU cayuyall GoJsiee 061IEro yTBEPKAEHHS:

[Ipennoxenune 3. Ecau 6 cucmeme sekmopos Kaxas-mo
uacme AUHELHO 3ABUCUMA, MO B8CS cucmema 00430mesbHO Aii-
HelHo 3asucuma.

JokazaTeabcTBO. Ecau K JUHEHHO 3aBUCHUMOH CHCTe-
Me aj,...,a; [IOMHcaTh KakKWhe-nnb6o BekTopnl bi,...,bg, TO
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noJiyyeHHasi cCUcTeMa BeKTOpOB OyJeT JIMHeHHO 3aBUCUMON. B ca-
MOM [ese, K uMmeroulelics paBHod 0 HeTpHUBHAIBHOH JMHEHHOH
KOMOWHALUK BEKTOPOB Aaj,...,a; MOXKHO INMPUOABUTb BEKTOPHI
by, ...,bs ¢ HyneBBIMH KO3(h(PULIMEHTAMH.

OTcrona 0T NPOTHBHOTO MOJyYaeM

CnencrtBue. Jwbas wacme AuHelHO He3a8UCUMOLL cucme-
Mbl AUHELIHO He3a8UCUMA.

[Ipennoxenue 4. Ecau sekmop X packiadvisaemcs no
cucmeme 8eKmopo8 ai,...,ar, MO 3IMO pa3roxceHue eoumH-
cmeenHo moada u moabko moeda, Koeda cucmema B8eKmopos
NUHEUHO He3a8UCUMA.

JleficTBUTENBHO, MYCTh CYLIECTBYIOT [Ba pPa3J/oXeHHd X =
= aqia;+---+aga, U X = fra;+- - -+ Orag. Boluntas ux nouseH-
HO OJIHO U3 IPYTOro, Mbl MOJIYy4UM (aq —f1)as+- - -+ (o —Br)ar =
= 0. Ecau BeKkTOpbI JIMHEHHO HE3aBUCHUMBI, OTCIOIa CJIEIyeT, UTO
a;—p1=0,...,a—P =0, To ecTb 06a pasyoxKeHHs COBNANAIOT.

O6patTHo, ecyii BeKTOPbl JIMHEHHO 3aBUCHMBI, CYIIECTBYET HX
HeTpUBHAJIbHAS JUHEHHAs KOMOWHAIWS, paBHasi HYJeBOMY BEKTO-
py: ja; + - - -+ agay = 0. Mbl MoXeM IPUOABUTh ee K UMelolle-
MyCsl Pa3JIoKeHHIO X = [$1a1+- - -+ 3, ax U MOJYUHTh HOBOE PasJio-
JKEHHE X 10 TeM ke BekTopaM: X = (a1 +1)a+- - -+ (o + k) ax.
[IpennoxeHue nokazaHo.

[Ipennoxenue 5. Cucmema us k > 1 sexkmopos auneiino
3a8ucuma moada u moabkKo moeda, Koeda 00uHM U3 8eKMmopos
packaadvi8aemcs no OCMAaAbHbLM.

JdoxaszatenbctBo. [lycTh cucTemMa BeKTOpOB ai,...,ax
JIMHEHHO 3aBUCHMa, TO €CTh CYIIECTBYIOT Takhe KO3((HIIMEHTHI
Q1,...,Qk, UTO a1ay + - - -+ aga, = 0, U, HanpuMep, o1 OTJIHYEH
OT HyJis. B 3TOM c/iyyae Mbl MOXeM Pa3JIoKUTh aj 110 OCTaJbHBIM
BEKTOpaM:

O6paTHO, MyCTb ONHUH M3 BEKTOPOB, HANpUMep, aj Pa3JoXKeH
MO0 OCTa/JbHBIM BEeKTOpaM: a; = f3sas + -+ + [ray. JT0 03Haua-
eT, 4YTOo JHMHelHass KOMOWHALUS BEKTOPOB Ay, ..., a; C KOIDPULU-
eHTaMu —1, B, ..., 0r paBHa HyJeBoMy BekTopy. [IpensoxkeHue
JIOKa3aHo.
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[TousiTve JnUHEHHOH 3aBUCHUMOCTH OyHeT Hrpath OOJIbIIYIO
poJib B AasbHeHIeM H3J0KEeHHH, HO ceddac Mbl MOTJIH OBl 00O0H-
THCb 0€3 Hero BBHIY MPOCTOTO T€OMETPUUYECKOTO CMBIC/IA, KOTO-
pBIHl HMeeT 3TO MOHSATHE.

Teopewma 1. Cucmema u3 00Ho20 8exmopa AUHEUHO 3a8U-
cuma moeda u moavko moeda, Koeda amo — HYAesol 8eKmop.

Cucmema u3 08yx 8eKmMopo8 AUHELHO 3asucuma moeda u
moAbKo moeda, K020a 8eKmopbl KOANUHEADHDL.

Cucmema us mpex 8eKmopos AuUHelHO 3asucuma moeoa u
moAavKo moeda, Koeda 8eKmopo. KOMAAAHAPHOL.

Jloboie uemoipe seKmopa AuHelHO 3a8UCUMDL.

HokasatenbctBo. 1. HyneBoil BekTop cocraB/sier JuHel-
HO 3aBUCHMYIO cucTeMy, Tak Kak 10 = 0. Cucrema, copepxaiias
TOJIbKO HEHYJIEBOH BEKTOp, THHEHHO He3aBUCHUMA, TaK KakK IPH ero
YMHOXEHHH Ha YUCJIO, OTJIHUHOE OT HYJs, MOJYYUTCS HeHYJeBOH
BEKTOP.

2. Ilyctb BekTOpbl @ u b KossuHeapHsl. Ecan a = 0, To a
u b suneiiHo 3aBucumbl. [lycte a # 0. Torma mo npenoKeHHIO
2 b packnaabiBaetcss no a. Takum o6paszom, B J060M ciaydae
KOJIJIMHEapHble BEKTOPbI JTMHEHHO 3aBUCHMBI.

O6paTtHo, U3 ABYX JHMHEHHO 3aBUCHMBIX BEKTOPOB OIHH 00f-
3aTeJIbHO pacKJaiblBaeTcs MO APYyrOMY M, CJe[0BaTe/bHO, eMy
KOJIJIMHEeapeH.

3. Ilyctb BekTOpH @, b U ¢ KommaHapHbl. Ecin a u b Kosu-
HeapHbl, TO OHU JIMHEHHO 3aBUCHMBI, U TOTJA JIMHEHHO 3aBHCHMBbI
BCE TPU BeKTOpa.

[Tycts a v b He KonsMHeapHb. Pas-

JIO?KUM € 110 HUM. JIJ1s 5TOr0 MOMECTUM b c
HayaJjia BceX BEKTOPOB B OIHY TOUKy O c

(puc. 2) u mposemeM uepe3 Koner C'

BEKTOpa € MpsIMylo, MapaJjiesbHyo b,

[0 TepecedyeHUsl B Touke P ¢ NpsiMOH, a
Ha KOTOopo# JexuT a. (dto mocTpoe- Puc. 2.

HHMe BO3MOXKHO, TaK KaK BEKTOPbl a H

b He KoJIIMHeapHbl W, B YaCTHOCTH, 00a He HyseBble.) Tenepb

(ﬁ = O? + ﬁ npuyeMm ()? )51 ﬁ KOJIJIMHEeapHbl, COOTBET-

cTBeHHO, a u b. [lo noKazaHHOMY BbIlle, HAUAYTCS Yyucaa o U f3
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Takue, 4TO O? =oaiu P? = fBb. Takum o6pasom, ¢ = aa+ Sb.
DTO 03HauaeT, 4ToO @, b U € JUHEHHO 3aBUCUMBI.

O6patHo, ecu a, b ¥ ¢ JHHEHHO 3aBUCUMBI, TO OIMH M3 HHUX
pacKJaiblBaeTCs 0 ABYM IPYTHM H, CJ€l0BATENbHO, UM KOMILIa-
HapeH.

4. PaccMoTpuM ueTkIpe BeKTOpa a,
b, c u d. Eciu a, b u ¢ kommianap-
Hbl, TO OHHM JIMHEHHO 3aBUCHUMbI CaMH
no ce6e u BMecte ¢ Bektopom d. Ilyctb
a, b U ¢ He KoMmaHapHbI. AHasOTHY-
HO TIpeIbIAyLIeMY J0KaxKeM, 4yTo d pac-

Puc. 3. KjaabiBaercs no HUM. [lomectum Ha-

yaja BCeX BEKTOPOB B OfHY Touky O

(puc. 3) u npoBenem 4epe3 KoHell D BekTopa d mpsimyto, mapaig-

JIEJIBHYIO €, [0 TIepeceueHus B TOUKe P ¢ MJI0CKOCThIO, Ha KOTOPOH

Jgexar a u b. Teneps @ = 07%—&-@ npuyem 07% KOMIlJIaHapeH

aub, a PD konnuHeapeH c. [lo nokazannomy Boiie, OPF pac-

KJaanbBaercsi mo a U b, a PD no c¢. 3Hauut d pasJsoxeH 1o a, b

U € U COCTaBJ/IsIeT C HUMU JIMHEHHO 3aBUCHMYI0 cHcTeMy. Teopema
JOKa3aHa.

7. Ba3zuc. B konue n. 4 61710 1aHO onpesiesieHHe BEKTOPHOTO
npocTpaHcTBa. Beenem cienyroiiee

Onpenenenue. basucom B BEKTOPHOM MPOCTPAaHCTBe Ha-
3bIBaeTCs YNOPsiIOYeHHAs JTUHEHHO He3aBUCHMasi CHCTeMa BEKTO-
pOB Takas, YTo JIOOOH BEKTOP 3TOrO NPOCTPAHCTBA MO HeH pac-
KJaJibIBaeTCs.

U3 teopembl | cpasy BbiTeKaer, uTo

e B HYJIEBOM IMPOCTPAHCTBE 6asunca He CyHIeCTBYET.

B omHoMepHOM mpocTpaHCTBe (Ha MpsSIMO JMHHUH) 6a3nC Co-
CTOUT U3 OJHOTO HEHYJEBOI'0 BEKTOpA.

B nBymepHOM mpocTpaHCTBe (Ha MJIOCKOCTH) 6asuc — yIo-
psiloueHHast napa HeKOJIJIMHeapHBIX BEKTOPOB.

B TpexmepHOoM mpocTpaHCTBe 0asuc — yIOps0YeHHas
TpOHKa HeKOMIIJIaHAPHBIX BEKTOPOB.
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Hanpumep, B ciyuae maockocTH TpeGoBaHHe YIOPSIIOUEHHO-
CTH O3HauaeT, yTo a, b u b, a — 1Ba pas3HbIX Oasuca.

Tak Kak BeKTOpHI 6a3uca JUHEHHO He3aBUCHMBI, KO3 (ULIMEH-
Thl PA3JIOXKEHHsT MO GasuCy AJs KaXKIOTro BEKTOpa MPOCTPaHCTBA
onpeneseHbl onHo3HauHO. OHU Ha3BIBAIOTCS KOMNOHEHMAMU WITH
KoopOuHamamy BEKTOpPa B 3TOM GasHce.

Takum ob6pasom, ecnu eq, ez, €3 — 0a3UC TPEXMEPHOTO MPO-
CTPaHCTBA, TO MO (QOpMyse a = a1€; + €y + (ize3 KakIOMY
BEKTOpPY COTIOCTaBJIeHa eIMHCTBEHHAs YNOpsiioyeHHasi TPOHKa UH-
ceJsl o, o, 3, U KAXKJA0H TPOHKe YUCeJ — eIUHCTBEHHBIA BEKTOP.
AHasnornuHo, BEKTOP Ha MJIOCKOCTH MMeeT JB€ KOMIIOHEHTHI, a Ha
NPSIMOH — OIHY.

KomnoneHThl nuuryTes B ckobkax nocjie 6yKBeHHOTo 0603Ha-
yenust Bektopa. Hampumep, a (1, 0, 1).

B aHanuTHUYeCcKO# reOMETPHH reOMETPHUECKHE PACCYKAEHHUS O
BEKTOPaxX CBOMSTCS K BHIYMCJEHHUSIM, B KOTOPBIX yUACTBYHOT KOM-
MOHEHTH 3TUX BeKTopoB. CJenyoliee MpeasoKeHHe MOKA3bIBaET,
KakK MPOU3BOASITCS JIMHEHHbIE ONepallii Hall BEKTOPAMHU, €CJIH U3-
BECTHBI UX KOMIIOHEHTHI.

[Ipennoxenue 6. [lpu ymroscenuy seKkmopa Ha 4UCAO 8Ce
€20 KOMNOHEeHMbL YMHOMAOMCS HA amo uucao. [lpu cromceruu
8eKMOpP08 CKAAOLLBAIOMCS UX COOMBEMCMBYOUUe KOMNOHeH-
mot.

JleHCTBUTEIBHO, €C/IN & = 1€ + anes + azez U b = Brer +
+ Baea + Bse3, To Aa = A(are; + ases + azes) = (Aap)er +
+ (Aaz2)ea+(Aas)es. Touno tak xke a+b = (a1e;+ases+aszes)+
+ (Bre1+ Paezr+ fzes) = (a1 + Pr)er + (az + PB2)ez + (as + B3)es.

JIns ONHOMEPHOrO W JBYMEPHOTO MPOCTPAHCTB J0Ka3aTeJsb-
CTBO OTJINYAETCSI TOJBKO UHCJOM CJIaraeMblX.

CnenctBue. [as moeo umobsl Hatimu Kakyt-1ubo Ko-
opouramy AUHEHOUL KOMOUHQUUU BEKMOPO8, HYNCHO BMECMO
Kaxuc00eo U3 amux 8eKmopos nooCmasums 8 AUHelHY KomMOu-
HAUUIO ec0 COOMBEMCMBYOULY0 KOOPOUHAMY.

YIIPA2KHEHUA

1. YKaxkuTe Ha MJOCKOCTH TPHU TaKHX BEKTOpPa, MO KOTOPBIM JI0OOH
BEKTOp 3TOH MJOCKOCTH MOXKET ObITb PA3JI0XKEH C MOJOXKHUTEJIbHBIMU KO-
3(ppULHeHTaAMH.
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2. Joxaxwure, yto Touka C JeXHUT Ha oTpeske AB Torga u TOJb-
KO TOrfa, Koraa cymectsyer ynuciao A € [0, 1] takoe, 4to assi /oGoH
ToukH O BBINONHEHO O? = )\@1 + (1 - )\)O?‘ Ecmu A nmano, tO B
KaKoM oTHolleHuH Touka C nesuT otpe3ok AB?

3. Ilan npaBuibHbIH mectHyrodbHuk ABCDEF,
Te KOOPAHMHATBl BEKTOpPA AC' 5 Gasuce E, AD.

4. B HekoTOpOM 6asuce Ha MJIOCKOCTH 3a[aHbl KOOPAMHATHl BEKTOPOB
a(1, 2), b(2, 3) u c(—1, 1). IIposepbTe, 4to a 1 b JHHEHO He3aBUCH-
Mbl, U HalUJUTe KOOPAHHATH ¢ B Ga3uce a, b.

5. Haubl tpu Touku A, B u C. Haiigure rtakyio Touky O, 4TO

AB| = 2. Haiinu-

&i + O.B) + O? = 0. Pewus anajoruynyio 3ajgady Ajs 4eTbpex TOuek,
JOKa’KHUTe, YTO B TPEYTOJBbHOH MHUPAMHIE OTPe3KH, COeIHHSAIIINEe Bep-
IIMHBI C LEHTPAaMHU TS2KeCTH NPOTHBOMNOJOKHBIX [PaHel, nepeceKkaloTcs B
OJIHOH TOYKe.

§ 2. CUCTEMbI KOOPAMHAT

1. JlekaproBa cucrema KoopauHaT. DukcupyeMm B Ipo-
cTpaHcTBe Touky O M pPacCMOTPUM IPOU3BOJBHYIO TOUKY M.
Paduyc-sexkmopom Touku M 1o oTHolleHHIO K Touke () Ha3blBa-
ercs BekTop OM. Ecan B npocTpanctBe kpome Touku O BhIOpaH
HeKOTOphIH 6asuc, To Touke M comocTaBiseTcs YHopsioueHHas
TpOHKa YMces — KOMIIOHEHTHI ee pauyc-BeKTopa.

Onpenenenune. Jlekapmosoii cucmemoii Koopouram B
IPOCTPAHCTBE Ha3blBaeTCsl COBOKYMHOCTb TOUKH U 0asuca.

Touka HocHUT HasBaHHe Hauaia KOOPOUHAM; TIPSMbIE, IPOXO-
Jsillide yepe3 Hauajlo KOOPAUHAT B HallpaBJleHuH 0a3UCHbIX BEKTO-
pOB, HaswIBalOTCA ocamu kKoopduram. IlepBas — ocbio abcyuce,
BTOpast — OCbIO opduram, TpeTbsi — 0Cbl0 annauxkam. I1nocko-
CTH, MPOXOAsLINe Yepe3 0CH KOOPAHHAT, Ha3blBAKOTCA KOOPAHHAT-
HBIMH TJIOCKOCTSIMH.

Onpenenenune. IlycTs maHa mexapToBa CHCTEMa KOOPAH-
Hat O, e, ez, e3. KoMmoHeHTH , y, 2z pafinyc-BeKTOpa O—]\>4 TOY-
K1 M HasplBalOTCs Koopdurnamamu TOYKM M B NaHHOH cucTeMe
KOOpJUHAT:

s
OM = ze; + yes + zes.

[lepBast KoopanHaTta Ha3bBaeTcs abcyuccoli, BTopas — 0opoduHa-
moti, a TPeTbsl — ANNAUKAMOU.
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A(2, 1/2)

Puc. 4. Puc. 5.

AHaJIOrHYHO OMpefeNsIoTCs KOOPAMHATH HAa MJIOCKOCTH M Ha
npsiMOH JIMHUK. PadymeeTcs, Touka Ha MJOCKOCTH MMeeT TOJIbKO
JIBE€ KOOPAMHATbI, a Ha MPSIMOH JUHUHU — ONHY.

KoopauHatsl Touky MUIIyT B cKoOKax rnocse 6yKBbl, 0603HaUa-
routed Touky. Hanpumep, sanuch A (2, 1/2) o3Havaer, 4To TOUKa
A vmeer KoopauHaTHl 2 U 1/2 B paHee BbIOpaHHOH JIeKapTOBOH
CHUCTeMe KOOPAHHAT Ha MJIOCKOCTH (pHc. 4).

KoopauHatbl TOYKH, KaK M KOMIOHEHTHl BEKTOpa — BeJHYH-
Hbl Oe3pasMepHble. B 4acTHOCTH, OHM He 3aBHUCAT OT BbIOpPaHHOH
eIMHULbl U3MepeHHUsl NJIUH. B camoMm gesie, packJaablBas BeKTO-
pel B TeopeMe 1, Mbl CBOAMJM [€JI0 K Pas3JoKeHHIO BeKTOpa IO
KOJIIHHEApHOMY C HHM HeHyJeBOMY BeKTOpy. A B 3ToM cjyuae
KOMIIOHEHTa PaBHA OMHOULEHUO IJIVH, B3SITOMY C ONpe/ie/leHHbIM
3HakoM (mpemsoxkenue 2 § 1).

Jlerko BUzeTb, YTO NPU 3aJaHHOH CHCTeMe KOOpAMHAT KOOp-
IUHATBl TOUKU OMNpefesieHbl 0fHO3HauHO. C Ipyro# CTOpoHBI, ec-
JIM 3aJaHa CHCTeMa KOOpAMHAT, TO [JI5 KaXKIOH YMNOpsfOoYeHHOH
TPOHKH UHces HalJeTCs O[HAa eAMHCTBEHHAs TOUKa, UMelIlas 3TH
yucsa B KadecTBe KoopauHaT. CucTeMa KOOPIHHAT Ha MJIOCKOCTH
omnpefesisieT TaKOe »Ke COOTBETCTBHE MEXAY TOUKaMM MJOCKOCTH
U napamu 4uces. 3aJaHHe CHCTEMbl KOOPIHHAT Ha MPSIMOH CoOmo-
CTaBJsIeT KaXKAOH TOUKe BellleCTBEHHOE UMCJO0, M KaxKIOMYy 4YHC-
Jy — TOYKY.

Paccmorpum 1Be Toukd A U B, KOOPIUHATE KOTOPHIX OTHOCH-
TeJIbHO HEKOTOPOH JeKapToBOH cHucTeMbl KoopauHat O, e, ez, es
COOTBETCTBEHHO paBHbl 1, Y1, 21 U X2, Y2, 22. IlocTaBum ce-
6e 3anmauy HaHTH KOMMOHeHTH BekTopa AB. OueBnpHO, 4YTO
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AB = O? — O—z>4 (puc. 5). KomnoHeHTH paanyc-BeKTOPOB ﬁ
u OB pasubl (z1, y1, 21) ¥ (T2, Y2, 22) 10 ONpPeeeHHI0 KOOPAHU-
Hat. M3 npennoxenus 6 § 1 cnenyer, uto AB MMeeT KOMIIOHEHTHI
(o — x1, Y2 — Y1, 22 — 21). DTUM J[0Ka3aHO Cledylollee

[Ipennoxenune 1. Ymobor naiimu koopOuramol sekmopa,
HYNMHO U3 KoopouHam eeo KOHua 6viuecmsv KOOpOuHamol eeo
Ha4waaq.

2. [leseHue oTpe3Ka B 3aJlaHHOM OTHOmeHNH. [lycTh Touka
M nexut Ha npsiMod ADB U He cOBNajgaeT HU C ORHOH M3 TOYEK
A unu B. JIuHellHY10 3aBUCUMOCTb BeKTOpoB AM 1 J\ﬁ MOXKHO
NPeNCTaBUThb B BUJE

WAM = A\MB. (1)

Orciona caenyer |[AM|/|MB| = |\/u|. Takum o6pasom, Tou-
ka M penut otpe3ok AB B otHomenuu |A/u|. [Ipu sTom, ecau
Touka M gexur Ha orpeske AB, To Bektopel AM u M
HarnpaBJ/eHbl, U OTHOLIeHHe A/p mosoxuTenbHo (puc. 6). Ecan
ke Touka M nexkuT Ha npsMoit AB BHe OTpe3Ka, TO BEKTOPHI
HalpaBJIeHbl IPOTHBOMO/OKHO, H OTHOLIEHHE A/ OTPHLATEBHO.
Jlist Todek, KOTOpble JIexKaT Ha Jyde, HauMHaolleMcs B A U He
comepxallieM B, orpe3ok |AM| xopoue |MB| u —1 < A\/pu < 0,
a [/ TOYeK Ha Jiyde, HAYHHAWIIEMCs B B U He comepaaliem A,
Hao6opor |AM| > |MB| u A\/u < —1 . PaBencrBo \/p = —1
HEBO3MOXKHO.

Bribepem nekapToBy cucteMy KoopauHat O, ej, €z, €3 U 000-
3HauuM uepe3 (1, Y1, 21) U (x2, Y2, z2) COOTBETCTBEHHO KOOP-

nuHathl Touek A u B, a uepes (z, y, z) KOOpIU/IHaTbI TOYKU M.
7
OueBHIHO, uTo AM = OM — QA, u § O§ —OM TaKgM

o6pasom, u(OM ﬁ = X( O? T4> Haiinem orciona OM:

u

(eseHue BO3MOXKHO, TaK Kak \/p # —1.) Pasnoxum o6e uacTu

l
l

o)

paBeHctBa no 6asucy. Kommnonenter Bektopos OM, OA u O
paBHBI COOTBETCTBEHHO KoopauHaTaMm Touek M, A u B.

_ BT+ AT _ B+ Ay 121+ Az

9 9 - Y. 2
A p A p : A @
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A M
M A
A B
Puc. 6. Puc. 7.

Ha nsockocTy 1 Ha psIMOH JIMHUM 3a/1a4a O JeJleHHH OTpe3Ka
pelaeTcst TOYHO TaK 2Ke, TOJNBKO U3 TPeX PaBeHCTB B (2) ocTaeTcs
COOTBETCTBEHHO 1Ba WJIM OfHO PaBEHCTBO.

3. JlekapToBa mpsiMoyroJsHas cuctema koopauHart. OO6-
lMe [eKapTOBbl CHCTEMbl KOOPAHMHAT HCIOJb3YIOTCA pexe, ueM
CTeLHa bHBIH KJIACC TAKUX CHCTEM — JeKapTOBbI MPSIMOYTOJbHBIE
CHCTEMBl KOOpPJHHAT.

Onpenenenue. basuc Ha3bIBaETCA OPMOHOPMUPOBAHHBIM,
€C/Id ero BeKTOpbl IONAapHO OPTOTOHAJbHbl M MO [JHMHE PaBHBI
enuHule. JlekapToBa cucTeMa KOOpAMHAT, 6asuc KOTOPOH OpTO-
HOPMHPOBAaH, Ha3blBaeTcs Jexapmosoli NpAMOYe0abHOL CUCTEMOH
KOOpIHHAT.

[Ipennoxenue 2. Ecau 6a3uc OpmoHOpMUPOBAH, MO KOM-
nouexnmol 11006020 8eKMOpPa a HAX00AMCSL N0 HOPMYAAM

oy = |alcospr, a2 =l|aljcospa, a3z =|alcoseps, (3)

2de o1, Yo, U P3 — Yeabl Meny 8eKmMOpOM a U COOMBEMCmay-
rouumu 6A3UCHBLMU 8EKMOPAMIL.

HNokaszateabcTBo. IlycTh a = a; +as + ag, npuyeM Kax-
JI0€ cJiaraeMoe KOJIJIMHEeapHO COOTBETCTBYIOIIEMY Ga3iCHOMY BeK-
Topy. Mbl 3Haem u3 npemsoxkenus 2 § 1, uto a3 = *|a;|/|eq],
rae BbOMpaeTcs 3HaK -+ HJM — B 3aBHCHMOCTH OT TOTrO, OfMHAa-
KOBO HJIM MPOTHUBOIIOJIOKHO HalpaBJ/eHbl a; ¥ e;. Ho, Kak BHIHO
u3 puc. 7, xlaj;| = |alcospi, Toe w1 — yroa Mexay BeKTopa-
Md a u e;. Urak, a3 = |alcosyy/|e1] = |a|cosey, Tak Kak mus
OpTOHOpMEpPOBaHHOTrO Gasuca |er| = 1.
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AHaJIOrMYHO BBIYHCSIOTCS U OCTaJIbHble KOMIIOHEHTHI.
J1sist OpTOHOPMHUPOBAHHOTO 6as3uca Ha IJIOCKOCTH U3 (hOpMYyJI
(3) ocratoTcst mepBbie ABe:

oy = |alcospr, g = |alcosps = |a|sinp;.

Onpenenenue. Kocunyce yr-

e, M JIOB MEXJly BEKTOPOM a U 0a3UCHBIMU
r BEKTOpPaMHU [eKapTOBOH IPSIMOYTOJib-
HOM CHCTEMBl KOOpPJAMHAT HAa3bIBAIOTCS
N HANPasASIOWUML KOCUHYCaMU 3STOTO

o e1= 1 BEKTOpA.
Puc. 8. Hamnpasasiomuye KOCHHYCBl — 3TO

KoMrnoHeHTH BekTopa a’ = a/|al. Ux
OT/IMUHTENbHAS 0COOEHHOCTb COCTOUT B TOM, YTO CyMMa HUX KBaj-
paToB paBHA KBaapaTy AJHHBI JHarOHAJH PSIMOYTOJNBHOrO NapaJ-
nenenunena |a’|?, o ects 1.

C noMolIbI0 MPeaJIoXKeHHsT 2, HETPYIHO TMPOBEPUTH, UTO KOOP-
IOUHATBl TOYKH OTHOCHTENBHO IeKapTOBOH MpPSAMOYTOJbHOH CHCTe-
Mbl KOOPAHMHAT B MPOCTPAHCTBE MO abCOJIIOTHOH BeJIMUYHHE PaBHBI
PacCTOSIHUSIM OT 3TOH TOYKH 0 COOTBETCTBYIOLIUX KOOPAHHATHBIX
miockoctedl. OHM HMEIOT 3HAK IIIOC HJIH MHUHYC B 3aBHCHMOCTH
OT TOTO, JIEXKHT JIK TOUKA 10 Ty K€ WJH MO0 APYT'YI0 CTOPOHY OT
IJIOCKOCTH, UTO U KOHel, 6a3HCHOr0 BEKTOPA, NMePHeHAHKYISPHOTO
3TOH MJIOCKOCTH (CYMTasi, UTO HayasJo BEKTOpa JIEXKUT B IJIOCKO-
CTH).

TouHo Tak ke HaXoAAT KOOPAMHATBI TOUKH OTHOCHTEJBHO [ie-
KapTOBOH NPSIMOYTOJbHOH CUCTEMbl KOOPAUHAT HA MJIOCKOCTH.

4. IlonspHas cucTeMa KoopauHAT. JleKapTOBBI CHCTEMBbI
KOOpPIUHAT — He eIUHCTBEHHBIH CI0co0 OmpenessiTbh MOJOXKeHHe
TOYKH [IPH TTIOMOLLM YKces. /g 9TOro UCrob3yoTcss MHOTHE py-
rde TUMbl KOOPAWHATHBIX CHCTEM. 31eChb Mbl OINHILIEM HEKOTOpBIE
U3 HUX.

Ha nsockoctu yacto ynorpe6JsieTcs noAfapHas cucmema Ko-
opdunam. OHa onpeleseHa, ecau 3agaHa Todyka (), Ha3blBaeMmas
NOAtOCOM, W UCXOASIIIMH U3 MOJIOCA JyU [, KOTOPBIH Ha3bIBaeTCs
noaaproti ocvro. Tlonoxenue Touku M (GUKCUpPYeETCs AByMS YHUC-
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Jaamu: paduycom r = |OM| u yriom ¢ MexIy HOJSIPHOH OChIO U

BekTOpoM OM . DTOT yroJ HasblBaeTCst noAspHuiM yearom (puc. 8).

Mbl Gynem H3MepsiTh MOJISIPHBIA YroJl B pajiiaHaxX ¥ OTCUHThI-
BaTb OT MOJIIPHOH OCH TPOTHUB YACOBOH CTpPeJKH. ¥ nosioca r = 0,
a ¢ He onpenesieHO. ¥ OCTa/bHBIX Touek r > 0, a ¢ onpejesser-
Csl C TOYHOCTBIO O CJ1araeMoro, KpaTHoro 2m. JTo 03Ha4aer, uTo
naper uuces (r, @), (r, ¢ + 27) u BooOwe (r, ¢ + 2kw), roe k —
J1000e 1eJioe YUC/I0, IPeACTaBIs0T COO0U MOMsPHbIe KOOPAUHATDI
ONHOH M TOH K€ TOYKH.

MHorna orpaHWYMBalOT W3MEHEHHE TOJSPHOTO yrja KaKHMHU-
HUOY b YCAOBUSMHU, HanpuMep, 0 < ¢ < 27wl —7 < ¢ < m. ITO
yCTpaHsieT HEOJHO3HAUHOCTb, HO 3aTO BBOAUT APYTHe HeyI0O0CTBa.

[TycTh 3amaHa moJsipHasi cUCTeMa KOOPAMHAT W YIOPsAOYeH-
Hasi napa uuced (r, ¢), U3 KOTOPLIX NMEPBOE HEOTPHLATENbHO. MBI
MOXKeM COINOCTAaBUTb 3TOH Mape TOYKY, AJNS KOTOPOH 3THU 4HUCJ/Ia
SBJSIIOTCS TIOJNSPHBIMM KOOpAHHaTaMu. KMeHHo, ecau 7 = 0, MbI
corocTap/sieM noJgioc. Ecau ke r > 0, To mape (r, ¢) CTaBUM
B COOTBETCTBHE TOYKY, PagUyC-BEKTOpP KOTOPOH HMMeeT IJHHY 1
U COCTaBJISIeT C TIOJSIPHOH OcCblo yroa . Ilpu 3ToM mapam uu-
ceat (r, @) u (r1, p1) COMOCTAB/SAETCS OJHA U Ta K€ TOYKa, €CH
r=r1, ap— 1 =27k, tne k — 1eJ0e YUCJO.

Bri6epem Ha MJIOCKOCTH H€KAPTOBY MPSMOYTOJBHYIO CHCTEMY
KOOpIHMHAT, OMECTHB ee Hayaso B mojoc O, U MPUHSB 3a 6asuc
BEKTOpPHl €1 U ey AJUHBI 1, HalpaB/eHHble COOTBETCTBEHHO BIOJb
TIOJISIPHOM OCH U TIOA YIJIOM 71/2 K Hell (Yrosl OTCUMTBIBAETCS MPO-
THB 4acoBoil ctpesiku). Kak Jsierko BHIeTh U3 puc. 8, IeKapTOBHI
KOOPIMHATBl TOUKH BBIPAXKAIOTCS Yepes ee MOoJSPHble KOOPAUHATHI
(hopmysaMu

T =rcosp, y=rsine. (4)

5. Munuaapuyeckue u cpepuyeckre KoopauHarel. B npo-
CTpaHCTBe 0000LIEHHEM MOJISPHBIX CUCTEM KOOPIHMHAT SIBJSIOTCS
HUJIHHIPUYECKHE U cpeprUecKHe CUCcTeMbl KoopauHat. M mis Tex
U /151 IpYyTHUX (PUTypa, OTHOCHUTENBHO KOTOPOH onpenesseTcs Mo-
JIO)KEHHE TOYKH, COCTOUT U3 Touku O, syya [, ucxopsuero u3 O,
M BEKTOpa N, PaBHOTO IO JJMHE eIUHHLE U NepHeHAHKYJISPHOro
K [. Uepes Touky O TpoBefeM MJIOCKOCTb ©, MepreHAnKYASIPHYIO
BeKTOpY N. JIyd [ JIeXXHUT B 3TOH IMJIOCKOCTH.
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Puc. 9. Puc. 10.

[Tyctb nana Touka M. OmnycTvM U3 Hee neprneHaukyasp MM’
Ha MJ0CKOCTh ©.

LuauHIpHUECKHe KOOPAMHATH TOYKH M — 3TO Tpu uucaa
r, @, h. Uucina r u ¢ — nossipHble KOOpAMHATEL TOUKH M’ 1o
OTHOLIEHHUIO K Tostocy O W moJsipHOH ocu [, a h — KOMIOHeH-
ta BekTopa M’'M mno Bektopy n. OHa omnpefeseHa, Tak Kak 3TH
BEKTOPBI KOJIIHHeapHb! (puc. 9).

Cdepurueckre KOOPAUHATE TOUKH — TpH uucaa (r, p, 0). OHu
onpenensioTes Tak: 7 = \O—J\Zf\ Kak u pns uuanHapUYecKUX Ko-
OpAHHAT, ¢ — yroJ Bektopa OM' ¢ sydom [, a § — yroJa BekTOpa
O—M> ¢ mockocTeio © (puc. 10).

YIIPA2KHEHHSA

1. Hau napasnenorpamm OABC. B Hem \&ﬂ =2, |O?| = 3, yroa
AOC pasen 7/3. Halinute KoOpaHHATBE TOYKH B B CHCTEME KOOPAHHAT
0, 0C, OA.

2. HNausl Tpu Touk# A (21, y1), B (z2, y2), C (x3, y3). Hailnure Ko-
OpAMHATHI BeplIMHbl D napaJienorpamma ABCD.

3. Hapucy#ite Ha MJIOCKOCTH MHOXKECTBA TOYEK, MOJISIPHBIE KOOPIHHA-
Thl KOTOPBIX CBfI3aHbl COOTHOLIEHHsIMU @) © = 2/ cosp, 0) r = 2cos p.

4. Ilyete O, I, n — cdepuueckas cucrema KoopauHat. Beenmem ne-
KapToOBY INpPSMOYTOJIbHYIO cucTeMy KoopauHat O, ei, ez, n, e e; Ha-
npaBjieH BRoJb [, a yroa m/2 OoT €1 K €2 OTCUHTHIBAETCsS B CTOPOHY
BO3paCTaHUs MoJsipHOro yrsaa. Hamuumure (opmysbl, BblpaKaroliue Je-
KapTOBbl KOOPIHHATEl Yepes cepryecKHe.
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§ 3. 3BAMEHA BA3HUCA U CUCTEMbI
KOOPAMHAT

1. U3smeHenne 6a3uca. J[lo cux mop Mbl NpearnoJaraiu, yTo
paccmartpuBaercs ofvH 6asuc. OnHako BbIGOp 6asnca HHUEM He
OrpaHUYeH, U NPUHLUINAJIBHOE 3HaUeHHe HMeeT 3aJaua O HaXoX-
JeHHH KOMIIOHEHT BEKTOpPa B OJHOM GasHce MO ero KOMIIOHEHTaM
B apyrom 6Gasuce. IIpu sToM mnosokeHrne HOBOro Gasuca OTHOCH-
TeJIbHO CTApOro NOJKHO ObITb 3alaHO, a MMEHHO, NOJIXKHbI ObITh
M3BECTHBl KOMIIOHEHTBl HOBbIX 0a3HCHBIX BEKTOPOB €}, €, U €5 B
cTapom 6asuce e1, ez, eg. [Tycts!

e| = ste; + s?ey + stes,
I 2 3
e, = s3e1 + s3es + s;es, (1)
e, = sie; + s3es + sies.
[Tpou3BOJILHEIR BEKTOpP a pasJioxkKuUM Mo Gasucy e}, eh, eh:
) !’ ! !
a =o€ + asey + azes.

KOMIOHEHTBl 9TOr0 Ke BeKTOpa B CTapoM 06asuce 0603HAUMM
a1, o, ag. Packianbias Kax bl dJieH npeIblIyero paBeHcTBa
no 6asucy e, ez, €3, B CUIy npensoxenus 6 § 1 umeem

a1 = sia + siab + sial,

g = s3a) + s3ak + s3ak, (2)

az = sfa + ssab + s3ah.

CoorHotienust (2) W SBJSIOTCS pelleHHeM Haied 3amaud. Eciu
Hac 3adHTepecyeT BbIpaXKeHHEe HOBBIX KOMIIOHEHT 4epe3 CTapble,
TO Hano OyleT PeliUTb CHUCTEMY YypaBHEHUH (2) OTHOCHTEJNBHO
HEU3BECTHBIX ], (5, 4. Pesysbrar OyneT MMeTb TaKOH Ke BHI,
Kak (2), ToabKO Ko3(h(PUIIMeHTaMH OYyyT KOMIIOHEHTBI CTapbIX Oa-
3HCHBIX BEKTOPOB B HOBOM 0asuce.

TouHo TeMm ke crocobom mosydaioTes (HOPMYJIb, CBSI3bIBAIO-
IMe KOMIIOHEHTBI BEKTOpa B pa3HbIX 0a3ncax Ha IMJOCKOCTH. BoT
OHHU:

ap = stal + slah,
ag = s3al + s3ak,.

3)

1 3,&6(:]3 IJI5 y,ELOﬁCTBa OIWH K3 HMHIAEKCOB Mbl pacriojiaraeM cCBepxy. 1o He

nokasatesb crenenu. Hanpumep, al untaetcs <a opun-Tpn.
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Kosdpouunents B GopMytax (2) MOXKHO 3amucaTb B TaOJHUILY

1 1
EREE
5:13 852; sg . (4)
51 82 83

Ona HaseiBaetcst mampuyetl nepexoda ot Gasuca ej, ez, €3 K
Gasucy €}, eh, e5. B ee cronbuax cTosiT KOMIOHEHTbl BEKTOPOB
e}, e, €5 B crapom Gasuce.

2. N3meHeHue cucTeMbl KoopauHaT. PaccMmoTpum Temnepb
IIBe JIEKapTOBHI CHCTEMBI KOOPAMHAT: cTapyio O, €1, €2, €3 U HO-
Bylo O, e}, €}, e5. Ilyctb M — mpousBo/ibHasi TOYKa, U KOOp-
JMHATHl €e B 3THX CHCTeMax o0osHaueHwl (x, y, z) u (2, ¢, ).
[TocraBum cebe 3amauy BbIPa3uTh x, y U z depe3 ', y' u 2, cuu-
Tas WU3BECTHBIM TOJIOKEHHE HOBOH CHCTEMBI OTHOCHTEJIBHO CTa-
poii. OHo ompenensietcss KoopauHatamu (s, sg, s§) Touku O
B cucteMe KoopauHat O, €1, €2, €3 U KOMIOHEHTaMH BEKTOPOB
e, e}, €5, coCTaB/sIKMH MaTpuLly mepexona (4).

Panuyc-ektopsl Touku M otHocuTenbHo Touek O u O cBsisa-
Y Ty
Hbl paBeHcTBOM OM = OO’'+O' M, KOTOpO€E MBI MOXKEM 3aMucaThb

B BHIE
v
OM = 00" +2'e| + y'ey + 2'el, (5)
/ / !/ / / / /
TaKk Kak ¢, y' u 2’ — komnonentsl O'M B Gasuce e}, €5, e5. Pas-

JIOXKMM KaKblEl usieH paBeHcTBa (5) mo 6asucy ej, ez, e, HMes B
s

BHY, UTO KOMIOHEHTbI BeKTopoB OM n OO’ paBHBI KOOpIHHATAM

touek M u O, KoTOpble Mbl 0603HAUMIH (T, Y, z) U (S, 82, s3).

Ml nonyuum
= 8§+ sia’ + sdy' + 532/,
y = 5§+ sta’ + 3y’ + 53, (6)

2z =g+ sta’ + sy’ + 552

8
|

PaBenctBa (6) mpeacTaB/siioT co60i 3aKOH MpeoOGpa3oBaHUs KO-
OPAMHAT TOUKH IPH Nepexofie OT OAHOU AeKapTOBOH CHCTEMBI KO-
OpAMHAT B NMPOCTPAHCTBE K IPYrod TAKOH »Ke CHCTeMe.

3. 3amMeHa JeKapTOBOW MPSIMOYTOJBHOH CHCTEMbI KOOPIY-
HaT Ha miaockoctu. Dopmynbl mepexona OT OTHOH JIeKapTOBOH
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CHCTeMbl KOOPAHHAT Ha MJIOCKOCTH K Apyrof mosydatores u3 (6),
€CJIH TaM OCTaBHUTb TOJIKO IMepBble [BA PABEHCTBA M B HHUX BbI-
YePKHYTb 4JieHbl ¢ 2

o = stal + sby' + b,

(7)

y = sia’ + sy’ + s2.

Puc. 11.

PaccMoTpuM uyacTHBIH caydail, Korna o0e CHCTeMbl KOOPAH-
HaT JIeKapTOBbI MPsIMOyToJbHbIE. Hepes ¢ 0603HaYUM YToJ MEXKY
BEKTOPAMH €] U €}, OTCUNTHIBAEMbIH B HAMpPaBJEHHH KpaTdaiilie-
ro MoBopoTa oT e; K eq. Torma (puc. 11)

e} =cospe; +sinpes,

e, = cos (cp:l: g) e; + sin (cpj: g) es.

B passnoxeHun €, CTaBUTCs 3HAK ILIIOC, €CJIM KpaTdauiini
MOBOPOT OT €} K €}, HalpaBJieH TakK e, KaK KpaTdyalilini moBopoT
OT €] K €3, TO €CTb eCJId HOBHIH Ga3HC MOBEPHYT OTHOCHTENBHO
craporo Ha yroa ¢ (puc. 11 a). 3HaK MHHYC B DPa3/OXKEHHH €
CTAaBUTCSl B MPOTHUBOIOJIOKHOM CJIydyae, KOrha HOBBIE Ga3uc He
MOXKET OBITh TOJIy4eH MOBOpPOTOM cTaporo (puc. 11 6).

IMockoubky cos (¢ £ Z) = Fsing, sin (¢ + Z) = % cosp, no-
Jydaem

x =1 cosp Fy sing + sg, g

y = a'sinp £y cosp + 53, ®)
mpuYeM [PU MOBOPOTE CHUCTEMBI KOOPIHHAT OEpyTCsl BepXHHUE
3HAKH.
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YIIPA2KHEHHWSA

1. BoiBemute (opmysibl 3aMeHbl 6asrca ¥ 3aMeHBl CHCTEMBI KOOPIH-
HaT Ha npsMo# JuHKUH. Kak MeHsI0TCSl KOOpAHHATH TOUEK MPSIMOM, eCaH
NpH HEM3MEHHOM HayaJjie KOOPAMHAT JAJHHA Ga3HCHOr0 BEKTOpPA YBEJHUH-
BaeTcsl BABOE?

2. Tycts O’ — cepenuna ctoponbl AB tpeyrosnbuuka O AB. Hamu-
wuTe (hopMyJibl epexona oT CUcTeMbl KoopauHat O, O? &i K cHCTeMe
koopauuar O', O'O, O'B.

3. Jlana nekapToBa cuctema koopauHat O, e1, ez, es. Kak pacrnoso-
»KeHa OTHOCHTEJbHO Hee cucTeMa koopauHat O, e}, e), e5, ecau hop-
MyJibl Tlepexona umerT Bug x = 1 —y' — 2, y=1—-2" -2, z=
=1-a' —y?

§ 4. CKANAPHOE NPOU3BEAEHME

1. Ompenenenne. [lon yrjom Mexay BeKTOpAMH Mbl IOHHMa-
eM YroJl MeXXIy BeKTOPaMH, PaBHbIMH IaHHBIM ¥ HMEIIIHMH 06-
ee Hayaso. B HEKOTOPBIX CJydastx Mbl OyIeM yKas3biBaTb OT Ka-
KOTO BEKTOPA M B KAKOM HAMPABJEHUH YroJ OTCUUuThIBaeTcs. Eciu
TaKOTO YKa3aHHsl He CeJaHO, YIJIOM MEeXIy BeKTOPaMH CUMTaeT-
csl TOT M3 YIJIOB, KOTOPHIH HE MPeBOCXOAUT 7. Ecaiu yros npsiMoi,
TO BEKTOPBI HA3BbIBAIOTCS OPMOCOHALLHBIMUL.

Onpenenenue. CkaaapHolm npoussedexiem IByX BEKTO-
POB Ha3bIBAETCSI UKCJIO, PABHOE MPOU3BEIEHHUIO IJIHH STUX BEKTO-
pOB Ha KOCHMHYC yryia MeXAy HUMH. EC/iM XOTb ONHH U3 BEKTO-
pOB — HYJIEBOH, TO yroJjl He ONpejeJsieH, U CKaJjsipHOe MPOU3Bee-
HUE 110 OMpeesIeHHI0 PABHO HYJIIO.

CkaJ/isipHOe TpPOM3BeleHHe BEKTOPOB a U b 0003Hayaetcs
(a, b) uau ab. Takum 00pa3oM, Mbl MOXKEM HamUCaTb

(a, b) = [af [b|cos ¢,

TIe ¢ — yroJ Mexay BeKTopaMu a U b.

Heo6xonvMo noguepkHyTb Cjenyiollee NPUHLUNHAIbHOE 00-
CTOSITEJIbCTBO: CKaJIIPHOE NIPOU3BEeHHE MOXKET ObITh OMpPENE/eHO
TOJIBKO IIOCJIe TOrO, Kak OyfeT BblOpaHa onpeleseHHas eIMHHLA
U3MepeHus IJUH BeKTopoB. FlHaue npuBeneHHOe Bhlllle onpesese-
HUe He HMeeT CMBIC/A.
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2. CoiicTBa CKaJspHOrO yMHOMKeHHs. CKajsipHOe yMHO-
JKeHHe HMeeT CJeyIollHe OUeBHIHbIE CBOHCTBA:

e KoMMyTaTHBHOCTD: mJisl MI0ObIX a U b BhINoJHEHO (a, b) =
= (b, a).

e (a, a) = |a|? nasa mo6oro BekTopa a.

e CkaJisipHOe [IpOM3BeJeHUe PABHO HYJIO TOTAA U TOJBbKO TO-
ra, KOTIa COMHOXKHTEJW OPTOTOHATbHBI UM XOTSI Obl OAWH
u3 Hux paseH 0.

e Eciu (a, x) = 0 gns so6oro Bektopa X, 10 a = 0. [e#-
CTBHUTEJIBHO, MIPH X = & Mbl rmosydaem (a, a) = 0.

e BekTopbl OpTOHOPMHMPOBaHHOTrO 6a3uca yIOBJIETBOPSIOT pa-
BEHCTBaM

(e1, e1) = (e2, e2) = (e3, e3) = 1,
(el, 82) = (82, 83) = (83, e1) = 0.

[Ipennoxenue 1. Ecau 6asucHoie s8ekmopov. €1, €2, €3
nonapHo OpmMoOcOHAAbHbL, MO KOMNOHeHmbl 4106020 8eKmopa a
Haxoodamcs no gopmyram

(a e1) _ (a e) (a, es)

Ay = ————— a3 —
le1]? 7 les|?

a1 =
CHE

B wacmuocmu, ecau 6a3uc opmoHopmMuUpO8arHHbLLL

Q] = (a, 61), Qg = (a, 62), a3 = (a, 93) (1)

a=(a, e;)e; + (a, ex)es + (a, e3)es.

B camom gesie, mycTh €1, €2, €3 — IONApHO OPTOrOHAJBHBI.
Torna Bextopel €] = ej/|ei|, € = ey/|es|, €] = es/|es| co-
CTaBJISIIOT OPTOHOPMUPOBAHHBLIH Gasuc. Kak Mbl BUIeN U B Mpes-
JIOXKeHUH 2 § 2, KOMIOHEHTBI POU3BOJIBHOTO BEKTOPA & B OPTO-
HOPMHPOBAHHOM (as3hce MOXKHO BBIUMCIUTH KaK o = |a|cos 1,
as = l|alcospa, az = |ajcosps, TOE @1, P2 U p3 — YI-
JIbl, MEXKIY & W BeKtopaMu 0asuca. 3Hauut a; = (a, e1)/|ey],
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as = (a, es)/le2| u ag = (a, ez)/|es|. [TosTomy

a— (a’ 91) 04 (a’ 62) 04 (a’ e3)e0 _
e T feof P fes] 7
_(a,er) er  (a,e2) e (a e3) ez
el les|  ez| feaf  es| es|’

KaK ¥ TpeboBaJjoCh.
[Ipennoxenue 2. las aroboix sekmopos a, b u ¢ u aro-
OobLx uucenr o, 3 U 7y BbLNOAHEHbL PABEHCMEBA

(aa+fb, ¢) = a(a, ¢) + (b, ¢)
(a, b+ yc) = f(a, b) +y(a, c).

B wacmnocmu, (aa, c¢) = afa, c) u (a+b, c) = (a, c) + (b, ¢).

JlokaxkeM mepBoe paBeHCTBO. Eciiu ¢ = 0, TO 0HO OUEBHAHO.
[Tycts ¢ # 0. Ilpumem c 3a nepBeIf BeKTOp 6asuca, a OCTaJbHble
BbIOEpeM OpPTOrOHaJbHO K HeMy W Mexnay co6oil. Uucio (aa +
+ b, ¢)/|c|> — nepsas kommnoHenta BekTopa aa + (3b. TouHo
Tak ke (a, c¢)/|c|?> u (b, ¢)/|c|?> — nepBbIe KOMIOHEHTHI BEKTOPOB
a u b. CornacHo npennoxenwuio 6 § 1,

(ca+ fb, c)/[c* = a(a, c)/|c]* + B(b, c)/[c[*.

Ortciona npsiMo cJieyeT MepBoe paBeHCTBO. BTopoe Mbl moJydnm
HCIO/Ib3Ysl KOMMYTATHBHOCTb CKaJISIPHOTO YMHOXKEHHS.
[TocnenoBaTenbHO MpUMeEHsis PeAJOKEHHe 2, JETKO 10Ka3aTh,
4TO CKOOKH TaKKe MOTYT OBITb PACKpBITHI NIPHU CKaJsPHOM yMHO-
JKEHUH JIMHEHHBIX KOMOWHALUH JII060T0 Ync/a BEKTOPOB.
Teopewma 1. Ecau 6asuc opmoHopmuposammsili, mo cKa-
AApHoe npousgedenue sekmopos a u b swipaxcaemcs uepes ux
Komnorermol (aq, ag, az) U (B1, B2, B3) no gopmyre

(a, b) = @181 + aafa + asfs. (2)

ﬂeﬁCTBHTe.ﬂbHO, MOJCTaBUM BMecTO b ero pasJjioxKeHne 1 BOC-
oJIb3yeMCs MpeaJoKeHHeEM 2:

(a, b) = (a, fre1 + Paes + fse3) =
= Pi(a, e1) + f2(a, e2) + B3(a, e3).

Tenepb nokassiBaeMoe cienyet us opmyan (1).
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TeopeMa 1 nmosBoJisieT BBIUCATH BblpaxKeHue MOJIMHbI BEKTOpa
qyepes3 ero KOMIOHEHTBl B ODPTOHOPMUPOBAHHOM 6asuce

la| = y/af + a3 + o3, (3)

a TaK>Ke BbIpa>K€HHE KOCHHYCa yIrJjia MeXIYy BEKTOpaMu

(a,b) a1 81 + azfs + azfs

[al bl /o +af + a3V/BF + 53 + 53
Hcnonbays dopmyay (3), Mbl MOXKEM BBIYHCJHTb PAacCTOSHHE

MEXKy TOUKaMH, eC/IH 3aaHbl X KOOPIHHATHl B 1eKapTOBOH Mpsi-

MOYTOJIbHOH CHCTeMe KOOpAMHAT. B caMoM Jiesie, mycTh TOUKH A

B umeror KoopauHatel (z, y, z) 1 (21, y1, 21). Torna paccrosiHie
MEXJy HUMU PaBHO

AB| = /(o1 —2)2 + (g1 — 92 + (21 — 2)2. (5)

OTmMeTuM, uTO TpebOOBaHHE OPTOHOPMHUPOBAHHOCTH 0asuca
OueHb CylIeCTBeHHO. B mpousBosbHOM 0asuce BblpaxKeHHe CKa-
JIIPHOTO NIPOK3BeJeHUS Yepe3 KOMIIOHeHThl ropasno ciaoxHee. Ilo-
3TOMY B 3ajJayaX, CBSI3aHHBIX CO CKa/sIPHBIM IIPOH3BeJleHHEM,
Yallle BCEro UCIMOJb3yI0TCs OPTOHOPMHUPOBAHHBIE OA3HCHI.

Ecau nouemy-n160 Bce 2Ke Hal0 BBIUUC/IUTD CKaJ/ISIpHOE POU3-
BeJleHHe B HEOPTOHOPMHUPOBAHHOM 0asuce, cjleflyeT NepeMHOXHUTb
pasJ/IoKeHHsl COMHOXKHUTeJel 1o 6a3ucy U packpbiTb ckoOKH. ITo-
cJle 3TOr0 HY»KHO MOACTABUTb B MOJyUeHHOe BbIpaXKeHHe CKaJsip-
Hble MPOU3BeJeHHs 0a3UCHBIX BEKTOPOB, KOTOPbIe NOJIKHbI OBITH
U3BECTHBI.

3. BuopTtoronanbHsli 6a3uc. OpnHaxo, A5 0OIMKX paccyX-
JeHUH YyKas3aHHbIH Bblllle CIOCOO BBbIUMCJEHHS CKaJ/SPHOIO MpOo-
U3BeJeHHUs B HEOPTOHOPMHUPOBAHHOM 0asuce He Bcernga yaoOeH.
B rtakux c/ydyasix yacTo NMpUMeHsleTCsl TaK HasblBaeMblil 6HOpTO-
TOHa/NBbHBIH 6a3uc.

[IycTs 3aman 6asuc ej, ez, es. PaccMoTpUM BeKTOpHl €7, €3,
€3, KOTopble MJisl JIOObIX HOMEPOB ¢ W j YIOBJIETBODSIIOT pPaBeH-
CTBaM

(4)

cosp =

(ei, e

*):{0, ectd iFj ©)

J 1, ecau i=j
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BekTopel €], €5, e5 0IHO3HAYHO OMNpeleseHbl 3TUMH YCJIOBHSIMH.
JleficTBUTeNbHO, HANpUMeD, €] KoJlJIMHeapeH MpsMOH, NepHeHin-
KYJISIPHOH MJIOCKOCTH BEKTOPOB €2 W es. Ero HampasseHue BIOJb
5TON MPSIMOK M IJIMHA ONpefesieHbl paBeHCTBOM (e1, €7) = 1: oH
HampaBsJieH TaK, YTO YToJl o MeXIy HUM U €] OCTPbIH, a ero AJIKHa
pasHa (|e;|cosa)L.

[Ipennoxenue 3. Bekmopue. €, €5, €5, onpedesernnvie pa-
sencmsamu (6), cocmasasom 6asuc.

JleficTBHTENBHO, BO3bMEM MPOM3BOJNBHBIH BEKTOP X M JOMY-
CTHM, UTO OH pacKJ/aiblBaeTcsl 10 3THM BeKTopaMm: x = &ie] +
+&5es 4+ £5es. YMHOXKA 3TO PaBEHCTBO CKaJ/ISIPHO MOCJe0Ba-
TeJIbHO Ha €1, €2 H €3, Mbl HahjeM

fik = (X’ el)’ f; = (X’ 62), 5;’: = (Xv 63)- (7)

Takum 06pa3oM, KaxKAblH BEKTOp, KOTOPBIH pacK/aiblBaeTcs I10
e}, e;, es, (B TOM uHc/Ie U HYJEBOH) pacK/aablBaeTcsl OfHO3HAU-
HO. DTO 03HayaeT, YTO BEKTOPbl JHHEHHO HE3aBUCHMBI H, CJIEN0-
BaTeJIbHO, COCTaBJAAT 6asuc. ITo U TpedoBaJOCh N0KA3aTh.

Onpenenenue. Dbasuc, onpenensieMblii paBeHcTBaMu (6),
Ha3blBaeTCs 6a3UCOM, OUOPMOSOHANLHbIM UIH 83AUMHLIM OA3HUCY
€1,e9,e3.

Ecau 6asnuc opTOHOPMUPOBAHHBIH, TO OH COBMAAET CO CBOUM
6H1OPTOTOHABHBIM.

OnHoBpeMeHHO ¢ TpeJIoKeHHEM 3 Mbl 10Ka3aJu, 4To AJis JIo-
60ro BeKTOpa X HMeeT MECTO pasJioKeHHe:

* * *

x = (x, e1)e] + (x, ea)es + (x, e3)es. (8)
O6a 6asuca BXomsT B paBeHcTBa (6) cummerpuuHo. [losTomy
OHOPTOroHaJbHLIM 1714 0asuca e}, e3, e OyneT 6asuc ej, ez, €s.
Orciona, B 4aCTHOCTH, CJIyeT, YTO JJIsl I06Oro BEKTOpa X Clpa-
BEJIJINBO TAKXKe pasJioKeHHe:

x = (x, e])e1 + (x, €3)ea + (x, e3)es. 9)

[Ipu 3amaHHOM Gasuce eq, ez, e3 uucaa & = (x, e1), & =
= (x, e2), & = (%, e3) OLHO3HAYHO ONpEIeJISIOT BEKTOP X IO
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dopmyse (8). OHU HaA3BIBAIOTCS KOBAPUAHMHBIMU KOOPOUHAMA-
mu BeKTOpa X B 6asuce e, ez, e3. ITo oTHolIeHHIO K GHOPTOrO-
Ha/lbHOMY 0asucy ej, €3, e5 — 3T0 ero oObIKHOBEHHble KOOpPAH-
Hatbl. OObIYHBIE KOOPAUHATBI, YTOOB MOAUEPKHYTb UX OTJIHUHE OT
KOBapMaHTHBIX KOOPAMHAT, HA3bIBAIOT KOHMPBAPUAHMHbLML KO-
OpAHHATAMH.

CxansipHoe NpOM3BeNeHHe BEKTOPOB PABHO CyMMe NPOHU3Bejie-
HUH KOOpPAMHAT OJHOIO M3 HUX Ha KOBapHaHTHble KOOPAUHATbI
apyroro. JeficTBUTeNBHO,

(a, b) = (a1e1 + azez + azes, b) =
= oy (e1, b) + asz(es, b) + as(es, b) =
=107 + a5 +asf;. (10)

Ha nsiockoctu 6asuc e, e3, 6UOPTOrOHa/bHBIN 0a3ucy eq, es,
ompenessieTcsl TeMH ke opmysamu (6), U Bce ckazaHHOe 0 6GHOp-
TOrOHAJbHOM 0a3dce B MPOCTPAHCTBE C OUEBHIHBIMH H3MEHEHH-
SIMHM TIepeHOCHTCsl Ha 0a3uchl Ha MJIOCKOCTH. Tak paBeHcTBa (8)
1 (9) moMKHBI colepKaTh MO ABa cjaraembix, a B opmyaax (7)
OCTAKOTCS TOJBKO [BE KOOPAMHATHI.

4. INpoekuun. CkansipHoe yMHOXKEHHE TECHO CBS3aHO C MO-
HATHEeM NpoeKUuuH BekTopa. C/I0BO <MpoeKUHs> ynoTpebJsercs
B IBYyX CMbIC/aX. BBeieM COOTBETCTBYIOIIHE ONpeneeHusI.

[Tyctb 3amaH BeKTOp AB u nexo-
topass mpsmas [. OnycTuM M3 Touek

B
A ¥ B neprneHAHKYJSIPEl HA TPSIMYIO
1 o6o3HauMM ux ocHoBauuss A’ u B’
(puc. 12). Bekrop A’B’ HasbiBaercs
I

(opToroHanbHOl) sekmopHoLl npoex- B'| €
yuetl Bektopa AB Ha npsimyio [ 1 060-
3Havaercs Ilp; ADB. Puc. 12.

M3 onpenenenust cpasy ciaenyer,
YTO BEKTOPHBIE IPOEKLUH PABHBIX BEK-
TOPOB Ha TapaJje/bHble TIPSMBle PABHBI MEXKIY COOOH.

[Iycte € — HeHy/eBOH BekTOp Ha mpsimod [. Torma ﬁ = ae
MpH HEKOTOPOM . 3ameTHM, uto AB = AA’ + ﬁ + BTB>7 rie
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!/ !
AA" u B'B oproroHasbHbl €. 3HAUHT, 110CJe CKASPHOTO YMHOXKe-
I 7
HHSl Ha € MBI T0JyUHM (A§, e) = (AB, e) = afe, e). Haxons
OTCIOZA (v, IMeeM

ﬁ:nplﬁz@e. (11)

le?

XOTSI Ha BHJ 3TO BblpaxKeHHe 3aBUCHUT OT e, (paKTI/I‘{eCKI/I OHO He
MeHsAeTCd IPpU 3aMeHe e JII0OBIM HEHYJIEBBIM BEKTOPOM e, KOJIJIU-
HEapHbIM e.

sl
[Tpoexunio A’ B’ MOXKHO NMpeCTaBUTh B BHJE

(ﬁ, e) e

le[ el

—
U 3aMEeTHUTh, YTO (E, e)/|e| — ato komnonenra A’ B’ no BekTOpy
e = e/|e|. Tak kak |e’| = 1, KOMMOHeHTa 10 a6COMOTHOMN BeJu-

ynHe paBHa inHe A’B’. OHa moJoXKuTeNbHA, €C/IH HaNpaBJeHne

m COBIIalaeT C HalpaBJIEeHHEM €, U OTpUllaTesibHa B MPOTHUBO-
TOJIOXKHOM CJIyuae.

Besnnuuna (AB, e)/|e| He MeHsieTcst IpH 3aMeHe e Ha COHa-
npaBJeHHBIH BeKTOp Ae, A > 0 U MeHsieT 3HaK IpU 3aMeHe e Ha
NPOTHUBOTIOJN02KHO HaHpaBJIeHHI)II./JI BEKTOD.

[psimast iuHUS Ha3bIBaeTCsl Hanpasientol npamotl (ynorpes-
JISIIOTCS TAKXKE TEPMHHBI OPUEHMUPOBAHHASL NPAMAS U OCb), €C-
JIM Ha Hell yKasaHo omnpejesieHHOe HampasseHue. [logpobHee 310
Ompefe/ieHNe paccMaTpuUBaeTrcs B Hauase § 5.

Onpenenenue. Yncno (AB, e)/|e| HasbiBaercs ckaasapHoii
npoexuueti Bektopa ADB Ha ocb [, ompelesisieMylo BEKTOPOM e,

(nnu Ha BekTOp €) M o6o3Hauaercs [1p, AB uau IIp AB.
W3 onpenesieHust ciaenyer, 4to

leﬁ = \zﬁ| Ccos ,

TIe ¢ — yToJ Mexnay A§ u e. KomnoHeHTH BeKTOpa B OPTOHOP-
MHMPOBAHHOM 0asuce pPaBHBI €r0 CKaJSAPHBIM NPOEKLHSM Ha OCH
KOODJIMHAT.
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YIIPA2KHEHHWSA

1. ITyctp B HeKoTOpOM Gasuce cKa/spHOE NPOU3BELEHHE BEIUHUCISAETCS
no dopmyde (2). Jokaxure, 4yTo 6a3uc OPTOHOPMHUPOBAHHBIE.

2. Mcnosib3yst cBOMCTBA CKaJsIPHOIO YMHOXKEHHS, NOKaKHTE, YTO Bbl-
COTBI TIPOHU3BOJIBHOTO TPEYTOJbHUKA MepeceKaroTcsl B OAHOH TOUKe.

3. Hapucyiite npaBu/bHbIi TpeyronbHuk ABC W NpUMHTE AJHHY €ro
croponsl 3a 1. Hapucyiite Ha Tom ke dyeprexke 6a3uc, 6MOPTOrOHAbHbIN
6asucy @, AC.

4. Halinute cyMMy BeKTOPHBIX NPOEKLHH BEKTOpa & Ha CTOPOHHBI 3a-
JaHHOT'O MPaBUJIbHOTO TPEYTrOJbHUKA.

§ 5. CMELLUAHHOE U1 BEKTOPHOE
NMPOU3BEAEHNA

1. OpueHTanus NpAMOM, IVIOCKOCTH M IPOCTPAHCTBA.
B koHue § 4 Mbl panu ompenesieHHe OPUEHTHPOBAHHOH MPSMOH
(ocu). Ckaxkem o HeM MmoppoGHee ¢ TeM, UTOObl aHAJOTMYHO BBe-
CTH OTpefie/ieHHe OPHEeHTHPOBAHHOH MJIOCKOCTH U OPUEHTHPOBAH-
HOT'0 TPOCTPAHCTBA.

Bce 6asucel (HeHy/eBble BEKTODBI) HA MPSIMOH pasfessioTcs
Ha JIBa KJiacca: BEKTOPBI U3 OJHOTO KJacca HalpaBJjeHbl OLWHAKO-
BO, & BEKTOPBI U3 Pa3HbIX KJaCCOB HalpaBJeHbl IPOTUBONOJN0XKHO.
[oBopuTCs, YTO mpsiMast OpPUEHTHPOBAaHA, UM UTO Ha HeH 3ana-
Ha opuenmauus, €CAu U3 ABYX KJaccoB 0a3UCOB BbIOpaH OAMH.
Basucel BeiOpaHHOrO KJlacca Has3blBalOTCS NOAOHCUMENALHO OPUEH-
MUPOBAHHLIMU U NOLOHCUMENLHOIMU.

3agaTh OpHEHTALMI0 MOXKHO, YKaszaB KaKoH-1nbo 6asuc H
CUUTAast MOJIOXKUTENbHO OPUEHTUPOBAHHBIMU BCe 0Ga3UCHl TOTO XKe
ksacca. OgHaKo To, YTO TpsiMasi OPUEHTHPOBAHA, HE 03HAYAET, UTO
Ha Hell BbIOpaH KaKoH-TO ornpeaeseHHbIH 6asuc.

JIBa 6asuca Ha MJOCKOCTH Ha3bIBAIOTCH OO0UHAKOBO OpUeH-
MUpPOBAHHLIMU, €CJIT B 000MX 0as3ucax KpaTyaHIIMH MOBOPOT OT
MepBOrO BEKTOpPa KO BTOPOMY TMPOM3BOAUTCS B ONHY CTOPOHY, H
npomuBon0A0NHHO OPUEHTHPOBAHHBIMY B MPOTHBHOM ciyuae. Ha
puc. 11 a) 6asucsl OpHeHTHPOBAHb OMHAKOBO, a Ha puc. 11 6) —
MPOTHUBOIONOXKHO. Ecan (hukcrpoBaTh Kakod To 06asuc, To M060H
IPYTOH OPUEHTHPOBAH C HUM JIMOO OAHHAKOBO, MO0 MPOTHBOINO-
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JIOXKHO, U, TAKUM 06pa30M, Bce 0asuchl pacniagaroTcd Ha ABa KJiac-
ca: Jrobble nBa 6a3uca OJHOTO KJacca OPHUEHTHUPOBAHBI ONMHAKOBO,
6as3uchl PasHBIX KJIaCCOB OPHEHTHPOBAHBI MMPOTUBOIIOJO0KHO.

On peneneHHe. Ilrockocmo opueHmuposaHa, €CJU U3
ABYX KJacCCOB 6a3nCcoB Ha HeM BbI6paH OJHH KJiacc.

OpHeHTalMI0 MOXKHO 3a1aTh, BeIOpaB 6a3uc, U CUMTast MOJO-
JKHUTEJbHO OPUEHTHPOBAHHBIMH Bce 0a3UChl OHOTO ¢ HUM KJjacca.
Ho, KoHeuHo, 3ajaHKe OpHeHTAlMK He MpeAroJaraeT Bb6op omnpe-
JieJileHHoro 6asuca.

B nnaHMMeTpHHM 4acTO OPHEHTHPYIOT MJOCKOCTb, CUMTas MO-
JIOXKUT@JBbHBIMM Te 0asuChl, y KOTOPBIX KpaT4aHlIMH IOBOPOT
OT TEPBOr0 BEKTOPAa KO BTOPOMY MPOM3BOAMTCHA NPOTHB YaCOBOH
cTpesku. [l MJIOCKOCTH B IPOCTPAHCTBE 3TO COlJalleHHe He
UMeeT CMBIC/IA, TaK KaK BUAMMOe HallpaBJieHHe [0BOPOTa 3aBUCUT
OT TOTO, C KaKoH CTOPOHBI CMOTPeTh Ha MJI0CcKoCcTb. Ho ecau BbI-
6paTb OJHO W3 MOJYNPOCTPAHCTB, OrPAHUYHUBAEMEIX IJIOCKOCTBIO,
U CMOTPETh Ha II0BOPOTHl UMEHHO M3 Hero, To KJjacc 6a3uca omnpe-
JeJisieTcss BUAMMBIM HallpaB/eHUeM [0BOpPOTa.

€ e,

€,

a o

Puc. 13.
Jlesviii 6asuc (a), npassiil b6asuc (6)

Onpenenenue. basuc B mpocTpaHcTBe Has3blBaeTcsl npa-
8biM, €CN (CUMTast BEKTOPHl MMeIOUMH 0oflllee HAa4as0) ¢ KOHIIA
TPeTbero BeKTOpa Mbl BUIMM KpaTYaHIIMH MOBOPOT OT IMEPBOTO
BEKTOpPa KO BTOPOMY HAMpaBJE€HHBIM MPOTHB YACOBOH CTPEJKH.
B npotuBHOM ciyuae 6asuc HasbiBaeTcs Aegvim (puc. 13).

[IpencraBum cebe, uTo Ha puc. 14 KOHLBI BEKTOPOB JexXaT B
MJIOCKOCTH PUCYHKA, a X 00Illee Hayago — 3a MJ0cKocThio. Torna
MOBOPOT OT BEKTOpa €1 K BEKTOPY €2 W 3aTeM K €3 /ISl MIPaBoro
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6asuca HaM BUIEH MPOTUB YACOBOH CTPEJIKH, a HJis JIEBOIO — IO
4acoBOH CTpeJiKe.

Onpenenenue. IlpocTpaHCTBO Ha3bIBAETCA OpuUeHMUPO-
BQHHLIM, €CIIH M3 IBYX KJACCOB 0A3HCOB (MPaBbIX WJH JIEBBIX)
BbIOpaH OAMH. basuckl BEIGPAHHOIO KJjacca Ha3blBAlOTCS NOAOXHCU-
MEAbHO OPUEHMUPOBAHHbLMU.

Sy 2y

a 7]

Puc. 14.
Jlesviii 6asuc (a), npassil b6asuc (6)

Huxe wmbl 8cecda 6ydem swvibupame npasyro opueHmayuto
npocmpancmea, CUUTas MOJOXKHUTEeNbHbIMU IpaBble 6asucel. Ho
BaXKHO NIOMHUTb, YTO BbIOOP OPHEHTALUU MOT Obl OBITb INPOTUBO-
TIOJIOXKHBIM.

Ecau nmpocTpaHCTBO OPHEHTHPOBAHO, TO OPHEHTALHUIO JI0O0H
IJIOCKOCTH B HEM MOXKHO 3a1aTh, YKa3aB OPUEHTALUIO MPSIMOH,
NepreHauKYIIpHON 3TOH MIOCKOCTH. [IpH 3TOM MOJIOKHUTEBHBIM
6asucoM a, b Ha MJIOCKOCTH CUMUTAETCS TAaKOH, KOTOPHIH BMecTe
C TOJNOXKHUTEJNbHBIM 6a3UCOM N Ha MPSMOH COCTaBJ/SAET I0JIOXKHU-
TeJBHBIH 6a3HUC NPOCTPAHCTBA &, b, n. 9T0 — BHEMHUH Cnocod
3ajlaHusl OpHeHTaLMU. [OBOPUTCS, UTO OpuUeHmayus NAOCKOCMU
onpeodessemcs HOPMANAbHbIM EKMOPOM 1.

AHaJIoru4HO, B OPUEHTUPOBAHHOM MPOCTPAHCTBE MOKHO BHEILI-
HUM 00pa3oM 3aaTb OpHeHTalMI0 NpsiMOH JuHUH. [las aToro
HY?>KHO 3aJaTb OPUEHTALHIO MJIOCKOCTH, MepreHIUKY/IIPHOH 3TOH
npsimoil. [lonoxurenbHbIM 6a3ucoM Ha TpsIMOM OyneT TakoH Oa-
3UC, KOTODPBIE BMecTe C IOJIOXKMTEeJbHBIM 0a3uCOM IMJIOCKOCTH
COCTaBJISIET MOJIOKUTENbHBIH 6a3Kuc MPOCTPAHCTBA.

2. Ilnomanps OpUEeHTHPOBAHHOIO MapaJjuiejJorpamMma, o0b-
€M OPHEeHTHPOBAHHOrO mapaJjienenunena. Eciau npsmas opu-
eHTHPOBaHA, TO [JHHE HEHYJEeBOrOo BeKTOpa Ha HEH MOXKHO
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NpUIKCATh 3HAK: CYMTATh MJHUHY [OJOXKHTEJbHOH, ecau Bek-
TOP OPHEHTHPOBAH IOJIOXKHTEJIbHO, H OTPUIATE]bHOH B IMPOTH-
BOTIOJIOKHOM cJaiydae. MIMeHHO Tak Mbl NPUMNCBIBAEM 3HAK JJIMHE
BEKTOPHOH NPOEKLHH, KOra ONpefessieM CKaJsipHYI0 MPOEeKLHUIO.
O6061muM 3T0 OnpesesieHue.

PaccmoTpuM mapasiiesiorpaMM, MOCTPOEHHBIH Ha ABYX BEKTO-
pax Tak, UTO [{Be ero CMeXKHble CTOPOHBI SIBJISIIOTCS BEKTOPAMH C
obmum HavanoM. [laparsesoepamm Ha3bIBAETCS OPUCHMUPOBAH-
HbiM, €CJIM TIapa BeKTOPOB, Ha KOTOPOH OH MOCTPOEH, yropsifoye-
Ha. Ha opHeHTHPOBaHHOH MJIOCKOCTH MapaJsiesorpaMM CUHTAETCS
TIOJIO’KUTENbHO W/ OTPULLATEbHO OPUEHTHPOBAHHBIM, CMOTPSI 110
TOMY, KaK OPHEHTHPOBAHA OMpeJessiolasl ero napa BeKTOPOB.

Ha opueHTHpOBaHHOH NMJIOCKOCTH MPHHSATO CUHTATb NAOU,AO0b
OPUEHMUPOBAHHO2O NAPAAACAOZPAMMA UUCJIOM CO 3HAKOM: OHa
paBHa MJIOLIAAH MapaJJjesorpaMmma (MoJ0KUTEbHA), eC/IU mapas-
JIeJIOTPAMM OPHEHTHUPOBAH MOJIOXKHUTEJIbHO, B PaBHA TOH Ke IJI0-
Iagy CO 3HAKOM MHHYC, €CJM OH OPUEHTHPOBAH OTPHULATEJNBHO.
Mpr 6yneM 0603HaYaTh MJOMIANb OPHEHTHPOBAHHOTO MapaJljieJio-
rpammMa, MOCTPOEHHOr0 Ha BeKTopax a u b, uepes Si(a, b).

PaccmoTpuM Temepb Mapasiiesienuiesl, MOCTPOEHHBIH Ha Tpex
BEKTOpaX TakK, UTO TPH ero pedpa, UCXOASIINE U3 OfHOH BepIINHBI,
SIBJISTIOTCS BEKTOPAMH ¢ 00mKM HauajoM. [lapannenenunen Hasbl-
BAETCS OPUEHMUPOBAHHLIM, €CIIH 3TH TPU pebpa yIopsaodYeHBl.
B opHeHTHPOBaHHOM MPOCTPAHCTBE OpHEHTALlUs Mapaliesenure-
Ia TOJIOKUTEJbHA WJIM OTpHUllaTesbHa CMOTPSI MO TOMY, KaKylo
TPOKKY 06pa3yioT BEKTOPHI, Ha KOTOPBIX OH MOCTPOEH.

B opueHTHPOBaHHOM NPOCTPAHCTBE 06BEM OPUEHMUPOBAHHO-
2o napaanesenuneda — UUCIO CO 3HAKOM: 0OBEM MOJOXKHUTENb-
HO OPHEHTHPOBAHHOTO NapaJlJie/ieHIeaa CYUTAETCS MON0XKUTENb-
HBbIM, a OTPULATE]bHO OPHEHTHUPOBAHHOIO — OTPHUIIATE/bHBIM.

[Ipu BrIOpaHHOU HAMH TPABOH OpPUEHTALMH MPOCTPAHCTBA MO-
JIOXKUTEJbHBIMUA CUHTAIOTCS] 0ObeMbl OPHEHTHPOBAHHBIX TapaJie-
JIEMIMIIEZIOB, TTIOCTPOEHHBIX Ha MPAaBbIX TPOHKAX BEKTOPOB.

3. CmemaHHoe npousBegeHue. Eciau NpocTPaHCTBO OpHUEH-
THPOBAHO, MBI MOXKEM BBECTH

Onpenenenue. Cuewannoim npoussederuem BEKTOPOB a,
b u ¢ (B maHHOM TMOpsIIKE) Ha3bIBAeTCs UYMUCJO, paBHOE OObe-
My OpPHEHTHPOBAHHOTO MapaJijiesienuena, NOCTPOEHHOr0 Ha 3THUX
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BEKTOpaXx, €C/IH OHH He KOMIUIAHAPHbI, U PaBHOe HYJIIO, €CJIH KOM-
TJIaHapHBbI.

CMelaHHOe TPOU3BeleHHe BEKTOPOB a, b u ¢ o6o3Hayaercs
(a, b, c).

[Ipu nepectaHOBKe COMHOXKHTeJEH B CMELIaHHOM MPOHM3Beje-
HHM, camoe OOJIbllee, MOXKET H3MEHHTHCS TOJNbKO OpHeHTALHs
TPOHKH BeKTOpOB. [103TOMy aGCo/ioTHAs BeNMYHHA CMELIaHHOTO
MPOM3BeJeHHsT He 3aBHCHT OT MOpsiiKa COMHOXHTeselt. st sto-
ObIX BEKTOPOB @, b ¥ € Mbl MoJyuyaeM, CpaBHMBasi OpHEHTALHN
TPOeK BeKTOpoB (cM. puc. 14):

(a,b,c)=(c,a,b)= (b, c,a) = |
=—(b,a, ¢)=—(c,b,a)=—(a, c, b). (1)

Cuenyoliee TpeJioxKeHHe yCTAHABIMBAET CBSI3b MEXKAY CKa-
JIAPHBIM MPOU3BEAEHUEM U CMELIAHHBIM IPOU3BEAEHHUEM.

[Tpennoxenue 1. Kakosol 6bi Hu Obiru sexmopo. a u b,
npu 86l6PAHHOL OpueHmayul NPOCMPaHcmea Haldemcs eOuH-
cmeennbill (He 3asucsujuti om x) sekmop d makxoii, umo npu
21060M X B8bLNOAHEHO PABEHCMBO

(x, a, b) = (x, d). (2)

JlokaszarteanbcTBo. [locMoTpuM cHauasa, KaKMMH CBOM-
CTBaMHU JOJKeH 00/1a1aTh BeKTOp d, yIOBJIETBOPSIIOLIUH TaKOMY
paBeHcTBy. Eciit a 1 b KosnuHeapHsl, To (x, a, b) = 0, # moTomy
(x, d) = 0 npu q060oM x. EnnHCTBEHHBIH BeKTOp, MEPNEHAHKY-
JIIPHBIN JIOOOMY X — 3TO HyJeBoH. Takum obpasom, d = 0 njs
KoJJIMHeapHbBIX a U b. Haobopot, nnas HekonnWHeapHbBX a U b
BekTOp d Hy/MeBbIM OBITb He MOXKET, Tak Kak (x, a, b) # 0 s
JII060T0 He KOMIJIAHAPHOTO C HUMM BeKTopa X. Jlasee Mbl MOXeM
npenrnosaratb a U b HeKOJJIMHEapHBIMH.

Ecau mbl mosioxkuM x = a, To Haiigem, uto (a, d) = 0. AHa-
JoruuHo, npu x = b nosaydaem (b, d) = 0. Takum obpasom, d
neprneHUKy/AspeH 000UM BeKTopaM a u b.

PaBeHcTBO (2) MO/KHO BBIMOJHATBCS W JJISE CAMOTO BEKTOpa
d. TTostomy

(d, a, b)=d* > 0. 3)
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DTo 03HauaeT, 4To BeKTOp d HampaBJeH Tak, YTO TPOHKA BEKTOPOB
d, a, b non0KUTeNbHO OPHEHTHPOBAHA.

[Tycts x = d/|d|. Torna (x, a, b) = (x,d) = (d, d)/|d| =
= |d|. B neBo#i yactu paBeHCTBa — 00bEM MOJIOKHTETBHO OPHEH-
THPOBAHHOTO NapaJijiesleNnuIea, BbICOTa KOTOPOro |X| paBHa efu-
HHLe. DTOT 00bEM UHCJIEHHO paBeH Muolanan ocHoBaHust S. [os-
TOMY

d| = S = [al [b

sin ¢,

TIe ¢ — yroJ Mexay BeKTopamu a u b.
Urak, BekTop d NO/KEH YIOBNETBOPSTH CJAEAYIOLIUM YCJIO-
BHUAM:

1. Bexrtop d HyneBo# Torna M TOJMBKO TOTAA, KOTAA BEK-
TOpbl a U b KoJlJIMHeapHbI.

2. Ecqn BekTOpH @ U b He KOJIIMHEApHBI, TO

e [d| = S = [a]|b|sing, rne ¢ — yroa mexny (4)
BEeKTOpaM4 a U b.

e d neprneHAHKYJIsIpeH BeKTOpaM a u b.

e Tpoiika BekTOpoB d, a, b MoJOXKHUTENbHO OpU-
€HTHPOBaHa.

[Ipu BeIOpaHHOH OpHEHTALMH MPOCTPAHCTBA 3TH YCJOBHS
onpesessitoT BekTop d Tak, YTO BCE BEKTOPHI, MM YIOBJETBO-
psifole, paBHbl Mexay co6oi. OnHako, HYXHO ellle MPOBEPHUTh,
VIOBJIETBOPSIET JIM TAKOH BEKTOp pPaBeHCTBY (2) MpH J1060M X.
B cayuae xosnuHeapHBIX a U b yTBepauTeNbHBIH OTBET OUEBH-
neH. PaccMoTpuM HeKoJHHeapHble a ¥ b ¥ MOCTPOMM MO HUM
BekTop d. Eciu x KommiaHapeH ¢ a u b, o6e 4acTH paBeHCTBa
(2) paBHbI HyZIO.

[TycTb x He KommiaHapeH ¢ a U b (puc. 15). [To onpeneseHuio
CKaJISIPHOH TPOeKLHH

Mpyx = % — +|0H|.

(x, d)
|
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[Ipu sToM mpoekuus mo- i
JIOXKHUTeJIbHA, ecad d U X
HalnpaBJieHbl B OJHO IIOJIY- o ‘.“
MPOCTPAHCTBO  OTHOCHTEJBHO 3 \
IJIOCKOCTH BEKTOPOB a U b,
U OTpHLIaTeJbHA B MPOTHBHOM
caydae. Takum o6pazom, mpo-
ussenenne (x,d) = |d|IIpyx
paBHO TJIOIIAA¥ OCHOBaHHS Pre. 15.
napajnenenunena S = |d|,
yMHOXXeHHO# Ha +|OH|, roe BoIOUpaeTcs 3HaK "+, eciu Tpokika
X, a, b opHeHTHpOBaHA TMONOKHUTENBHO, U 3HAK "—" B TPOTHBHOM
caydae. DTO 3aKaHUMBAET J0KA3aTeNbCTBO.

4. BekTOopHOE MpoU3BeeHNUE.

Onpenenenue. Bekrop d, onpeneseHHbIH ycaoBusaMy (4),
WJIH, 4TO TO XKe, (opMyJIoH (2), HA3bIBAETCS BEKMOPHLIM NPOUS-
gederuem BEKTOPOB a U b.

BekropHoe mpou3sBefieHHe BEKTOPOB a ¥ b 00o3HauawT [a, b]
uan a x b. HMcnone3ys ato o6o3HaueHHe, Mbl MOXKeM HamMucaTth
dopmyay (2) B Buze

(X> a, b) = (X, [a’ b]) (5)

Bnaropapst sToMy paBeHCTBY CMelIaHHOe NPOH3BeleHHe U TOJY-
YMJIO CBO€ Ha3BaHMUe.

I[Tpumep 1. TIlyctb e;, ey, e3 — ImpaBblil OPTOHOPMHPO-
BaHHBIH 6asuc. Torjga npu BbIOpDaHHONH HaMH NPaBOH OpHeHTaLHH
NPOCTPaHCTBA

[eZa e3] = e, [e-?)a el} = €y, [e17 e2] = e3. (6)
Ecau f;, f5, f3 — neBbili opTOHOPMUPOBAHHBIN 6a3uC, TO
(o, f3] = —f1, [f3, fi] = —f2, [f1, o] = —f5.

HOﬂ‘lepKHeM, 4TO [AJ5 OoIpeneseHHWss BEKTOPHOI'o IMpPOoU3Bene-
HUSI HEOOXOOUM He TOJIbKO BbI60p €IWHUIIbI UBMEPEHH NJHH, HO,
KaK U [OJis CMELIAHHOr0 NMPOU3BENEHNS, HeO6XOIII/IM BI)I60p OpUEeH-
Tallud MPOCTPAHCTBA. B camom aene, nNpu U3MEHEHUHU OPUEHTALNH
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JieBasi yacTb (GopmyJbl (2) MeHsieT 3HaK. [Ipu 3ToMm 1J1st coxpaHe-
HHs paBeHCTBa BeKTOp d NOJIKEH MEHSIThb CBOe HalpaBJjeHHe Ha
TNPOTHBOIOJIOKHOE. DTO COOTBETCTBYET TPeGOBAHUIO TOTO, YTOOBI
Tpoiika BeKTopoB d, b, ¢ Obla MONOXKUTEJNbHO OPHEHTUPOBAHA.

BexTopsl, HampaB/eHHe KOTOPbIX MEHsIeTCsl PU U3MEHEHHH OpUeHTa-
LMK MPOCTPAHCTBA, HA3bIBAIOTCS aKkcuasbHbimMu BekTopamu. W3 ¢usude-
CKHX BeJIMYMH aKCHAJbHBIMM BEKTOpaMH H300parkaioTcsi BCe Te, B OIpe-
JleJleHHe KOTOPBIX BXOAUT «IIPAaBUJIO MPABOH PyKU» HUJIM KaKoe-l1ubo 3KBH-
BajieHTHOe eMmy. Uuc/a, 3HaK KOTOPbIX MEHsIeTCsl, KaK 3HaK CMEIIaHHOTro
NPOU3BEIeHNsI, TIPH U3MEeHEHHH OpHUeHTAlMH MPOCTPAHCTBA, HA3bIBAIOTCS
ncesdockasapamu. 3aMeTuM, 4To

e [IpousBeneHue akcHaJbHOIO BEKTOpa Ha ICEBAOCKAJSIP — OObIU-

HBI{ BEKTOP.
e [IpousBenenue 06GBLIUHOTO BEKTOpA Ha MCEBIOCKAJSP — BEKTOpP aK-
CHAJIbHBIH.

e BekropHoe mpousBeneHne OOBIYHOIO BEeKTOpa M aKCHAJbHOTO —

0OBIKHOBEHHBIH BEKTOP.

e BekTopHoe mpousBeleHHe ABYX aKCHAJbHBIX BEKTOPOB TaK¥kKe aK-

CHaJIbHBIH BEKTOP.

Uuraresp 6e3 TpyAa CMOXKET MPOAOJJXKHUTL 3TOT CIIUCOK.

[Ipennoxenue 2. Bekmoproe ymHoMCEHUE AHMUKOMMY-
mamugHo, mo ecmov 045 At06bLx 8ekmopos [a, b] = —[b, al.
JleficTBuTeNbHO, ecan (X, a, b) = (x, d), T0

(x, b,a) = —(x,d) = (x, (—d)).

[TosyunM Tenepb CBOACTBO AUHElHOCMU CMELIAHHOTO W BEK-
TOPHOT'O MPOM3BEIEHHH 10 KaXKIOMy M3 COMHOXHTesed. [Ipume-
Hsis npensioxkeHue 2 § 4 k ckansipHoMy mnpousseleHH0 (Aa; +
+ pag, [b, c]), Mbl mosy4UM

()‘al + pag, ba C) = A(alv ba C) + :u(327 b? C)' (7)

W3 paBeHcTB (1) clenytoT aHaJOTHUHbIE TOXKAECTBA AJS OCTA/b-
HBIX COMHOXKHTeJed. Hanpumep, [ BTOPOro COMHOXKHUTEJIS

(a7 )‘bl + ,ub27 C) = A(av bla C) +:u(av b2a C)' (8)
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JlelicTBUTENbHO, MBI MOXKEM ME€PECTaBUTh UHTEPECYIOLIUH Hac CO-
MHOXKHTEeJIb Ha MepPBOE MECTO, PACKPBITh CKOOKH, a 3aTEM BbINOJI-
HUTb OOPATHYIO NMEePEeCTaHOBKY.

[Ipennoxenue 3. [as aw0boix sekmopos by, by, ¢ u ato-
ObLx duCen \ u [ umeem mMecmo paseHcmeso

[)‘bl + pbo, C] = )‘[bl’ C} +,U,[b2, C]'

B camom nese, mpaBoil yactu ¢opmynsl (8) MOXHO MpPUAATH
Bul (a, A\[b1, c]) + (a, u[bs, c]). [Toatomy

(a, [Aby + pbg, c]) = (a, A[by, c] + ulbs, c]).

Tak kak 3T0 BepHO AJf JIOOOr0 BEeKTOpa a, Mbl MOXKeM, BbIOpaB
OpPTOHOPMMPOBAHHBIH 6a3uc e, €2, €3, MOACTABUTb Ha MeCTO a
nocJ/ieJoBaTe/bHO KaXK bl BeKTOp aToro 6asuca. B cuay npenso-
XKeHus 1 § 4 MBI MOJyYUM pPaBEHCTBO BCEX KOMIOHEHT BEKTOPOB
[Aby + uba, c] u A[by, c] + u[bs, c], a orciona 1 paBeHCTBO Bek-
TOPOB, KOTOPOE HaM HYKHO OBLJIO H0Ka3aThb.

JIMHEeHHOCTb BEKTOPHOTO NpPOM3BElNEeHHS M0 BTOPOMY COMHO-
JKHUTEJI0 MOXKHO MOJYUYHUTh U3 CBOHCTBA aHTHKOMMYTATHBHOCTH.

[Ipennoxenune 4. [lonaproie sekmopHole npoussederus
[b, c|, [c, a] u [a, b] sekmopos a, b u c aunetino Hezasucu-
MbL mozda U moAbKO moeda, Koeoa AUHElHO He3A8UCUMbL CaMU
sexkmopol a, b u c.

JlelicTBUTENbHO, ec/ii &, b U ¢ Bce mapaJjieibHbl HEKOTOPOH
MJIOCKOCTH, TO MX TONapHble BEKTOPHbIE MPOHU3BEIEHUS BCe IMep-
MEeHAUKYJISIPHBI 9TOH MJIOCKOCTH W 3HAYUT KOJIJIMHEAPHBI.

O6parHo, mycTh BEKTOPHI He KOMILIaHapHbl, u (a, b, ¢) # 0.
PaccMoTpum sHHeHHY© KOMOWHaLMIO MpousBeneHHd A[b, c| +
+ ufc, a] + v[a, b]. Eciu oHa paBHa Hy/neBOMY BEKTOPY, TO yMHO-
KUM ee cKajsipHo Ha a. Mel monyunm A(a, b, ¢) = 0, oTkyna
cnenyet, uto A = 0. AHajornuHo, ymHOXasi Ha b, ¢ # Mbl yGe-
aumcst, 4To = 0 u v = 0. D10 03HAUaAEeT, YTO paccMaTpUBaeMble
BEKTOPHbIE NIPOU3BENEHUS JMHEHHO HE3ABUCHMBIL.

[Iyctb BEIOpaH 6asuc e, es, es. Kak Jjierko nposeputhb, 6asuc,
COCTaBJIEHHBIH U3 BEKTOPOB

2, e3] les, e] le1, €]

! (61, €2, 63)’ 2 (ela €2, 63)’ 3 (ela €2, e3)7
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yIoBJeTBopsieT paBeHcTBaM (6) § 4 u motomy siBasieTcsi 6uopmo-
eonasvHblm 1015 6asuca e, es, es.

O6paTI/ITe BHUMaHHKe, YTO 3TU BEKTOPBI HE ABJAIOTCA aKCUAJTbHBIMH,
XOTSl U KOJIJIMHEAPHbI COOTBETCTBYIOLIMUM BEKTOPHLIM IMPOU3BEAECHUAM.

5. BelpaxkeHue BEeKTOPHOIO U CMENIAaHHOTO IIPOM3BEIEHUI
yepe3 KOMIIOHEHTBI COMHOXKUTeNeH. Ecii 3a1aHbl pasioKeHUs
BEKTOPOB a U b mo BekTOpaM HeKoToporo 6asuca e, €2, €3, TO
MBI MOXKEM PaCKpbITh CKOOKH

[a, b] = [(a1€1 + azes + azes), (Bie1 + Paez + fze3)] =
= (12 — aaf)e1, e2] + (a2f3 — azfa)[ez, es]+
+ (a3fi — a1f3)[es, e1].  (10)

31ech HCMOJb30BaTaCh aHTHKOMMYTATHBHOCTb BEKTOPHOT'O MPO-
U3BeleHHs U TO, YTO BEKTOPHOE MPOU3Be/IeHHe ABYX ONMHAKOBBLIX
COMHOXKHTeJiel — HyJseBol BeKTOp. B mpumepe 1 GblIH cocuUTaHbI
nonapHble BEeKTOPHbIE TPOU3BEIeHHs BEKTOPOB OPTOHOPMUPOBAH-
Horo 6asuca. [loaTomy B caydae opTOHOPMHPOBAHHOTO 0asuca U3
dopmyasl (10) cienyer

Teopewma 1. B nososxumenvto opueHmupo8aHHom opmo-
HOPpMUPOBAHHOM 6asuce 8eKmMoOpHoOe npoussedeHue 8ulpaxcaem-
cs uepes KOMNOHeHmblL CoMHOMcUumenet opmyroti

[a, b] = (283 — azfa)er+
+ (a3fB1 — a1f3)ex + (a1 f2 — asfr)es.  (11)

Ecau 6asuc opuenmuposan ompuyamenvro, neped npasotl ua-
cmoto amotl opmysvl caedyem nocmasums 3HAK MUHYC.

JLjist IPOU3BOJIBHOTO Ga3nca HETPYAHO MOJYYUTh KOBapHAHTHBIE KO-
OpIMHATE BEKTOPHOTO TpoU3BeneHust. JlefCTBUTEIbHO, cpaBHeHHE (op-
myat (10) u (9) mokasbiBaet, 4To

[a, b] = (a2f3 — azf2)(e1, e2, e3)el+

+ (3B — a1fs)(e1, €2, es)es + (a182 — azf)(e1, e2, e3)es.

M36exxaTh nocTossHHOH 3a00ThHl 06 opHeHTaUUK 0a3UCOB MOXK-
HO AByMsl crioco6amu. MoXHO TOTOBOPUTHCS TPH MPABOH OpHEH-
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TalMM MPOCTPAHCTBA, €CNH HE OFOBOPEHO MPOTHUBHOE, MCIOJb30-
BaTb TOJIbKO TIpaBble (asuchl. Takoro coryamieHuss Mbl U Oynem
MPHUIEPKUBATHCS.

Bropoi#t crioco6 cocTouT B TOM, 4TOOBI He (PUKCHPOBATh 3apa-
Hee OpHEHTALMIO NMPOCTPAHCTBA, a4 BHIOWpPATh ee Tak, 4TOOBI HC-
nosb3yeMblil 6a3uc Obll OPHEHTHUPOBAH MOJOXKHTeabHO. IIpu Ta-
KOM MOJXOJe BEKTOPHOE IMPOW3BEJEHHE BCETNa BBLIYUCISETCS T10
dopmyse (11), HO mpUXOAMUTCH CJIEAUTb 32 TeM, KaK BEKTOPHOE
NPOU3BE/IeHHE HANpaBjeHo. DTOT MOAXOA NPHHAT, HANpUMep, B
JUTEpaType No (PU3HKe.

Teopewma 2. Cnewannoe npoussedenue sekmopos a, b u ¢
svipaxcaemces uepes ux komnowenmol (a1, az, as), (51, P2, P3)
u (y1, Y2, v3) 8 npoudsosvHoM bGasuce ey, €z, €3 no popmyre

(a, b, ¢) = (18273 + a2f371 + azPBiy2—
— azfay1 — a3 — a1 fB3y2)(eq, ea, €3).

Jlnst nokasatenbcTBa 3ameTuM, 4to (a, b, ¢) = (c, [a, b]) u
YMHOXKHM CKaJisipHO 0Ge uacTu paBeHctBa (10) Ha BekTOp € =
= 71€1 + Y2€2 + y3€3. Mbl moayuum

(a, b, ¢) = v1(a2f3 — azfz)(e1, [e2, e3])+
+ 72(a3f — a1fs3)(e, [es, e1])+
+ y3(a1f2 — azf1)(es, [e1, e2]).

(Cnaraemble, comepKalline CMelIaHHbIe TPOU3BEIEHUS C OIUHAKO-
BBIMH COMHOXHTEJISIMH, Mbl He BBIMUCBIBAEM, TaK KaK OHH PaBHBI
Hymo.) Otciona, yuyuTteiBasi paBeHcTBa (1) M MpUBOAsS MONOGHBIE
YJieHbl, Mbl MIOJy4aeM HYXKHbIH HaM pe3yJibTar.

6. TeTepMuHAHTBI BTOPOr0 U TPeThbero mopsakos. Haii-
JIleHHble HaMUW (QOpMYJbl J0CTaTOYHO Tpomo3naku. Jlasi ux Gosee
KOMITaKTHOH 3aMUCH yNOTpeONsTCS NeTePMHHAHTBI (UM olpe-
JIeJIUTENH) BTOPOTO U TPETHETO MOPSIIKOB.

Paccmotpum dethipe uncaa ag, ae, fB1, B2. 3 HUX MOxKHO co-
CTaBUTb TaGJIUILy, Ha3bIBAEMYIO Mampuyell 8mopoeo nopsaoxa:
|5 5]

B1 B2
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Uucno aqf8s — gl HasbiBaeTcsl A€TEPMHUHAHTOM 3TOH MaTPHILbI
UJIM TIPOCTO OemepmMurarmom 8mopoeo nopsoka u 0003HadaeTcs

a1 Q9

B1 P

Tenepb BbIpaxK€eHHe BEKTOPHOI'O MMPOMU3BEAEHHKA B [IPAaBOM OPTOHOP-

MHPOBAHHOM 6asuce MepenuieTcsa Tak:

2 Q3

@]
e
By Bs |t

[a’ b] =

as

Bs

aq

A

(S5 eY)

€2+ B1 o

€es.

W3 KoMmoHeHT TpeX BEKTOPOB MOXKHO COCTaBUTb Ta6m/1uy —

mampuyy mpemoeeo nopaoxka

aq
b1
Al
Yucio
o B2 B3
Y2 3

Q2

B2
2

V3

as
B3
V3
B1 +as B1 52’
ga! Y2

HJH, YTO TO 2K€ caMoe,

a1 foys — a1 8372 + B3y — aefiys + asBiye — azfoy

Ha3blBaeTCsad OETEePMHUHAHTOM 3TOU MaTpHULbl HJIHA demepmuﬂaﬂ-
mom mpemoveco nopﬂdrca 1 o603HagaeTcs

a1 Qg Q3
B1 B2 PB3
Y1 Y2 8

[To Teopeme 3 B HOBBIX 0003HAYEHHUSIX

Q1 Q9 Q3
(a,b,c)=| B1 B2 Ps |(e1, ez, e3). (12)
Y1 Y2 8
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B uvacTtHocTH, B npaBOM OPTOHOPMHPOBAHHOM Oasuce

a1 Qo Q3
(aa ba C) = Bl ﬁQ 63 . (13)
712 93

[Ipu momoiy TeopeMbl 2 U ONpeleseHns IeTepMUHAHTa MOXK-
HO TIOJIYUHTh CJefylolllee BbIpayKeHHe BEKTOPHOTO MPOW3BENEHHUS
yepe3 KOMIIOHEHTh COMHOXKHTeJeH B MPaBOM OPTOHOPMUPOBAHHOM
Oasuce
(S31 €9 €3
[a,b]=| a1 a2 ag |. (14)
B1 B2 PBs
OcraHoBUMCSl Ha CJEAYIOIIMX CBOHCTBaX JeTepMHUHaHTOB. K3
paBeHcTB (1) caenyer, 4To JeTEPMHHAHT MEHSIET 3HAK MPH Mepe-

CTaHOBKe KaKHX-JUGO0 JBYX CTPOK MATPHLIBL.
Dopmyna (7) os3Hauaet, 4To

Ay +pai Aah + pay  Aag + pag

by bo bs =
C1 C2 Cc3
ay ay af ay ay af
=X b by b3 |+p| bt by b3
C1 [65) C3 C1 (6] C3

7. YcnoBUSl KOJIMHEAPHOCTH U KOMILIaHApHOCTH. [loJy-
YUM YCJIOBHSI Ha KOMIIOHEHTHI BEKTOPOB B MPOU3BOJILHOM 0asuce,
HeoOXOAMMBbIe M JOCTATOUHBIE [J1sI KOMIJIAHAPHOCTH W/ KOJIJIU-
HeapHOCTH BEKTOPOB.

[Ipennoxenue 5. Pagencmso Hyso OemepmuHarma
Mampuybl U3 KOMNOHEHM mpex 8eKmopos Heobxooumo u 00-
CMamouHo 04l KOMNAQHAPHOCMU 8EKMOPO8.

dTo — mpsmMoe cienctBue Gopmyasl (12), mockosabky (er, es,

[Ipennoxenue 6. [lycmo (a1, ao, as) u (S, P2, B3) —
Komnoxenmol gekmopos a u b 8 Hekomopom 6asuce. Imu sex-
mopolL KOAAUHeApHbl mo20a U moAbKO moeda, Koeda
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Q2 Qg a3 Q1 a1 Qo

B2 P Bz B B1 P

JlocTaTouHOCTb YCJIOBHS O4YeBHIHA: U3 paBeHCTB (15) no dop-
myne (10) cienyer obpalieHre B Hyab [a, b], 4TO paBHOCHJbHO
KOJIJIMHEAaPHOCTH BEKTOPOB. 3aMeTHM, YTO MBI MoJb3yemMcst (op-
myJaoi (10), Koropasi crmpaBemMBa 1Jif MPOM3BOJNBHOrO 6asuca.
HaoGopoT, 3 obpatuenuns B Hy/b [a, b] u dopmynsr (10) Mbl Mo-
»eM BbiBecTH (15), Tak Kak BeKTOpHI [e2, €3], [es, e1] U [er, eo]
JIMHEHHO HEe3aBHUCHMBI.

B nsaHuMeTpHM MpPH3HAK KOJJIHHEAPHOCTH [BYX BEKTODPOB
naet

[Ipennoxenue 7. Obpaujerue 8 HYsb OemepmuHaAHmMA
Mampuibl U3 KOMNOHEeHm 08YX 8eKMOPO8 HA NAOCKOCMU Heob-
X00uMo U 00CmamouHo OAA KOAAUKEAPHOCMU IMUX BEKMOPOS.

s nokasaTtesbcTBa OyleM CUMTaTb, YTO IJIOCKOCTb I[OMe-
leHa B MPOCTPAHCTBO, W 0a3uc B 3TOH IJIOCKOCTH [AOTOJHEH
TPETBMM BeKTOpPOM J0 06a3uca B TNpocTpaHCcTBe. Torma BeKTO-
pel a(ag, ag) U b(B1, f2) Ha MJIOCKOCTH HMEIT KOMIOHEHTHI
(o1, a2, 0) u (B1, B2, 0) oTHOCHTesIBHO 6a3uca B NMPOCTPAHCTBE.
[pumeHsis mpensiokeHue 6, mosydaem yc/aoBHe

—0. (15

Q. Q2

B1 B =0

OcranbHble fBa Ie€TePMHUHAHTA PABHEI HYJ/IO, TaK Kak a3 = ff3 =
= 0.

8. CucreMmsl JUHeHHBbIX ypaBHeHUH. JleTepMUHAHTBl TECHO
CBSI3aHbl C CUCTEMaMH JIMHEHHBIX YpaBHEHUH, pelleHHs KOTOpPbIX
yIO6HO 3aMKCbIBAaTh C UX MOMOLIbI0. DTUM Mbl 3aliMeMcs B 1. V,
a cefiyac JaguM TOJbKO FeOMeTPHUECKYI0 HJMIOCTPALUIO.

[IycTb naHa cucTeMa U3 Tpex ypaBHEHUH

a1z + by + 12 = dy,
asx + boy + coz = da, (16)
asx + b3y + c3z = ds.

BrifepeM B MPOCTPaHCTBe HEKOTOPHIH Ga3HC M PACCMOTPHM Bek-
TOpBl a (a1, az, az), b (b1, bz, b3), c(ci1, c2, c3) u d(dy, da, d3).
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Torna cucrema siBJsSieTCst KOOPAWHATHOM 3aMHChi0 BEKTOPHOTO pa-
BEHCTBA
ra+ yb + zc = d. (17)

[TosTomy perieHHe cucTeMbl , Y, 2 — KO3(D(UIHEHTH passoxke-
Hus d no a, b v ¢. Ml MoxkeM ObITh yBepeHbl, uTo cuctema (16)
MMeeT eJMHCTBEHHOE pellleHHe TOra M TOJIbKO TOT/a, Koraa a, b
U C He KOMIJIAHAPHHBI.

TouHo Tak ke pellleHHe CHCTEMbl U3 JBYX JIMHEHHBIX ypaBHe-
HUH C ABYMSI HEM3BECTHBIMU

a1x + by = di,

asx + b2y =dy (18)

— 3TO KOMIIOHEHTHI pasJioxkeHust Bektopa d (dy, d2) 1Mo BeKTOpam
a(ai, az) u b(by, b2), ¥ cHUcTeMa MMeeT eIMHCTBEHHOE pelleHHe
TOTZIa ¥ TOJIBbKO TOTAA, KOrAa a U b He KosusiMHeapHbl. Temepb U3
NpensiozKeHni b u 7 cienyer

[Ipennoxenue 8. Cucmema u3 mpex ypasreHuti ¢ mpems
Heu38ecmHoIMU U cucmema u3 08YX YypasHeHuti ¢ 08yms Heus-
BECMHbIMU UMelom eOUHCMBeHHOe peulerue npu A0bblx C80-
600HbLX unenax moeda u moavko moeda, K020a OemepmuHanm
mampuybl U3 Koapduyuenmos npu Heu3BeCMHuLX He paseH
HYALO.

Ecau BoimosiHeHo yciosue (a, b, ¢) # 0, To Bektopsl a, b
U C COCTaBJsAIOT 06asuc, U KOMIOHeHTH BekTopa d B 3TOM 0asu-
ce o Qopmysnam (9) § 4 pasunl (d, a*), (d, b*) u (d, c*), rae
a*, b*, c* 6asuc, 6uopToroHaabHbId 6asucy a, b, c. U3 dpopmyn
(9) Tenepnb caenyert, 4TO

(d, b, c) (d, c, a) (d, a, b)

“@bo ‘“aha " @bo U9

CJIe,E[OBaTeJIbHO, HarnpuMmep, r paBeH OTHOLIEHUIO NeTePMUHaH-
TOB

dy dy ds ar az as
bl b2 b3 u bl b2 bg,
ci C2 C3 i C2 C3

AHaJIOFI/I‘-IHO HaxogdaTCd U OCTaJibHble HEH3BECTHLBIC. qDOpMyJIbI
(19) BeIpaxkatoT npasuso Kpamepa.
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9. Ilnomanp mapasnnenorpamma. Eciau B NPoCTpaHCTBe 3a-
JaHbl [Ba HEKOJJIMHEeApHBbIX BeKTopa, MMeLIUX oflilee Hayallo,
TO IJIOLAb NapaJJesnorpaMma, lIOCTPOEHHOTO Ha 3THX BeKTopax,
MOXKeT ObITb HaleHa yepe3 UX KOMIIOHEHTHl B OPTOHOPMUPOBAH-
HoM Gasuce 1o dopmyJe

S =|[a, b]| =
= /(a2f3 — a3B2)2+(asBi — a1 B3)2+ (a1 Ba—a2Br)2. (20)

Ele onHo BblpakeHHe 1151 MJIOLAAH NapaJliejgorpaMma Mbl M0JYy-
YUM, €CJd 3aMeTHUM, YTO

[, b]|* = [a]* [b]*sin® o = |a]* [b|*(1 — cos® ).

B pesynbrate
|a‘2 (a, b) 21
(a,b) [b]? |’

Hafinem Tenepb mJoiianb OpUeHTHPOBAHHOIO MapaJiesorpam-
Ma Ha OpHUEHTUPOBAaHHOM mnyockocTH. ITycTb opueHTauHIO MJOC-
KOCTH OIpefesisieT BEKTOP N, MePHeHAMKY/ISPHBIH MJOCKOCTH U
COCTABJ/ISIIOLIMH TIPaByI0 TPOHKY C MOJOKHUTEJNbHBIM 0a3UCOM Ha
miiockocTH. Bynem mpenmosiarats, uto |n| = 1.

PaccMoTpUM OpHEHTHPOBAHHBIH NapasJ/enorpaMm, MOCTPOEH-
HbIH Ha BekTOopax a u b. CMmemanHoe npoussenenue (a, b, n) mo
abCoMIOTHON BeJMUMHE PaBHO ero MJOLAAH, TaK KaK 3T0 — 00b-
eM IapajjieJieliuiesia ¢ TakUM OCHOBaHHEM U BBICOTOH, paBHOH 1.
Kpome Toro, (a, b, n) nonoxxurenpHo, ecay rnapa BeKTOPOB a U
b NoN0XKHUTENbHO OPUEHTHPOBAHA, U OTPULLATEJNbHO B NPOTHUBHOM
cnydae. Takum o6pasowm,

Si(a, b) = (a, b, n).

§% =

Ha nsockoetr BeiGepeM MPOU3BOJBHBIH, He 0053aTeJbHO TO-
JIOXKUTEJIbHO OPUEHTHPOBAHHBIH, 6a3HUC €1, €2 U IPUMEM N 32 Tpe-
TUH 6a3UCHBIN BeKTOP. Bblpasum cMmelnaHHOe NpoU3BeieHHE Uepes
KOOPIMHATBI COMHOXKHUTe el 1o (opmyJe (12):

a1 2 0
Si(a,b)=| B1 P2 0 |(e1, ez, n).
0 0 1
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Brruucasiss teTepMUHAHT, HAXOMM, UTO OH PaBeH (132 — o f1,
U TMOJTy4aeM OKOHYaTeJbHOEe BblpaXKeHHe

Q] Q2

B1 P

dta dopmyna cxomHa ¢ popmynoit (12). Ilo cymectsy, 3T0 Ta
)e (opMyJsa, HanmuMcaHHas AJs JABYMEPHOTO MpocTpaHcTBa. Eciu
€1, € — TOJOXKHUTENbHBIH OPTOHOPMHUPOBAHHBIH 6a3uc, To

St(a, b) = a8 — asfh. (23)

Jng miomwany HeopHeHTHPOBAHHOTO MapasjesorpaMma B OpTO-
HOPMHUPOBaHHOM 6a3uce Mbl nojydaeM GopMyJy

S = |a1f2 — azfl, (24)

Si(a, b) = Si(er, e2). (22)

Kotopast cienyet u us (20).

10. [IBoiiHoe BeKTOpPHOe IpoM3BeleHHe.  BoipaxkeHue
[a, [b, c|]] HasbiBaeTcst 0BOUHbIM BEKMOPHLIM NPOU3BEOEHUEM.
JlokaxkeM, 4To

[a, [b, c]] = (a, ¢)b — (a, b)c. (25)

C 3To#l 1esblo BbiGepeM MpaBbld OPTOHOPMHUPOBAHHBIA 0asuc
e1, €9, €3 TakK, 4ToObl €7 Obl1 KoJliMHeapeH b, a e; Obl1 KOM-
nnaHaped b u c. Torna b = fe;, ¢ = v1e1 + ey U a =
= age; + azes + azes. Orciona noaydaem [b, ¢] = Syse3 u

[a, [b, c]] = —ai1Py2e2 + azfree;.

C npyrol cTOpoHHl,
(a, c)b = (a1 +azy2)fer n (a, bje=af(nier +72e2).

PasHocTh mpaBbIX YacTed ABYX MOCJAEIHWX PaBEHCTB COBMAJaeT
C HalJeHHbIM BBILLE ABOMHBIM BEKTOPHBIM MPOU3BEAEHHEM. IDTO
3aKaHUMBAeT J0Ka3aTesbCTBO.

11. O BeKTOpHBIX BeJMYMHAX. DB NpPUJIOKEHUSX MaTeMa-
THKM 4YaCTO pAcCMaTpHUBAIOTCS BEJHUMHBI, H300pakaemble Bek-
TOpPaMH: CHJIBl, CKOPOCTH, MOMEHTBl CHJA M T. . Bekropawm,



50 Tasa 1. Bekmopras arcebpa

U300paKalwlIUM TaKHe BeJMUYUHBI, NPUIIHCIBAETCS PA3MEPHOCTb.
He BpaBasicb B cyliecTBO Jesia, Mbl OIPaHHYHMMCS H3JI02KEHHEM
(hopMaJIbHBEIX MPABUJ IEHCTBUH C Pa3MEPHOCTSIMH.

C ¢opMabHOH! TOUKH 3peHHs pa3MepPHOCTb — 3TO OfHOUJIEH,
COCTaBJIEHHBIH U3 KaKOro-To Habopa cHMBOJIOB. Takue oqHOYJ/IEHbI
IIepeMHOXKAI0TCs U JeJATCS KaK 0ObluHble ofiHOuMeHbl. MmetoT Me-
CTO CJIEAYIOLIME MpPaBUJa JEHCTBUH C BEKTODHBIMH BEJMYMHAMM.

L] MOleJII) BGKTOpHOﬁ BEJIMUWHBI UMEET Ty K€ pPasMepHOCTb,
4YTO M caMa BeJIMYHHAa.

e CkJjafiblBaTh BEKTOPHbIE BEJHUYMHBI MOXHO TOJbKO B TOM
cydae, KOria MX pa3MepHOCTH coBnanamT. [Ipu s3Tom pas-
MEPHOCTb CYMMBI Ta Ke, YTO U y CJaraeMbIX.

e [Ipy yMHOXKEHUM BEKTOPHOH BeJMUYMHBl Ha CKaJSAPHYIO HX
Pa3MepHOCTH NePEMHOKAIOTCS.

e CkaJisipHOe, BEKTOPHOE M CMEIIaHHOE MPOU3BENEHUsT UMEIOT
pPa3MepHOCTb, PABHYIO MPOU3BEAEHUI0 Pa3MEPHOCTEH COMHO-
KUTeJIeH. DTO JIETKO CjelyeT U3 MepBOro MpasuJa, ofpese-
JIEHHH CKaJIiPHOTO W BEKTOPHOrO MPOM3BeneHHH H (hopmy-
ael (D).

Jns Toro uto6Bl U300pa3UTh BEKTOPHYIO BEJHUHHY Ha yepTe-
JKe, MBI JIOJIKHBI YCJIOBUTBCSI O MacluTade: CKOJIbKUMU eIHHHUIA-
MU IJHHBL (HarmpuMep, cM) Mbl OyaeM H300pakaThb OfHY eIHHHUILY
NaHHOH pasMepHOCTH (Hampumep, KM, m/cek, H).

Ecnv B BEeKTOPHOM MPOU3BENEHHUH COMHOXKHUTENHW HMEIOT pas-
MepHOCTb JJIMHBI, TO TMPOU3BeJeHHEe UMEEeT PAa3MEepPHOCThb IJIolla-
nu. Macmwitad nss M3o0pakeHUs eIUHUIL TJIOIIAANA BBHIOHpaeTCs
TakK, 4ToOBl OJIHA eIMHULA NJ0LaANd U300paxKanach ONHON JUHeMH-
HOH enuHuued. [Ipy sTOM AJIMHA BEKTOPHOrO TMPOW3BelneHUs Oy-
JeT YMCJEeHHO paBHA MJIOIIAMH IMapaJsijiesorpaMma, MoCTPOeHHOro
Ha COMHOMKHTEISAX.

[lockosnbKy envMHHMIA AJNMHBI Yy Hac BeiOpaHa pa3 HaBcerga |
He MeHsIeTCsl, yKa3aHHOe CcorviallleHHe HW K KaKHWM MPOTHBOpeUH-
M NpUBecTH He MoxkeT. OHAKO OHO He Tak 6e300UAHO, KaK MO-
JKeT nokasatbest. FIMeHHO, IBa MaTeMaTHKa, T0Jb3YIOIIHecs: 3TUM
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COTJIallleHHeM, HO Pa3HbIMH eIHHULAMH IJIHHBI (HampuMep, (ppaH-
1y3, MOJb3yIOIHKICS CAHTUMETPAMH, U aHIVIHUAHUH — AI0HMaMHu),
JJIS. OIHUX M TeX »Ke BEKTOPOB HApUCYIOT He COBMNAJAIOLIHe BeK-
TOpHble NPOU3BeNeHUs. Kak CBs3aHbl IJIMHbBI 3TUX NPOU3BENEHUN?

YIIPA2KHEHUA

1. TTocTpoeHB! BEKTOPHI, NePIEHAHKYISPHbIE IPAHSIM NPOU3BOJIBLHOTO
TeTpasapa, paBHble 110 JJHHE IJIOMIAASM 3THX paHell M HalpaBJeHHble
B CTOPOHY BepLIHH, NPOTHBONOJIOXKHBIX rpaHsM. Jlokaxure, 4yTo cymma
39THUX BEKTOPOB paBHa 0.

2. Jlan tpexrpaHHblil yros. Mcrnosb3ys cBOHCTBAa BEKTOPHOT'O TPOU3-
BelleHHusl, HalAuTe BbIpaxKeHHe KaKOro-iu6o M3 ero JByrpPaHHBIX YIJIOB
Yepes MJIOCKHE YTJIbL.

3. IlycTb naH MOJIOXKUTENbHBEIH 6a3MC HA OPHEHTHPOBAHHOH IIJIOCKO-
CTH TaKoH, uto |e1| = 2, |es| = 3 1 (e1, ez) = 2. Haiigure miomans opu-
€HTHPOBAHHOTO MapaJiesorpaMma, MoCTPOEHHOro Ha BekTopax a(l, 2) u
b(2, 1).

4. Tlpn KakoM ycJOBHM Ha MaTpHLYy IepeXoia OT OLHOro 6asuca K
npyromy oba 6asnca OpHeHTHPOBaHBl OHHAKOBO? Bompoc nmocrasieH kak
IJIS1 JIOCKOCTH, TaK M 1JIsl IPOCTPaHCTBA.

5. KaxoBa pasmepHOCTb BEKTOPOB B3aUMHOro 6asuca ej,es, e3, eciu
BEKTOpBI 0asuca er, ez, €3 U3MepsloTCsl B CAHTUMETpax?

6. Ilyctb cropoHbl TpeyrosbHMkKa PiP>P3 paBHB MeIMaHaM Tpe-
yronbHuka AiAsAs. Hafinnre oTHolleHue mioliagell 3THX TPeYroJib-
HHKOB.



Irhasa 11

MPAMbBIE IMHUN
U MNIIOCKOCTU

§ 1. OBLLLEE MOHATUE Ob YPABHEHMSAX

1. Onpenenenus. Haunem c npoctoro mnpumepa. [lyctb B
IPOCTPAHCTBE 3aJaHa AeKapToBa IPSIMOYroJibHasi CUCTeMa KOOp-
auHat. PaccMotpuM cdepy panuyca r, LeHTP KOTOPOH HaxOLUTCS
B Touke P ¢ koopauHatamu (a, b, ¢). Chepa — MHOXKECTBO BCEX
TOYEK, OTCTOSILIMX OT LEHTPa Ha OOHO U TO XKe PACCTOSHUE T.
O6o3HauuM vepes (x, y, z) KOOPAMHATHl HEKOTOPOH TOYKH M u

BBIpa3UM 4epe3 HUX paBeHCTBO |PM| = r:

V@—aP =P+ (—P =r. (1)

BosBons B KBagpaT o6e yacTH paBeHCTBA, Mbl IPUAAAUM eMy 60-
Jee ynobHywo gopmy

(@ —a)? +(y =+ (z—c) =17 (2)

O‘{GBI/IILHO, 4TO 3TO PABEHCTBO BLIMOJHEHO [Jis BCEX TOUEK C(jpepbl
W TOJIbKO JJIs HHX, H, CJIe[I0BaTe/bHO, €r0 MOXKHO paccMaTpHUBaTh
KaK 3alHch OnpefeseHUst cdepsl NpH MoMollM KoopauHat. Pa-
BEHCTBO (2) Has3blBaeTCs ypasHeHuem cepsl B paccMaTpuBaeMon
CHCTEMe KOOpJHHAT.

[lpuBenem npumMep M3 reOMeTPUH Ha IIOCKOCTH. [paguxom
(GyHKUMM f HasbBaeTCs JUHUA L, cocTosllas M3 TOUeK, KOOpAH-
HaTbl KOTOPBIX CBfi3aHbl COOTHolleHHeM y = f(x). Ecau Hac uH-
TepecyeT, B NEPBYIO ouepelb, JUHHSA, a He (YHKIHS, MBI MOXKEM
BCTaTb Ha APYryl TOYKY 3peHUsdA U CUUTATb, UTO COOTHOILEHHE
y = f(x) ectb ypaBHeHue nuHuH L.
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Boo6uue, noxn ypasHenuem mroxecmsa S B HEKOTOPOH CHCTe-
Me KOODAMHAT CJ/leflyeT MOHUMAaTh BbIpa’KeHHe OINpefie/leHHsI MHO-
JKecTBa S 4yepe3 KOOPAUHATH €ro TOYeK, TO eCTh BbICKA3blBaHMUE,
BepHOe /15 KOOPAMHAT BCeX TOUeK MHOXKecTBa M HeBepHOe s
KOOPAMHAT TOUeK, eMy He MpHHaJJ/exallnX.

Yale Bcero, ypaBHeHUe IpelcTaB/sieT cOOOH pPaBeHCTBO, 3a-
NUCAaHHOEe <MaTeMaTUYyeCKUMH CUMBOJIAMH»>, HO 3TO BOBCe He
00513aTe/IbHO: OHO MOXKeT ObITb CJIOBECHBIM ONHMCAHHUEM, Nepeduc-
JeHueM d T.A. Hanpumep, BbickasbiBaHHe <00e KOOPAHHATBI TOU-
KW — pallOHaJbHbIE YHCJ/Ia> Mbl OyIeM CUHTAaTb YpaBHEHHEM CO-
OTBETCTBYIOLIEI0 MHOXKECTBA B KaKOH-IMOO 3apaHee BEIODAHHOH
cucTeMe KOOPAMHAT. DTO JOJKHO 3BydyaTb €CTECTBEHHO MJISl YH-
TaTeJssi, 3HaKOMOT'0 CO Croco0amu 3afaHns (PyHKUHH.

YacTo ypaBHEHHMIO MHOXKeCTBa TOYEK B IMJIaHHUMETPHH MOXKHO
npunatb Bun F'(z,y) = 0, a B crepeomerpun — F(x,y,z) = 0,
rie ' — (yHKUMS, COOTBETCTBEHHO, ABYX HJIM TpeX NepeMeHHBIX.
YpaBHeHHe chepbl (2) MMeeT TakoH BHJI, €ClM He 3aMeuaTb TO
HECYIIECTBEHHOE 00CTOSATENBCTBO, YTO UJleH 72 HAlKCaH B APYTOH
4acTH paBeHCTBA.

MozeT caydnTbes, UTO ypaBHEHHEe KaKOro-1ubo MHOXKeCTBa
yhnobHee 3anucartb B Bujie HepaBeHcTBa. Hanpumep, wmap, orpanu-
4eHHBIH cdepoll ¢ ypaBHeHHEeM (2), HMeeT ypaBHEHHE

(x—a)? 4+ (y—b)?+ (2 —c)* <r?.

OpnHako HanpacHO Obly0 Obl HafesiTbCs Pas3fesauTb MHOXeCTBa Ha
TakHe, KOTOpble 3a/al0TCsl PaBEHCTBAMH, U TaKue, KOTOpble 3aja-
10TCSl HepaBeHCcTBaMU. JleficTBUTENbHO, PAaBEHCTBO

(P(x,y,z) = F(x,y,z) - |F(x,y,z)| =0
3aJaeT TO 2Ke MHO2>KeCTBO, YTO U HEPaBEHCTBO F(l‘,y, Z) > 0.

C/ienyeT NoquepKHYTb 3aBUCHMOCTb YPaBHEHHS OT CHU-
cTeMbl KoopauHat. [Ipu M3MeHeHHH CHCTEeMBl KOOpAHU-
HaT MEHSIOTCS KOOPAMHATHE TOYKH, a OTOMY ypaBHe-
HUSI OHOTO U TOT'O YK€ MHOXeCTBa B Pa3HbIX CUCTEMaXx
KOOpAMHAT, BOOOIIE TOBOPSI, Pa3/IHUHBI.
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O6yyasicb MareMaTHKe, Mbl 3HAKOMHUMCS C JIOTHUECKHMH H
MaTeMaTHUeCKUMHU TPaBUJIAMH, MO KOTOPBIM H3 OTHOT'O BEPHOTO
BBICKA3bIBaHHSI MOXHO TMOJYYHUTb JPYyroe BepHOe BBICKA3bIBAHHE.
Crporoe u3ydyeHHe 3TUX MPaBUJ OTHOCHTCS K CIeLHaNbHOH Ha-
yKe — MaTeMaTH4ecKod Joruke. Mbl ke, (opMmMyaupys npuse-
JeHHble HMXKE NpenJsoXeHHs, MpocTo OyIeM CUHUTaTb, UTO TaKHe
TNpaBUJIa U3BECTHBI. ECTECTBEHHO NMOITOMY, UTO O J0Ka3aTesbCTBe
ITHUX MPENJOKEHUH He MOXKET ObITh Peuu.

e Eciu Ps u Pr — ypaBHeHUst MHOXecCTB S U 1', TO ypaBHe-
Hue nepecedeHns: ST ecTb BbiCKa3blBaHHE, COCTOsIIIEE B
TOoM, 4T0 Ps ¥ Pr BepHBl OfHOBpeMeHHO. Takoe BBICKa3bl-
BaHue obOo3HauaeTcsaPgs A Pr.

B cayuae, korna Ps u Pr — paBeHCTBa, comepiKaline
KOOpPAMHATB TOUKH, Fs(x,y,2) = 0u Fr(z,y,z) =0, ypas-
HeHHe TepeceueHns ecTb CUCTeMa YpaBHEHUH

FS(Z',yaZ):Ov FT(xvy’z) =0.

e Eciu Ps u Pr — ypaBHeHHUs1 MHOKecTB S U 1), TO ypaB-
HeHue o6bennHenus S|JT — BbicKasblBaHHE, COCTOsIIIEE B
TOM, 4T0 U3 Pg u Pp BepHO X0Ts1 Ob 0AHO. Takoe BbICKa3bl-
BaHue obOo3Hauaetcsd Pgs V Pr.

B cayuae, korna Ps u Pr — paBeHCTBa, cofepxaliue
KOOpPAMHATB TOUKH, Fs(x,y,2) = 0u Fr(z,y,z) =0, ypas-
HeHHe 0ObeIMHEHUS] MOXKHO HalucaTh B BUJE

FS(.I‘, Y, Z)FT('ra Y, Z) = 0.

e Eciu Ps u Pr — ypaBHeHust MHOkeCcTB S U T, u S ecTb
noagMHoxecTBO 1', T0 U3 Pg cnenyet Pr.

e MuoxectBa S U T COBIALAIOT TOrMA U TOJBLKO TOrMA, KOTIA
WX ypaBHEHHsl 3KBHUBaJeHTHBbI, TO eCcTb U3 Pg caenyer Pr,
a u3 Pr caenyet Ps.

I/IHOl"Jla ABa MOCJACAHUX YTBEPXKIACHHUSA CHUTAIOT ONpPENeJIeHU-
MM OTHOIIEHHH <CJIeAyeT> U <3KBHUBAJEHTHO> IJIs ypaBHeHHﬁ.
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[pousanioctpupyem 3TH yTBepKaeHus. Ypasuenus (1) u (2)
3KBHBaJeHTHBI. [lepexonst oT (2) kK (1) MBI MOXKeM He CTaBHUTb
JBOWHOTO 3HaKa mepej KopHeM, Tak Kak r > 0. Hao6opor, ypas-
HeHHe

z—c=/r2—(z—a)®>— (y—b)? (3)
He 3KBHUBAJIEHTHO ypaBHeHI/I}O (2) ﬂeﬁCTBHTeﬂbHO, XOTd BO3Bee-

HHEM B KBajpaT MOXKHO Moayuduth (2) u3s (3), JeBas yacTb ypas-
HeHus (2) pacrnajgaercs HA MHOXKUTEIH

((z =)+ Vr2 = (z—a)?—(y—)?)x
x ((z=¢) = /12— (z—a)?—(y—b)2) =0.

DTo 03HayaeT, YTO PaBeHCTBO (2) BHIMOJHEHO HE TOJBKO [JIst
TOUEK, YIOBJETBOPAIIINX (3), HO U 1JIsi TOYEK, YAOBJETBOPSIOLIUX
ypaBHEHHIO

smc= /PP (@—a) — (y— D). (4)

Ypasrenue (2) caenyer takxke u us (4). Takum o6pasom, ypasHe-
Hust (3) u (4) ompemessiioT 4acTH chepbl — <BEPXHIOW> U <HUXK-
HIOIO> T10J1yC(epHl.

2. AsnreGpanyeckne JUHUY U MOBepXHOCTU. M3ydeHue mpo-
U3BOJIbHBIX MHOXKECTB TOUEK — 3ajlaua COBEPIIEHHO HeOoObsTHAS.
B 3ToM myHKTe MBI ONpelenM CPaBHUTENbHO Y3KHH KJacc MHO-
JKECTB, BCe ellle yepecuyp LIMPOKUE AJsi TOro, 4ToObl OBITH I1O-
IPOGHO U3YUYEeHHBIM.

Onpenenenue. Axreebpauueckor nosepxHoOCmoro Has3blBa-
eTcsl MHOXKEeCTBO TOueK, KOTOpoe B KaKOH-HUOYAb AeKapTOBOU CH-
cTeMe KOOpIMHAT MOXKeT ObITh 3a/laHO YpaBHeHHeM BHIa

AjaFrglizm o4 Agahsyls zms =0, (5)
Tlle BCe I0Ka3aTesNd CTeleHW — lieJible HeoTpUlaTe/bHble UHC-
ga. HaubGosbimas us cyMM1 ki + 11 +my,.... ks + ls + my

! Pasymeercsi, 31iech HMeeTcs B BUIY HauOOMbIIAs U3 CYMM, (aKTHUECKH BXO-
ISILIMX B YpaBHEHHMe, T.e. NpeJroJ/araercs, 4yTo Mnocje NpUBeaeHHUs 0J00HBIX YJie-
HOB Ha#JeTcs X0oTsl Obl OJHO c/JaraeMoe ¢ HeHyJeBbIM KO3((HLHEHTOM, HMelollee
TaKkylo CyMMy MOKasareseil. DTO e 3aMeyaHHe OTHOCHTCS U K OlpeieJIeHHIO T10-
psnKa anre6panyecKoll JMHHH, NPUBOLUMOMY HHXKe.
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Ha3bIBAETCSl CMeENneHvlo YpasHeHus, a Takke Nopsaokom aneeb-
pauiecKkol nosepxHocmu.

DTo ompesesieHNe 03HAYAeT, B YaCTHOCTH, 4TO cepa, ypaBHe-
HHMe KOTOpOH B JeKapTOBOH MPSIMOYTOJIbHOH CHCTeMe KOOpAHHAT
UMeeT BUJ (2), siBAsieTCs: anreGpanueckodl MOBEPXHOCTbIO BTOPOTO
nopsiaKa.

Onpenenenue. Arcebpauueckoli auHuetl HQ NAOCKOCMU
Ha3bIBA€TCA MHOXKECTBO TO4YEK IIJIOCKOCTH, KOTOpPOE€ B KaKOoH-
HUOYIb JE€KapTOBOH CHCTeMe KOOPAMHAT MOXKeT OBITb 3afaHo
ypaBHEeHHeM BHIA

Agahryht 4 Aoyt = 0, (6)

Tle BCe MOKa3aTesd CTeleHH — LieJible HeOTPHIaTesbHbIe YHCa.
Haubonbwas us cymm ky + 1y, ..., ks + s Ha3blBaeTCcs cmenensvro
YpasHenus, a TaKXKe Nopa0Kom arcebpauieckol AUKUL.

Jlerko BHIETb, 4TO anrebpanueckas MOBEPXHOCTb He 00s3a-
TeJbHO SIB/ISIETCS TTOBEPXHOCTHIO B TOM CMBIC/IE, KOTOPBIH Mbl HH-
TYMTHBHO TpHAaeM 3ToM cjoBy. Hanpumep, ypasrenuto z2 + 3% +
+22 4+ 1 = 0 He yIOBNETBOPSAIOT KOOPAMHATHI HH ONHOH TOYKH,
ypaBHeHHe

(@ +y* +27)[(e - 1)+ (y = 1)* + (¢ = 1)°] =0

omnpejenseT 1Be TOUKH, ypaBHeHHue 32+ 22 = 0 onpeenseT JHHHUIO
(ocb abenucec). Takoe ke 3amMedaHHe HAO CAeaaTh U 00 anrebpau-
YeCKUX JIMHUAX. YHTaTes b caM CMOXKET HaUTH COOTBETCTBYIOIIHE
MPUMeEPHI.

[IpuBeneHHbIe OMpeNeseHHs] UMEIOT CYLIeCTBEHHBIH HenocTa-
TOK. VIMEHHO, HeM3BeCTHO, KaKoi BHI MMeeT ypaBHEeHHe MOBepX-
HOCTH B KaKoH-HUOyIb OPYroil NeKapTOBOH CHCTeMe KOOpIUHAT.
Ecau e ypaBHeHHe U UMeET B APYyroH CHCTeMe KOOpAUHAT ypaBs-
HeHHe BUAa (D), TO MOPSIOK KAKOTO U3 ITUX yPaBHEHHH Mbl OyneM
Ha3bIBaTb MOPSIKOM TOBEPXHOCTH? Te ke BOMPOCH BO3BHHUKAKT U
00 anrebpanieckux JUHUAX. OTBETOM CJyXKaT CjelyloliHe Teo-
pEMBI.

Teopewma 1. Azeebpauueckas nosepxnocmo nopsoka p 8
2060t dekapmosotl cucmeme Koopouram moxcem bvimov 3a0arna
ypasnenuem suda (5) nopsoka p.
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Teopewma 2. Arcebpauueckas Aunus NOPAOKA p HA NAOCKO-
cmu 8 at0boii dexapmosoli cucmeme KoopouHam moxcem Obvimo
3adana ypasreruem suda (6) nopsadka p.

Ob6e TeopeMmbl [OKa3blBAaIOTCSl OAMHAKOBO. JloKa)keM, Hampu-
mep, Teopemy 2. Jlsisi aToro mepeligeM OT CHCTEMbl KOOPAHHAT
O, e1, ez, 0 KOTOPO# 1I/1a peub B ONpefeseHHH, K POU3BONbHON
HOBOH cucreMe koopauHat O, €, e,. Crapble KoopaMHATH =, Y
CBsI3aHbI C HOBBIMU KoopauHatamu &', y' dopmynamu (7) § 3 r. It

v = a2’ +ayy +ag, y=ajr’ +a3y +aj. (7)

YT00bl MOJYYUTh YPABHEHHE JMHUH B HOBOH CHCTEME KOOPIHHAT,
MojCTaBUM B ee ypaBHeHue F(z, y) = 0 BbpakeHHe = U Yy uepe3
2’ uy'. Tlpy YMHOKEHUH MHOTOUYJIEHOB HX CTEMeHH CKJIaIblBaKT-
csi. Tostomy (ata’ + ady’ + a})* — muorounen crenenu k orHo-
cutenvo =’ vy, a (a?x’ + a3y’ + a3)! — muorounen crenenw .
Taxkum 06pasom, Kaxabli ogHouseH Bufa AxFy' ectb MHorousen
crenenu k+[ oTHocuTe IbHO o’ 1 3. CTeneHb CyMMbI MHOTOUYJIEHOB
He Bbillle MAKCHMaJIbHOU U3 cTerneHed ciaraembix. (OHa okaxkeTcs
HHXKE, eCJIM YJIeHbl ¢ MAKCHMAJIbHBIMH CTENEHsIMH YHHUTOXKATCS. )

Wrak, Mbl 0Ka3ajd Moka, 4To ajreGpandeckasi JUHHS B JI0-
Gofi 1eKapTOBOH CHCTeMe KOOPIMHAT MOXKET ObiTh 3aJaHa ypas-
Hennem G(z’,y’) = 0 Buma (6), mpuuyeM cTereHb MHOrouJeHa
G(z', y') He Gosblue crTeneHn mMHorodseHa F'(z, y), To ecTb cTe-
MeHb ypaBHeHHs He moBbllaercs. Ham ocrasoch mokasaTb, uTo
CTeNeHb yPaBHEHHUS] HE MOXKET W MOHH3UTbCS, a TOTOMY HE MeHs-
eTcsi MIPU Mepexojie K APYroil CUCTeMe KOOPIHHAT.

DTo JIErKO [0Ka3aThb OT MPOTHBHOTO. JlefcTBUTENBHO,

G(a',y') = Flaja’ + azy’ + ag, afe’ + a3y’ + af).

[Toaromy, ecat Mbl ofctaBuM B G (', y') Boipaxenuss @’ u y' de-
pes x ¥ y, MojiydeHHble pelleHneM ypaBHeHUH (7), Mbl MOJYYHUM
MHorowsed F(z, y). Ecan 6b crenenb G Gbliia MeHble CTENEHH
F', 370 03Hayajio Gbl 4TO MPU NEepexole OT CHCTEMbl KOOPAHHAT
0, e}, €}, e, k cucreme O, e1, €y, €3 CTeNeHb YpaBHEHHUsI TOBbI-
CHMJIACh, YET0, KaK Mbl BHIEJH, ObITh HE MOXKET.

[Topsinok anre6pauyeckod JMHHM — MepBblHl BCTPeTHUBLIMH-
csl HaM MpUMep WHBapuaHTta. Booblie, unBapuanmom Ha3bIBAIOT
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BCSIKYIO BEJMUHHY, He MEHSIOLLYIOCS [IPH H3MEHEHHH CHCTeMbl KO-
opauHat. TosbKO MHBapHAHTHBIE KOMOMHALMK BelHUHH (KO3(dH-
LIMEHTOB, MOKa3aTejed M T.[.), BXOASIIMX B ypaBHEHHe JHHHH
HJIM TTOBEPXHOCTH, XapaKTepH3YIOT ee reOMeTpUUYecKHe CBOHCTBA,
He 3aBHCSIILHE OT €€ PACHOJIOXKEHHsI OTHOCHTEJBHO CHCTEMbI KO-
opauHaT. Kako#l reoMeTpHyecKnil CMbICJ HMeeT MOPSAOK JHHHH,
MBI YBH/MM B KOHLIE IVIaBbl.

3ameuanue. CBOHCTBO HEH3MEHHOCTH MOPSIAKA HE OTHO-
CHTCSl K Pas/MUHbIM ypaBHEHHSIM, KOTOpble JIHHHSI WJH TOBEPX-
HOCTb MOTYT MMeTb B ONHOH W TOH Ke CHCTeMe KoopauHat. Xo-
TS TakMe ypaBHEHHsl W SKBHBaJEHTHbI, CPefH HHUX MOTryT ObITh
ypaBHeHHUs Pa3/HUYHBIX CTeeHel U 1axe He MoJydaeMble PHpaB-
HHBaHHEM MHOroujeHa Hy/mo. JeficTBUTe/bHO, CleayollHe TPH
ypaBHEHHs 3a[al0T OKPYKHOCTb pajuyca | B 1eKapToBOi MpsiMO-
YTOJIbHOH CHCTEMe KOOPAHMHAT Ha MJIOCKOCTH:

Vaz+y2=1, 224142-1=0

(2 +y*—-1)2=0.

[IpuHATO cUUTaTh, UTO IKBUBAJNEHTHBIE YpaBHeHHUs BUaa (6), UMe-
IOL[Me pasHble CTeNeHH, 3ahaloT pa3Hble anrebpandyeckue JUHUU
(X0Tsl COOTBETCTBYIOLME MHOXKeCTBa ToueK M coBmagaioT!). Ha-
IpUMep, FOBOPSAT, UTO MOCJE[HEe U3 NPHUBEIEHHbIX Bbllle ypaBHe-
HUH 3a/laeT <CIBOEHHYIO OKPYKHOCTb>. OCHOBaHMS /s TaKoH
TEPMHHOJIOTHH W YyH0OCTBA M3 Hee BHITEKAIOLIWe, B TOYHOCTH Te
JK€, UTO U B CJydae MPHUBBIYHOTO YUTATEJI0 TEPMHHA <KpPaTHBIH
KOpeHb>> KBaJIpaTHOTO ypaBHEHHUS.

Terepb MBI MOKEM yKa3aTb OCHOBHOH MpeIMeT Kypca aHaju-
THUECKOH TeOMeTpPUH. DTO — HUCCJAe0BaHHE JIMHHH W MOBEPXHO-
CTel MepBOro U BTOPOrO MOPSAKA, KOTOPble HOCTYMHBI AJs H3yue-
HUSl CPECTBAMM 3JIeMEHTapHOH asreOphl.

OnHako mepesn 3THM I0JIE3HO PAacCMOTPETh HeKOTOpble GoJsee
o6uiue ypaBHeHHs. Mebl OyfieM rOBOpPHUTh O JHUHHUAX U NOBEPXHO-
cTax. PopMyaMpoBaHHe UX OOLIUX ONpeleseHHi He BXOLHUT B Ha-
my 3agaudy. Yutarenb, KOTOPHIH JIOOWUT, YTOOBl BCe ObLIO TOUHO
onpenesieHo, MOXKeT MOJ HUMH IIOHUMAaTb COOTBETCTBEHHO anreo-
panvecKylo JUHHUIO U OBEPXHOCTb, OAHAKO BCE Pe3Y/IbTAThl UMEIOT
MecTO U B 6oJjiee obieM ciydae.
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3. ¥paBHeHHUs, He cofepiKale ONHON U3 KoopauHaTt. Pac-
CMOTPHM YacTHBIH cy4all ypaBHeHUsl noBepxHocTH F(z, y, z) =
= 0, xorna JeBasi 4acTb ypaBHEHHS He 3aBUCHT OT ONHOH M3 Ie-
peMeHHBIX, HallpuMep OT z, U ypaBHeHHe uMeeT BuUA F'(z, y) = 0.

[Tycts Touka Mo(xo, Yo, 20)
JIEXKUT Ha MoBepxHOCTH. To-
ra Bce TOYKH C KOOPAHHATAMH g
Zo, Yo, 2 TPU JIOOBIX 2 TaKKe
JiexkaT Ha moBepxHocTH. Jler-

KO 3aMeTHuTb, UTO BCE€ TOYKHU M(zg, 10, %)
C KOOpAMHATaMM TaKOro BHJIA
3aMOJIHSAIOT MPSIMYIO, NPOXons- O
uyto yepes My B HanpaBieHUU
BeKTOpa es. Takum o6pasom,
BMECTe CO BCSIKOH Touko# My

Ha TOBEPXHOCTH JIEXKHUT TMIpsi-
Masi, npoxopsiias 4yepes My B
HampaBJieHUH BEKTOpPA €3.

Onpenenenue. [To-
BEPXHOCTb, KOTOpasi COCTOUT L
U3 NPAMBIX JHUHHUH, NapaJJenb-

HBIX 3a[JaHHOMY HarpaBJeHHIO,

HasbIBAETCS  YUAUHOPUHECKOLL €3
NOBEPXHOCMbIO WU UUAUH-
dpom, a mpsiMble JUHUH — ee
obpasyroujumu (puc. 16). Jlu-
HUIO, JIeXKAIlyK Ha MOBEPXHO-
CTU U IlepeceKarollylo Bce 00-
pasyiolire, Ha3blBalOT HANPA8-
asroue.

Mbl nokasasu, 4Tto ypaBHe-
HUe, He COfleprKalllee OfHOW M3 KOOPAWHAT, ONpelessieT LHUJIUHID
¢ o6pasyolyMH, napaJjieSbHbIMA COOTBETCTBYIOIIENH KOOPAWHAT-
HOH ocH.

B kauecTBe mpuMepa peKOMeHAyeM YMTATeN 0 HApHUCOBATh MO-
BEPXHOCTb, 3alaHHylo ypaBHeHueM z2 + 32 = r? B mekapTo-
BOH TIPSIMOYTOJIbHOH CHCTeMe KOOPAMHAT B MPOCTPAHCTBe. DTa

My(zo, vor z0)

e

Puc. 16.
L — nanpasasowas,
MoM — obpasyrouas.

o b

Puc. 17.
L — wanpasaarouwas,
MP — obpasyrouwas.
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MIOBEPXHOCTb — APAMOU Kpy2osol yusuxdp. Elle onuH Bompoc,
HaJl KOTOPBIM CTOUT TOAYMAaTh: KaK BBHITJSASAT MHOXECTBA, ypaB-
HeHHUs] KOTOPBIX He COIep:KaT JIBYX M3 TpeX KOOPAMHAT, TO €CTb
UMeloT, HanpuMmep, Bua F(z) =0 ?

4. OgHoponusbie ypaBHeHus. Konycol. I[lycts F(z, y, z) —
(YHKLHS OT TpeX MepeMeHHbIX, a § — HaTypaJjbHOoe uncyao. Bee-
1eM

Onpenenenue. [onycTum, 4to AJs Ka)KAOH TPOHKH 4H-
cea (x, y, z) U3 06JaCTH OmNpeneseHus PYHKUMH, U 1J5 KaXA0T0
yucsa A Tpoiika uucesa (Ax, Ay, Az) TakxkKe NpUHaLNeKUT obJa-
CTH OmpefesieHus, U, kpome toro, F(Az, Ay, A\z) = N F(z, y, 2).
Torna F' naseiBaetcsi 00HOpoOHOU yrKyueli cmenexu s.

PaccMoTpUM MOBEpXHOCTh, ONpenessieMylo B HEKOTOPOH [e-
KapToBO# cHcTeMe KOOpAHHAT ypaBHenueM F'(z,y, z) = 0, rae
F' — onnopopHas ¢yHkuusi. Ecan Touka M ¢ KoopAHHATaMu
(, y, z) TPUHAIJIEKHUT [OBEPXHOCTH, TO MPH JIOGOM A TOY-
Ka P(A\x, Ay, A\z) Takxke NpHHAIJEKHUT MOBEPXHOCTH. Pammyc-
BeKTOpbl ToueK M u P KOJJMHeapHbl, U NOTOMY To4Ka P JIeXHuT
Ha npsMoit OM (puc. 17).

Onpenenenue. IloBepxHOCTb, KOTOpast COCTOMUT M3 Mpsi-
MBIX JIMHUH, IPOXOISIINX Yepe3 (PUKCHPOBAHHYIO TOUKY, Ha3bIBa-
eTCsl KOHUUECKOL Nno8epxHocmvio WU KoHycom. IIpsMble JTHMHUU
Ha3bIBAIOTCS €€ 00pasyroujumu, a Touka — Bepuluroli KOoHyca.
(puc. 17). Jlunuio, Jexallyio Ha TOBEPXHOCTH, He MPOXOISILYIO
yepe3 BepLIMHY W IepeceKalollylo Bce oOpasylolle, Has3blBaIOT
nanpasasowel.

Mber nokasanu, yro ypaBHenue F'(z, y, z) = 0, tne F' — onHo-
ponHas (pyHKLHS, oNpefessieT KOHYC C BepPLIMHOH B HauaJje Koop-
JUHAaT.

YIIPA2KHEHHNA

1. B nekapToBOi MPsIMOYrOJIbHOH CHCTEME KOOPAHHAT JAaHbl TOYKH
A(1,0) u B(4,0). Hanumure ypaBHeHHe MHOXKeCTBA TOYEK, OTCTOSILIHUX
oT B BiBoe pasblue, yeM oT A.

2. Kaxni0e us 1ByX ypasHenuil cuctembl (z—2)%+y? = r?, (z+2)*+
+y? = r? B NeKapTOBOH MPAMOYTOMBHON CHCTEMe KOOPAHHAT OTpesess-
eT OKPYXKHOCTb. BbuMTasi OfHO ypaBHEHHe M3 APYroro, Mbl MOJYYHM
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cnenctBue aToi cuctembl © = 0. Kak reomerpuyeckd MCTONKOBaTb 3TOT
pesynbrar? Paccmorpute caydan r =3 u r = 1.

3. CocraBbTe ypaBHeHME LMJMHIpPA C HaNpaBJsiollel, 3a1aHHOH CH-
cremoit ypauennit 2 +y? + 22 =1, = +y+ z = 1, u obpasyoei,
napaJijeslbHOH BEKTOpY €s3.

4. Hanuiure ypaBHeHHe KOHyca C BepLIMHOH B Hayaje KOOPAHHAT
C HarpapJIsiioLel, 3aJaHHOl CHCTeMO#l ypaBHeHHuit z2 4+ 32 =4, z = 1.

5. Kakasi otiunTesibHasi 0COGEHHOCTb ypaBHEHHUS KOHYyca B chepHrye-
CKO# cHcTeMe KOOPAMHAT, LEHTP KOTOPOH HaXOAUTCA B BEpPLIMHE KOHYca?

§ 2. YPABHEHMS MPAMbIX U NIOCKOCTEHN

1. TloBepxHOCTH M JHMHUHU IepPBOro MopsAKa. YpaBHeHHe
NepBOH CTeNeHH, UM JHHeHHOe ypaBHeHHe, CBf3blBalollee KOOp-
JMHATBl TOUKU B NIPOCTPAHCTBE, HMeeT BUJ,

Axr+ By+Cz+ D =0, (1)

npyUYeM MpeArnosaraercsi, 4To Kod3(PpQUIUHUEHThl TPU MepeMeHHbIX
He PaBHBI HYJIO ONHOBPeMeHHO, To ecTb A? 4+ B2 + C? # 0. Ana-
JIOTHUHO, JIMHEeHHOe YpaBHEHHe, CBSI3bIBalOlee KOOPAUHATH TOUKH
Ha TJIOCKOCTH, — 3TO ypaBHEHHE

Az +By+C =0 (2)

npu yeqaosun A% + B2 # 0.

B wmiko/sbHOM Kypce [0KAa3blBaeTcsi, UTO B JeKapTOBOH MpPSMO-
YTOJIbHOH cUcTeMe KoopauHaT ypaBHeHHs (1) u (2) ompenensior,
COOTBETCTBEHHO, MJIOCKOCTh U MPSIMYIO JIMHUIO Ha MJIOCKOCTH. M3
teopem 1 u 2 § 1 crenyert, 4TO TO »Ke caMoe BEepHO U B oOIlel ne-
KapToBO# cHcTeMe KoopauHaT. TouHee, UMEIOT MECTO CJelyIoline
TEOpEMBI.

Teopewma 1. B obuwetl dekapmosoli cucmeme Koopouram 8
npocmpaxncmee Kaxcoas nA0CKOCmb mosxcem bvimb 3a0aHa AU-
HetHnoim ypasuenuem (1). Obpammo, Kascdoe aunelinoe ypas-
HeHue 8 obujeli dekapmosoti cucmeme Koopdurnam onpedensem
NAOCKOCMb.

Teopema 2. B obujeii dexapmosoii cucmeme KOOpOuHam
Ha naockocmu Kancoas npamas mosxcem Gvimv 3a0aHa AuHel-
Howm ypasreruem (2). Obpammuo, Kaxdoe Aurelinoe ypasHerue 8
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0buwell dekapmosoll cucmeme KOOPOUHAM HA NAOCKOCMU Onpe-
deasem npamyro.

OTH TeopeMbl ITOJHOCTBIO peLIalT BONPoC 00 YpaBHEHHSAX
IJIOCKOCTH U NPSMOH JIMHUM Ha MJockKocTH. OnHAaKo BBUIY Bax-
HOCTH 3TUX yPaBHEHHUH MBI PacCMOTPHUM HX B JAPYTHUX (POpMax.
[Ipu atom OGynyT mosyueHbl HE3aBUCHUMbIE I0KA3aTE/NbCTBA TEOPEM
3TOTO MYHKTA.

2. Ilapamerpuyeckue ypaBHeHHS NPSIMOA M INIOCKOCTH.
[TpsiMast uHUS (HA MJIOCKOCTH HMJIM B TIPOCTPAHCTBE) MOJHOCTBIO
onpejesieHa, ecav Ha HeH 3afgaHa Touka My M 3agaH HeHyJeBOH
BEKTOp @, NapaJjiiebHbl 3ToH npsaMod. Pasymeercsi, © TOYKy
U BEKTOP MOXHO BbIOpaTh [0-pa3HOMY, HO Mbl OygeM CUHTaTb,
YTO OHM Kak-TO BBIOPAaHBI, M Ha3blBaTb HUX HAYAAbHOL MOYKOLU
U HANPABAAIOUUM 8eKMOPOM. AHAJIOTMYHO, MIIOCKOCTb 3a1aeTCs
TOUYKOM W IBYMS HEKOJJMHEeaPHBIMM BEKTOpaMH, el mapasJesib-
HBIMH, — HA4QAbHOU MOYUKOLU W HANPABALIOULUMU B8EeKMOPAMU
TJIOCKOCTH.

Mbubl Gynem mpeamnoJsiarath, UTo 3ajlaHa JeKapToBa cCHCTeMa Ko-
OpAMHAT B MPOCTPAHCTBe (MM Ha MJIOCKOCTH, €CJAH Mbl M3ydyaeM
NpsIMyI0 B MJIaHUMETPUH). DTO, B YACTHOCTH, O3HAUAET, YTO KaXK-
JIOH TOUYKe COMOCTABJEH €€ PagUuyC-BEKTOP OTHOCHUTENBHO Haudasa
KOOPIHUHAT.

[lycts nana npsmas. O6o3zHa-
YUM Yepe3 ro U a COOTBETCTBEHHO
pafinyCc-BEeKTOp ee Hada/JbHOH TOU-
KW Mo ¥ HanpaBJsIOLWIMHA BEKTOP.
PaccemoTpum HekoTopyto Touky M ¢
panuyc-BekTopoM r (puc. 18). Bek-

—

Top MyM = r — ry, HayajJo KOTO-

poro JeXHUT Ha MNpsSIMOH, NapaJie-

Puc. 18. JIeH TPSIMOM TOTAA M TOJIBKO TOTAA,

korna M Tak»ke JIEKUT Ha MPSIMOH.

B stom u TOMBKO 3TOM cayudae assi Touku M Halgercs Takoe
YUCJIO t, 4TO

r —ro = ta. (3)
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Hao6oport, Kakoe Gbl 4UCJI0 MBI HH TMOACTABHIH B hopmyay (3)
B KauyecTBe f, BEKTOP r B 3TOH (hopMyJie ONpPeeSUT HEKOTOPYIO
TOUYKY Ha NPAMOH.

YpaBHeHHe (3) HA3LIBAETCS BEKMOPHbIM NAPAMEMPULECKUM
ypaBHEHUEM MNPSIMOH, a MepeMeHHas BeJHYMHA ¢, MPUHHMAOLLAs
JIoOble BellleCTBEHHbIE 3HAYEeHHS], HA3bIBAETCH Napamempom.

BekTopHoe mapamerpryeckoe ypaBHEHHE BHIIVIAIUT OJHHAKO-
BO U B IJIAHUMETPHUH, U B CTEPEOMETPHUHU, HO NIPH Pa3JI0KEHHH T10
6a3uCcy OHO CBOIMTCS K ABYM WJIH TPEM CKAJSIPHBIM yPaBHEHHSIM,
CMOTPS 110 TOMY, CKOJIBKO BEKTOPOB COCTaBJAIOT 6a3uc. PacemoT-
puM mpsimyro B npoctpanctse. Ilycts (z, y, z) ¥ (zo, Yo, 20) —
KoopAnHaTEl ToyeK M u My, COOTBETCTBEHHO, a BEKTOP & HMe-
€T KOMIIOHEHTH (a1, ag, as). Toraa, packnaansiBasi no 6asucy obe
YacTH ypaBHeHHS (3), MBI MOJYYUM

T —x9 =ait, y—yo=ast, 2z—zy= ast. (4)
JList IpsIMOK Ha TJIOCKOCTH Mbl [10J1y4aeM aHaJOrHYHO
T —x9=ait, y—yo = ast. (5)

YpaBHeHus (4) uau (5) Ha3bBIBAKTCS NAPAMEMPULECKUMU Ypas-
HeHUAMU NPAMOU.

[Tosyunm Temepb mMapamMeTpUUeCKHe YpaBHEHHs MJIOCKOCTH.
OGo3HauKM Yepe3 p U ( ee Hampap/siOlLIHE BEKTOPH, a uepes
rg — pamuyc-BeKTOp ee HadajbHOH Toukd My. IlycTs Touka
M ¢ pamnyc-BeKTOPOM I — IMIPOU3BOJIbHAS TOYKA MPOCTPAHCTBA
(puc. 19).

Bektop MyM =r —ry, Ha-
4ajio KOTOPOTO JIEXKHT Ha TJI0C-
KOCTH, MapaJijiesieH ed Torna u
TOJIBKO TOTJa, KOTJd €ro KOoHell
M Takxxe JIEXKHUT Ha TMJIOCKO-
ctu. Tak Kak p ¥ ( He KOJIJIH-
HeapHbl, B 3TOM U TOJBKO 3TOM
clyyae r — ry MOXeT ObITh MO
HUM pasJjoxkeH. [losTomy, ec-
Ju Touka M JIeXUT B IJIOCKO- Puc. 19.
cTH (M TOJILKO B 3TOM CJjiydae),

e3
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HaWoyTCsl TakKue yucaa tq U tg, 4TO
r—rg=1tp+12q. (6)

DTO ypaBHEHHE HA3bIBAETCS BEKMOPHLIM NAPAMEMPULECKUM
ypaBHeHHeM M10CcKoCTH. Kax1o# Touke MI0CKOCTH OHO COMOCTAaB-
JisleT 3HaYeHHUs ABYX napamempos ti W to. HaoGopor, Kakue Gbl
YuCsia MBI HH TOACTABUJIN KaK 3HaueHus ¢y U lo, ypaBHeHue (6)
OTPEIEJUT HEKOTOPYIO TOUKY IJIOCKOCTH.

[ycts (x, y, z) u (o, Yo, 20) — KOOpHUHATH TOuek M u
My, COOTBETCTBEHHO, a BEKTOPbHl P M g HMEIT KOMIIOHEHTHI
(p1, p2, p3) ¥ (q1, g2, q3). Torma, packnanbiBas mo Gasucy obe
yactu ypaBHeHus (6), MBI MOJYUUM napamempuieckue ypasHe-
HUsL NAOCKOCMUL:

T —1x9 =tip1 +l2q1, Y — Yo = Tt1p2 + t2qe,

(7)
z — zg = t1p3 + t2q3.

OTMeTHM, 4TO HauajbHas TOYKa W HANpPaBJSIOLIUE BEKTOP
npsiMOH 00pa3yloT Ha Hel ee 8HYMPEeHHIO NeKapTOBy cucmemy
KoopOuram. 3HaueHUe NapaMeTpa t, COOTBETCTBYIOLee KAKOU-TO
TOYKe, SIBJISIETCS KOOPAMHATOH 3TOH TOUKH BO BHYyTpeHHel cucTe-
Me KoopauHatT. TouHO Tak 2Ke, Ha IJIOCKOCTH Haya/bHas TOUKa U
HaIpaBsJIAOLIMe BEKTOPBl COCTABJAIOT 8HYMPEHHIOH Cucmemy Ko-
opdunam, a 3Ha4eHUs [1apaMeTPOB, COOTBETCTBYIOLIHE TOUKe, —
3TO ee KOOpAMHATBl B 3TOH cucTeMe. Hampasissioline BeKTOpPbI
MJIOCKOCTH COCTaBJISIIOT 0a3uc B ee Halpas/swolleM BEeKTOPHOM
MOANPOCTPAHCTBeE.

3. IIpamasi muHUA Ha MJIocKocTH. [lapameTpuueckoe ypas-
HeHHe MpPSAMOH yTBepXKIaeT, 4TO Touka N JIeXXHUT Ha INPAMOH
TOrJa M TOJbKO TOTAA, KOIZJA PasHOCTb €€ paiuyc-BeKTopa U
paguyc-BeKTOpa HauaslbHOH TOUKH My KoJsJIMHeapHa HanpasJsiio-
memy Bektopy a. IlycTe B HeKoTOpo#l obllell 1eKapToBo# cucreMe
KOOpPIUHAT Ha IJIOCKOCTH 3aJaHbl KOOPAHHATBl TOYEK W BEKTOpa:
M(z, y), Mo(xo, yo), ala1, az). Torna ycaoBue KoJJHHEAPHOCTH
MOKeT ObITb 3alIUCAHO B BHUJE PaBeHCTBA

r—To Y—Y =0 (8)
al ag ’

[lostomy MmeeT mecTo



§ 2. Ypasnenus npamoix u niockocmeil 65

[Ipennoxenue 1. B awboii dekapmosoil cucmeme Koop-
dunam Ha NAOCKOCMU YpaBHeHue NPAMOU C HAYQAAbHOU Mmot-
koti Mo(zo, yo) U Hanpasasrouum sekmopom a(ay, as) mosxcem
6oimob Hanucaro 8 sude (8).

YpasHenue (8) — nuneliHoe. JledCTBUTENbHO, TOCAE peodpa-
30BaHHUsI OHO MPUHUMAET BHA a2x — a1y + (a1y0 — azxo) = 0, TO
ectb Ax+By+C =0,r1e A=as, B=—a1 uC = a1yg— axxg.

C npyro#t CTOpOHBI, MPU 3aJaHHOW CHUCTEMe KOODPAMHAT MAJist
MPOX3BOJIBHOTO JUHEeHHOTro MHOTOousMeHa Ax+ By+C,| A2+ B2 #0,
HaiinyTes takas Touka Mo(zo, yo) U Takoi BekTop a(ay, ag), 4TO

Az +By+C=| " %0 Y=Y | (9)
aq an

JlelicTBUTENBbHO, BEIOEPEM UHCIA To U Yo TaK, 4ToObl Axg+ Byo+
+ C = 0. B kauecTBe Takux 4nceJ MOXKHO B35ITh, HalpUMep,

—AC —-BC

Zo
Ecniu C = —Axg— By, 10 Ax+By+C = A(x —x0) + B(y — o),
TO €CTb BHIMOJIHEHO paBeHCTBO (9) mpu ag = A, a1 = —B. Urak,
MBI TTOJTYYHJIN

[Ipennoxenue 2. Bexkmop c¢ koopounamamu (—B, A)
MOICHO NPUHAMb 3Q HANPABASIOULULL BEKMODP NPAMOLL C YpasHe-
Huem (2) 6 06weil dexkapmosoil cucmeme KOOPOUHAM, 4 MOUKY
¢ koopouramamu (10) 3a HauwarbHyO MOUKY.

CnencrtBue. Ecau cucmema Koopounam Odekapmosa npsi-
moyeonrvras, mo sexkmop n(A, B) nepnendukyiapen npsamoti ¢
ypasrenuem (1).

JleiicTBUTENbHO, B 3TOM ciyuae (a, n) = —BA+ AB = 0.

3aMeTnM, uTO M3 MpeasoxKeHHH 1 u 2 BbITeKaeT TeopeMa 2.

[Tyctb B ypaBHeHuu npsamoit Ax + By + C' = 0 Ko3hHULHEHT
B oTauyeH ot HyJs. DTO 03HAUYaeT, UTO OTJWYHA OT HYJs epBas
KOMIIOHEHTa HalpaBJsiioLlero BeKTopa, U npsiMasi He MapaJijiesibHa
OCH opAMHaT. B 3ToM ciyuae ypaBHeHHe MPSIMOH MOXHO NPeACTa-
BHUTb B BH[E

y=kx+b, (11)
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N N

a(-1/2,1/2)

a(-1/2,1/2)

a) 0)

Puc. 20.
a) lpamas y=—xz+1/2, k=-1;
6) lpamas y=—x+1/2, k=tgp=—1

e k = —A/B, a b = —C/B. Mbl BUiuM, 4TO k pPaBHO OTHO-
IIEHHIO0 KOMIIOHEHT HaIpaBJsiiollero Bekropa: k = as/ay (puc. 20
a).

Onpenenenue. OTHOLIEHHE KOMIOHEHT HAarpab/sIOLIEr0
BEKTOPA (2/a1 HA3BIBAETCS YeA08biM KOIPPUUUEHMOM TIPIMOH.

Yra0Bod KO3((GULHEHT NPSMOH B 1eKapTOBOHU NPSIMOYTOJbHOH
cucTeMe KOOPAMHAT PaBeH TAaHTEHCY yrJa, KOTOphH npsimasi o6pa-
3yeT C OCbl0 a0CLHCC. YTOJ 3TOT OTCUHUTBIBAETCS OT OCH abcuuce
B HamnpaBJIeHUH KpaTdailliero noBopora oT e; K e (puc. 20 6).

[Tonoxkue x = 0 B ypaBHenuu (11), moayuaem y = b. drto
03Hayvaer, 4YTo CBOOOAHBIN UJsieH ypaBHeHUs b sIB/seTCS OPAMHATOH
TOYKH IepeceyeHus MPSIMOK C OCbIO OPOMHAT.

Ecnn ke B ypaBHeHUHU nipsimoit B = 0, U ee ypaBHEHHe HEJIb3sl
npenctasuth B Buae (11), To obsizatenbHo A # 0, mpsMas mna-
paJjiesbHa OCH OPAMHAT, U €€ YPaBHEHHIO MOXKHO MPHUAATb BUJI
x =z, rie xg = —C/A — abcuncca TOYKH nepecevyeHus MpsiMou
¢ ochlo abcuuce.

4. BekTopHble ypaBHeHUS MJIOCKOCTH U MpAMoOM. BekTop-
HOe ypaBHEHHe NPSIMOH JIMHWH B MPOCTPAHCTBE MOXKET OBbITh Ha-
MHCaHO B BUJE

[r —rg, a] = 0. (12)

3mecb a — HanpabBJsOLIUHA BeKTOp NpSIMOH, a ro — pajauyc-
BEKTOp ee Haua/bHOH TOUYKHM. B camoMm JeJse, 5T0 ypaBHeHHe, Kak
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U BEKTOPHOE MapaMeTpHyecKoe, BblpaxKaeT KOJJIHMHEAPHOCTb Bek-
TOPOB I'g U a.

[Tapamerpuueckoe ypaBHeHHEe IIJIOCKOCTH YTBepXKIaeT, 4YTO
Touka M JIeXXHT Ha MJOCKOCTH TOTAA M TOJbKO TOrA, KOraa
Pa3HOCTb €€ paJuyC-BeKTOpa U paiuyc-BeKTOpa HayaJlbHOH TOUKH
My KoMIIaHapHa HaMpaBJSIOLIUM BEKTOpaM p U g. DTy KOMIJa-
HapHOCTb MOXKHO BHIPa3UTb U PaBEHCTBOM

(r—ro, p,q) =0. (13)

Bektop n = [p, q] — HeHy/eBO# BeKTOp, MepreHANKY/IsIPHbIN
mocKocT. Mcnosib3ys ero, Mel MOXKeM 3anucath ypaBHeHHe (13)
B BUJIE

(r—rg,n)=0. (14)

Ypaeuenust (13) u (14) Ha3bIBAIOT BEKMOPHLIMU YPABHEHUIMU
naockocmy. VIM MOXKHO MpuaTh (GopMy, B KOTOPYIO He BXOAUT
paguyc-BeKTOp HayasbHOH Touku. Hampumep, nosnoxus B (14)
D = —(rp, n), noay4um

(r,n)+ D =0. (15)

JInst npsiMo#t Ha TIJIOCKOCTH MOXKHO TaKXKe HalHCaTb 8eKMop-
Hole ypasHenus, aHajoruunsie (14) u (15):

(r—ro,n)=0 wm (r,n)+C =0.

[lepBoe U3 HUX BbIpaxkKaeT TOT (PAKT, YTO BEKTOP r — Ir( IepreH-
IVKYJsIpeH HEHY/NEeBOMY BEKTOPY M, MePIeHIUKYIIPHOMY HaIpas-
JISIOLIEMY BEKTOPY &, U TIOTOMY KOJIJIMHEapeH a.

[Ipennoxenue 3. [lycmo x, y, 2 — KOMNOHEHMbL 8EKMO-
pa r 8 obuieli dekapmosotl cucmeme koopdunam. Toeda cka-
aapHoe npoussederue (r — ro, n) npu n # 0 3anuceieaemcs
AUHEUHbIM MHO20UNEHOM

Az +By+Cz+D  (A24+B*4+C%*+#0).

Obpammo, ecau 3adana dexapmosa cucmema KOOpPOUHAmM, mo
0451 1106020 AUHELIH020 MHO20UACHA HALLOYMCS maKue 8eKmopol
roun#0, umo Az+By+Cz+D = (r—rg, n), 2de r — 8exmop
¢ Koopouramamu (x, y, z).
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HepBaﬂ 4acCTb NpenJioKeHHs1 OUeBHUAHA: MMOACTAaBUM pasJjoxKe-
HHE BEKTOpa r 1o 6a3Hcy B NAaHHOE CKaJpHOE NMPOU3BEACHHE

(xe1 + yes + ze3 —ro, n),

packpoeM CKOOKH M TosyduM MHorousneH Ax + By + Cz + D, B
kotopom D = —(rp, n), u

A= (e1,n), B=(e,n), C=(esn). (16)

A, B, u C onHOBPEMEHHO He PaBHBI HYJIIO, TaK KaK HeHYJEBOH
BEKTOP N He MOXKeT ObITb OPTOrOHaJieH BCeM BeKTopaM asuca.
Js1 nokazaresbcTBa 06PAaTHOrO YTBEPXKIEHHUS HalieM cHaua-
Jia BeKTop n u3 paBeHcTB (16), cuutas A, B, u C 3amaHHBIMH.
[onoxum
Ales, e3) Bles, ei] Cle1, e3]

n=— + + . 17
(91, €3, 93) (91, €2, 93) (917 €2, 93) (1"

YMHOXKasl 9TOT BEKTOp CKaJspHO Ha €1, €y H €3, Mbl yOemumcs,
4TO OH ynoBJeTBOpPsieT paBeHCTBaM (16). (MoXHO OTMETHTB, UTO
(17) cnemyer u3 dopmya (8) § 4. I u (9) §5 1. 1)

Bektop ry mOJIXKEH yIOBJETBOPSITH ycjaoBuio D = —(rp, n).
OnuH 13 TakuxX BEKTOPOB MOXKHO HaHTH B BUie ro = An. [loxn-
cTaBasAss, BUIUM, 4To D = —\(n, n), oTkyaa ro = —Dn/|n|?.

I/ITaK, Mbl HAalllJIM BEKTOPLI N U rg TakKHe, YTO JIMHEHUHBIH MHO-
ro4JieH 3alMChbIBA€TCA B BUE

z(e1, n) +y(ez, n) + z(e3, n) — (ro, n),

KOTOpBI# coBmanaer ¢ TpedyeMbIM (r — ro, n).

3aMeTHM, UTO JOKA3aHHOE MpeaJoXKeHHe PABHOCHJIBHO Teope-
me 1.

[Ipennoxenune 4. Ecau cucmema koopduwam dexapmo-
8a NpAMOYcoAbHas, MO 8exkmop ¢ kKomnowenmamu A, B, C' sas-
AS1eMCSL HOPMAAbHLIM B8EKMOPOM Ol NAOCKOCMU C YpaBHeHU-
em Az + By + Cz + D = 0. B npoussorvroli cucmeme Koop-
ounam A, B, C — KosapuaxmmHbie KOOPOUHAMbL HOPMALLHO2O
gexmopa.
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[lepBoe yTBepKaeHue cpa3y BeiTekaeT U3 (opmysa (16) u Bbi-
pakeHHsl KOOpIMHAT BEKTOPA B OPTOHOPMHUPOBAHHOM Ga3uce uepes
ckaJsipHble npousBenenus (1) § 4 ru. I, a BTopoe — U3 omnpenese-
HUsT KOBapuaHTHBIX KoopauHat ((7) § 4 ru. I).

[TycTb BEeKTOp a ¢ KOOpAHHATAMU (v, (i3, vz B OOIIEH meKap-
TOBO# cucTeMe KoopauHat O, e1, €y, €3 napaJjeseH MI0CKOCTH C
ypaBHeHnueM Az + By + Cz + D = 0. PaccMoTpuM paBHBIH eMy
BekTop M N, KoHUBl KoToporo M (z1, y1,21) U N(xa, y2 22) Je-
JKaT B IJIOCKOCTH. DTO 3HAYMT, uto Az + By + C21 + D =0
u Axg + Bys + Czo + D = 0. Berunuras mepBoe paBeHCTBO H3
BTOpOro, Mbl nosnydaeM A(xe —x1)+ B(y2—y1) + C(z2 —21) = 0.
[TosTOMy KOOpAHHATHEI BEKTOPA a YAOBJETBOPSIIOT PABEHCTBY

Aaq + Bas + Cas = 0. (18)

O6partHo, ecau ycaosue (18) BBIMOJHEHO AT KOOPIHHAT HEKO-
TOPOro BeKTOpa W ero Hadano M (xi, yi1,21) JIEKHT B IJIOCKO-
CTH, TO ckJazabiBasi paBeHcTBA Az + By + Cz1 + D = 0 un
(18), MBI BHIMM, YTO KOHEL BEKTOpA TaKXKe JIEXKHT B MJOCKO-
et Az + a1) + B(y1 + a2) + C(21 + a3) + D = 0. Teneps
OUEeBUIHBIM CTAHOBUTCS CJleAyIOLee

[IpennoxeHnue 5. Bekmop a ¢ KOMnoHeHmamu oy, qa, o
8 obujeli dexapmosoil cucmeme KOopouram napaiLeseH nioc-
kocmu ¢ ypasueruem Ax + By + Cz + D =0 moeda u moavko
moeda, Koeda svinosnero ycaosue (18).

CnencrBue. Jlioboie dsa HekoasuHeapHble 8eKmopa, yOo-
saremsopsoujue ypasrenuro (18), mosxcro npunamoe 3a Hanpas-
AfIOULUE BEKMOPbLL NAOCKOCMUL.

Bce, ckazaHHOe 0 TJIOCKOCTSIX, MOUTH 0e3 H3MEHEHHH MOXKeT
ObITb CKA3aHO W O TPSMBIX Ha MJIOCKOCTH. B yacTHOCTH, UMeeT
MeCTO

[Ipennoxenue 6. Bekmop a ¢ komnowenmamu oy, as 8
06well dekapmosoli cucmeme KOOPOUHAM NAPAALeNeH NPAMOLL
¢ ypasrenuem Ax + By + C = 0 moeda u moavko moeda, koz2da

Aay + Bas = 0. (19)

JlelicTBUTENBHO, (1, Qg OOJKHBI OBITh TPOTMOPIHOHANBHEI
KoMIoHeHTaM (—B, A) Hanpas/siiollero BeKTopa NpsMoH.
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5. ITapanyieIbHOCTh MJIOCKOCTEH U MPSIMBIX HA MJIOCKOCTH.
Huxke, roBopsi 0 mapas/iefbHBIX TPSIMBIX HJIH IJOCKOCTSX, MBI
OyleM CUMTaTh, YTO MapaJsiesbHble TIOCKOCTH (MMM TpsiMble) He
00s13aTe/IbHO Pa3JIMUHbBIL, TO €CTh YTO IMJIOCKOCTh (MpsiMasi) mapaJ-
JieJibHa caMo# cebe.

[Ipennoxenue 7. [lpamvie aunuu, sadasaemoie 8 obujetl
dexapmosoil cucmeme KOOpOUHAM YPABHEHUAMU

Ax+ By+C =0, Ayx+ Biy+Cy =0,

napainresviol moeda u moavko mozoa, K020a COOMm8emcmayio-
ujue Koaguyuenmol 8 UX YpasHEeHUIX NPONOPULUOHAAbHL, M. e.
cyuecmsyem makoe 4ucio A, 4mo

A=), By =)\B. (20)

[Ipsimvie cosnadarom 6 mom u MOALKO MOM cAyuae, K020a ux
YpasHeHus NPONOPYUOHAAbHbL, M. e. nomumo ypasuenus (20)
BbLNOAHEHO (C mem sce \) pasercmeo

Ch = \C. 1)

HokasatesnbcTBOo. [lepBas yacTb HpeJozKeHUs MPSIMO
CJelyeT M3 TOro, 4TO BEKTOPbl C KOMIOHeHTamMu (—DB, A) u
(—Bi1, A1) — HampaBJsIOLIMe BEKTOPH! MPSIMBIX.

Jlokaxxem BTopyto uacTb. B paBenctsax (20) u (21) A # 0, Tak
KaK KO3((UIMEHTH B ypaBHEHHM IPSIMOH ONHOBPEMEHHO HYJIIO
He paBHBL. [103TOMYy, €C/IH 3TH paBeHCTBA BBINOJHEHB!, YPaBHEHHS
SKBHMBAJIEHTHBI U ONpPEEJAIOT OIHY U Ty XKe NpAMYIo.

O6patHo, mycTb NpsiMble MapaJiesbHbl. B cuiy nepsoit yactu
TNpeJIOKEHNS UX YPaBHEHHUS OJKHBEI UMeTb BUI Az +By+C =0
u AMAz + By) + C1 = 0 npu Hekotopom A. Ecau, xpome Toro,
cyuiectByeT obuiasi Touka Mo (o, yo) 06eux mpsiMbeiX, TO Azg +
+ Byo + C =0 u AMAzg + Byo) + C1 = 0. Bbiunras u3 BTOporo
paBeHCTBA NepBOE PABEHCTBO, YMHOXKEHHOE Ha A, Mbl MOJydaeM
C1 = \C, Kak u Tpe6oBaoCh.

Yenoust (20) BBIpaXKaloT KOJJIMHEAPHOCTb HAMPaBJSIOMINX
BEKTOPOB TNpsiMbIX. [loaToMy corsacHo mpensoxenuio 7 § 5 rur. [
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ycJoBue, HeoOXOAUMMOe U JOCTATOYHOE JJIst napaJsJeJbHOCTH TIps-
MbIX Ha IIJIOCKOCTH, MO2KHO 3allkuCaTb B BHUIE

-B A |_,
B
4YTO pPaBHOCHJIbHO ’ Al Bl =0.

[IpennoxkeHuio 7 MOXKHO MPHAATE YHCTO anredpantieckyio (op-
MYJIUPOBKY, €CJIH Y4ecTb, YTO KOOPIHHATBHI TOUKH MepecedyeHHs
NPSIMBIX — 3TO pelleHHe CUCTEMbI, COCTABJIEHHONW W3 UX ypaBHe-
HUH.

[Mpenanoxenue 8. [lpu ycrosuu (22) cucmema AuHeliHbLX
YypasHerutl

Ar+By+C=0, Ajx+Biy+C; =0

He umeem peuleHutl uiu umeem OGeCKOHEUHO MHO2O peuieHuti (8
sasucumocmu om C u C1). B nocaednem cayuae cucmema pas-
HOCUAbHA 00HOMY U3 cocmasasoujux ee ypasrerull. Ecau ace

#0,

A B
A1 By

mo npu aroboix C u Cy cucmema umeem eOUHCMBEHHOE pelleHie
(z, y).

ITo mpeanokKeHHe AOMOJHSIET npemnoxkerve 8§ § 5 ri. I, B
KOTOPOM PacCMOTPEHbI CUCTEMbI C A€TePMHUHAHTOM, OTJIUUYHBIM OT
Hyns. KoHeuHo, TakHe cHCTeMbl ONpeNessioT nepeceueHre Hema-
paJlJie/IbHBIX TIPSIMBIX M TIOTOMY HMMEKOT €JIMHCTBEHHOE pelleHHe
NpHU J10OBIX CBOOOAHBIX YJeHaX.

[Ipennoxkenne 8 MOKHO 10KAa3aTh H HEMOCPEACTBEHHO U OT-
CIOJIa MOJIYUHTh YCJIOBHE MapaJslie/bHOCTH NpsMbiX. HMccienoBanu-
€M MPOW3BOJbHBIX CHUCTEM JMHEHHBIX YpPaBHEHHH Mbl 3alMeMcs
B 1. V.

[Ipennoxenune 9. [lrockocmu, 3adasaemvie 8 obuieti Oe-
Kapmosotl cucmeme KOOpOuHam ypasHeruamu

AI+By+OZ+D:O, All‘—i-Bly—FOlZ—i—Dl:O,
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napaanesvivl moeda u moavko moeda, K020a COOMm8emcmayto-
ujue Koagguyuenmol 8 UX YpaABHEHULX NPONOPYULUOHALbHYL, M. e.
cywecmsyem maxkoe 4ucio A, 4mo

A=), B, =\B, C; =\ (23)

[Trockocmu cosnadarom 6 mom u MOALKO MOM cAy4ae, Ko20a
UX YPABHEHUS NPONOPUUOHANLHYL, M. €. NOMUMO YypasHeHull (23)
soinoaneno (c mem e \) paseHcmeo

Dy = \D. (24)

JokaszateabcTBo. [lapajnenbHocTh ABYX MJIOCKOCTEH
03HauaeT, YTO MX HOPMaJjibHble BEKTOPBl N M Nj KOJJIHHEApHHI,
U CYILIeCTBYeT Takoe UHUCJO0 A, 4To n; = An. B cuay ypaBHeHu#
(16) Ay = (e1, n;) = A(e;, n) = M\A. AHanoruuHO NOKa3bIBa-
I0TCS U ocTasbHble paBeHcTBa (23). OGpaTHO, eciu paBeHCTBa
(23) BeimosiHensl, TO0 U3 Qopmyasl (17) cremyer, 4To n; = An.
DTO NOKa3blBaeT MEPBYIO UaCTh MpesoKeHUs. Bropas ero yactb
JOKa3blBaeTCs TaK e, KaK BTOpas 4acTb MPENJIOKEHUS 7.

Mui 3Haem, yto koapduuuents A, B, C' u Ay, By, C1 — 310
KOOpPAMHATEl BEKTOPOB N U N B 6a3uce e}, €5, e;, 6HOPTOrOHaMb-
HOM 6asucy BbIOpaHHOH cHcTeMbl KoopauHat (popmyna (17)). ITo-
TOMY H3 YCJIOBHSI KOJIJIMHEAPHOCTH BEKTOPOB B MPOU3BOJBLHOM
6asuce (mpemsoxkenue 6 § 5 rai. 1) caenyer takoe HeoOXOmUMOE U
JIOCTAaTOUYHOE yCJOBHE MapasyielbHOCTH IJIOCKOCTeH B oflied ne-
KapTOBOH CHCTeMe KOOPAMHAT:

—0. (25

By ¢4 Cy A

L C
A1 Bl

_‘CA

_’AB

JIpyruMu coBaMH, nA0CKOCMU He NapaiiesbHbl mo20a U moib-
Ko moezoa, koz20a xomb 00uM u3 OemepmuHarmos 8 opmyre
(25) me paser Hyato.

6. YpaBHeHus npsimoil B mpoctpaHcTBe. Ilpsmas nuHus B
MpOCTpPaHCTBE MOXKeT ObITh 3aJaHa Kak TepecedeHHe ABYX IJOC-
KOCTeH M, C/Je0BaTesNbHO, B 00LIEH NeKapTOBOH CHUCTEeME KOOPIH-
HaT onpejesseTcsl CUCTeMOH ypaBHeHHUH BHAA

Ax+ By+Cz+D =0, Ajx+ Biy+Ciz+ Dy =0. (26)
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Hepeceqel-me MJIOCKOCTEH — npsmasi JIMHWA Torga U TOJIbKO
TOraa, Korga OHW HE MapaJsijesbHbl, TO €CTb XOTb OAWH U3 HNETeP-
MHUHAHTOB OTJIMYEH OT HYJIA:

’BC ¢ A

2 2

ACB Lo @

A1 B

2
B G o A ‘

"

Pasymeercsi, cucremy (26) MOXHO 3aMeHHThb Ha JOOYI0, ei
sKBUBaJsieHTHY10. [Ipu 3TOM Tpsimasi GyneT mpeicTaBjieHa Kak Ie-
pecedyeHre ByX OPYTHX MPOXOASIIMX Yepe3 Hee MJIOCKOCTeH.

BcrnomuuM mapameTpuueckue ypaBHeHHsi npsimo# (4). Jlomy-
CTHM, UTO B HUX HM OfIHA M3 KOMIIOHEHT HaIpaBJsIOIero BeKTopa
He paBHa HyJ0. Toraa

T — X Y —Yo Z— 20

t=——— (= , 1= ,
ai az asg

W MBI TIOJy4aeM J1Ba paBE€HCTBA

Y—Y% _ 2~ %0 T—%o 2" %0 (28)

az as ai as

HJHu, B 6oJee CUMMETPHUYHOM BHUIE,

T—Zo _Y~Y _

S (29)
a as as
YpaBHenust (28) npeacTaB/sIOT NPSIMYIO KaK JHHHIO [IepecedeHus
IBYX TJIOCKOCTEH, mepBasi U3 KOTOPBIX MapaJijiesibHa 0CH a0CIHCe
(B ee ypaBHeHMe He BXOIHT MepeMeHHast ), a BTOpasi napajjiesib-
Ha OoCH OleI/IHaT.
Ecau O6an_laeTCﬂ B HYJIb OlHa M3 KOMIIOHEHT HallpaBJdOLIero
BEKTOpa, HalpUMep aj, TO YPaBHEHHUs MPSMOH MPUHUMAIOT BUIL
c=xy, J_HN_Z"% (30)
as as
9Ta HpHMaH JIC2ZKUT B IIJIOCKOCTH X = X H, CJed0BaTeJIbHO, I1a-
paJiesnbHa MJOCKOCTH T = 0. AHaJIOFI/I'{HO NUIIYTCA YpaBHEHUS
NpsIMO, eCJId B HyJb oGpallaeTcss He a1, a Apyras KOMIOHEHTa.
Kor/:[a PaBHbI HYJIIO AB€ KOMIIOHEHTBI HallpaBJ/IsAOLLIEro BEKTO-
pa, HaanMep a1 U as, TO HpHMaH nuMeerT ypaBHeHI/IH

T =m0, Y="Yo- 31)
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Takas npsimas mapaJijiesibHa OOHOH M3 OCell KOOpAMHAT, B HalleM
clyyae — OCH amlTlJIUKaT.

Ba)XHO yMeTb HAaXOIAMUTh HaYaJbHYI TOUKY H HaIlpaBJ/sIOLINN
BEKTOp MPSIMOE, 3afaHHOM CHCTEMOH JIMHEHHBIX ypaBHEHHH (26).
[To ycnoBuio (27) onUH U3 AeTePMHHAHTOB OTJHYeH OT HyJsi. [lo-
MyCTHUM AJISl ONpenesieHHOCTH, uTo ABy — A1 B # 0. B cuny npen-
JIOXKEeHHsT 8 MpH JIoO0OM (PUKCHPOBAaHHOM 2z CHCTeMa YypaBHEHHH
OymeT UMeTb eIMHCTBEHHOe pelueHue (x, y), B KOTOPOM = U Y,
pasymeercsi, 3aBUCAT OT z. OHU — JIHHEHHblEe MHOTOUJIEHB! OT Z:
=12+ P1, y = asz + B2. He 6ynem noxkasbiBaTbh 3TOro, X0Ts
9TO U He TPYAHO clesatb. /g SCHOCTH 3aMeHsis z Ha ¢, IoJyJaeM
napaMeTpUuecKHe ypaBHEHHS MPSMOU

r=ait+p, y=oast+ Pz, z=t.

[TepBble 1Be KOOpAHHATHI HayasbHOH TOUKK psiMoit My (S, B2, 0)
MOXKHO MOJIYUHTB, peliast cucteMy (26) npu 3HaueHuu z = 0.

M3 napameTpuuecKux ypaBHEHHH BHMIHO, YTO B 3TOM CJydae
HanpaBJIsIOLIKHH BEKTOp UMeeT KoopauHaThl (aq, ag, 1). Haiinem
ero KOMIIOHEHTHl B oOlleM Bule. Ec/iM cucTemMa KOOpAMHAT Je-
KapToBa MpsIMOYToJibHasi, BeKTOphl ¢ KomnoHeHtamu (A, B, C) u
(A1, B, C1) nepneHAHKYNSPHBl COOTBETCTBYIOIMM MJIOCKOCTSIM,
a MOTOMY MX BEKTOPHOe NPOH3BelleHHe NapaJijiebHO npsiMoi (26),
10 KOTOPOH MJIOCKOCTH MepeceKaroTcs. Beruucsisi BeKTOpHOE Mpo-
U3BejleHHe B OPTOHOPMHUPOBAHHOM 0asuce, Mbl M0JydaeM KOMIIO-
HeHTbl HalpaBJsIoLLero BeKTopa:

‘ B C (32)
By G

c A
cy A

A B
A By |’

[Ipennoxenue 10. Bekmop ¢ komnonenmanu (32) ecmo
Hanpagasiougull 8ekmop npamotl ¢ ypasuenusmu (26), Kaxkosa
6vL Hu bbira dekapmosa cucmema KOOpOUHam.

JlokaszateabcTBo. CoOracHO MPENJIOKEHHIO O KaXAbIH
HEHYJIeBOH BEKTOpP, KOMIIOHEHTbl KOTOPOro (o, avg, (v3) YAOBJeE-
TBOPAIOT ypaBHeHH0 Aay + Bag + Cas = 0, napaJJeseH mioc-
KocTu ¢ ypaBHeHueM Az + By + Cz 4+ D = 0. Ecau, xpome ToTO,
OH YJOBJIETBOPSIET YPaBHEHHIO Aia; + Bias + Ciag = 0, TO
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OH TapaJijiesieH H BTOPOH MJIOCKOCTH, TO €CTb MOXKET OBbITb TPH-
HSAT 32 HAMpPaBJSIOUMHA BEKTOpP MpsiMoi. BekTop ¢ KoMmoHeHTaMu
(32) — HenyseBoél B cuiy HepaBeHcTBa (27). HemocpencTBeHHO
JIETKO TIPOBEPUTH, YTO €ro KOMIIOHEHTBI YAOBJETBOPSIIOT 000UM
HaMUCaHHBIM Bbillle YCjIoBHsIM. Tak, JieBasi yacTb IE€PBOr0 U3 HHUX
nocJie MOACTAHOBKH TPUHUMAET BH]L

B C
B1 Cl

c A
i Ay

A B
A By

)

d

—I—B’

rel

4YTO PaBHO AETEPMHUHAHTY TPETbEro NMopsAnaKa, UMEIIIEMY ABE OO~
HaKOBbl€ CTPOKH.
Ha sTom nokasaTesbCTBO 3aKaHUMBaeTCs.

YIIPA2KHEHU A

1. Hafinure napamerpuueckue ypaBHeHHUS MPSIMOH C ypaBHEHUSMHU

r+y+z=4, z—y+32=0.

2. Hatinute napamerprueckre ypaBHeHHUS MJIOCKOCTH * —2y+3z = 1.

3. Haiinure KoopanHaThl TOYKH MepecedyeHust MPSIMbIX C ypaBHEHHS-
Mz =1—t,y=1+t,z=1—tunec=3t—-1,y=2t—-2, z=1+1.
Kakoe sHaueHue mapameTpa COOTBETCTBYeT 3TOH TOUKe Ha KayKIOH M3
npsiMbix? Kak ycTaHOBHTB, UTO TpsiMble MepeceKaloTest, He HaXo[sl TOYKH
nepecevyeHusi?

4. Hanuimure ypaBHeHHs IJIOCKOCTH, B KOTOPOH JiexXaT MpsiMble
yIpaKHeHHs 3.

5. Hanuuure napameTpuyeckue ypaBHeHUs MPSIMbIX, 3a1aHHbBIX BeK-
TOPHBIMH ypaBHeHHsIMH, a) [r, a] = b, (a,b) = 0, a # 0.
6) (I‘7 1‘11) + D1 = 07 (I‘7 IIQ) +D2 = 0, [1’117 IIQ] 75 0.

B 3apaue (6) sierde nmosyuuTh pelleHHe NMPH yCJaoBHH (ny, ng) = 0.

§ 3. OCHOBHbBIE 3AAAYU O NPAMbBIX
U NNOCKOCTAX

1. YpaBHeHUe npsAMON, Hpoxoaslleil yepe3 IBe TOYKH.
[Iycte B mpocTpaHcTBe 3anaHa obmiasi neKapToBa CHCTEMa KOOp-
ouHat U aBe Touku My u My ¢ koopauHaramu (xy, yi, z1) H
(22, ya, z2). UroObl HamucaTh ypaBHeHHe npsiMoi My Ms nprmem

M, 3a HavaJbHYIO TOUKy, a M;Ms 3a HampaB/SIOIHAHA BEKTOP.
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DTOT BEKTOp He HYJeBOH, eCjid TOYKH He coBmagaioT. [To dhopmy-
Je (29) § 2 mMbl nosyyaem
T — I Yy—Un zZ—2

= = (1)

T2 —T1 Y2 — Y1 Z2 — 21

Ec/in B 3THX paBeHCTBax KakoH-u60 W3 3HAMeHaTesel paBeH Hy-
JII0, TO CJIEfyeT MPUPABHSATH HYJIIO COOTBETCTBYIOLIUH UHCIUTED.

B niannMerpun 3ajada peruaercsi Tak ke. OTIHYHe TOJBKO
B TOM, YTO KOOPAHHATHI TOUeK Tenepb (z1, y1) U (X2, Y2), U Mbl
nosyyaem mo ¢opmyse (8) § 2

r— I y—u
T2 —T1 Y2 — Y1

2. YpaBHeHUE MJIOCKOCTH, MPOXOAANIEed Yyepe3 TPU TOUKHU.
[Iyets M;, My u Ms — He Jjexallue Ha OIHOW NPSMOH TOUKH
¢ KoopauHatamu (z1, y1, z1), (T2, Y2, 22) ¥ (23, Y3, 23) B 00LIeH
JeKapTOBOH cHcTeMe KoopauHat. Boibepem M; B KadecTBe Ha-

. o
YyaJbHOH TO4YkH, a MMy u M;Ms B KayecTBe HanpasJsIOLINX
BekTopoB. Torna no dopmynam (13) § 2 u (12) § 5 ra. [ nonyua-
€M ypaBHEHHE TJIOCKOCTH

r— T Y=y =z
Ty—x1 Yo—y1 22—z | =0. (2)
I3 —T1 Ys — Y1 23— 21

3. ITapansneabHOCTh NPSAMON U MJIOCKOCTH. [lycTh M3BecTeH
HamnpaBJsoLIKH BeKTOp MpsiMoit a(ay, aa, a3), a IIIOCKOCTD 3aj1a-
Ha OJHUM M3 ypaBHeHHH (r —ro, n) = 0 umu (r —rg, p, q) = 0.
[Ipsimasi mapaJjiiesibHa MAOCKOCTH (a8 BO3MOXKHO, H JIEXKHT B Hei)
TOT@ W TOJBKO TOT[d, KOTAA COOTBETCTBeHHO (a, n) = 0 wuJu
(a, p, q) = 0. Ecoiu muiockocTh 3ajana JUHEHHBIM ypaBHEHUEM
Ax + By + Cz+ D = 0, To 1o npenjioxeHuto 5 § 2 ycjosue
napasJ/iesbHOCTH

Aay + Bas + Casz = 0. (3)
[IycTh mpsimas 3agaHa CUCTEMOH ypaBHeHUM

A1$+Bly—|—012+D1:0, A2.T+B2y+O2Z+D2:O.
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Torna mo mpensoxenuto 10 § 2 ycaosue (3) mepenuchiBaeTcsi B
BUJIE

B, i A Al B
A‘Bz Cs +B’CQ A +C’A2 By | =0
HJH
A B C
Al B] C1 :0 (4)
A2 BQ CQ

Jlerko IPOBEPUTDH, YTO BCE NMPUBEACHHBIE 31€Chb YCJIOBUA ABJA-
I0TCA HE TOJIBKO H€O6XOILI/IMI>IMI/I, HO W JOCTATOYHBLIMH. B vactHO-
CTH, U3 (opMynbl (4) cienyer, 4TO TPH MJIOCKOCTH NepeceKaloTcs
B OJHOH TOYKe TOrJa M TOJIbKO TOTJa, Korga Ko3((pHLHEeHTH HX
YPaBHEHHUH YIOBJIETBOPAIOT YCJIOBHIO

A B C
A, B O |#0. (5)
A2 BQ CQ

JleficTBUTENIBHO, 3TO HEPABEHCTBO O3HAuaeT, YTO MpsMasi, Mo Ko-
TOpOH nepeceKkaloTcsl ABe MJOCKOCTH, He MapaJiesbHa TpPeTbel.

Hy»kHo ckaszaTb, 4TO 3TO yCJ/OBHE ObIIO HAMH 10 CYIIECTBY
noJlyueHo B anredpandeckoil ¢opme B mpenjoxennd 8 § 5 . L.
Cefiyac Mbl CHOBa MpPHUIIJIM K HEMY HCXOAS M3 APYroil reoMeTpH-
YeCKOH MHTepnpeTaluy CUCTEMBl JIHHEHHbIX YpaBHEHHH.

4. IlonynpocrpanctBo. [lycTb nanbl niockocTb P U onpene-
JIEHHBIH ee HOpMaJ/bHbIH BeKTOp n. [loaynpocmparcmesom, omnpe-
nejsieMbiM P ¥ n, Ha3bIBaeTCs MHOXKECTBO TO‘-IG%T&KI/IX, 4TOo
JJ1S1 HEKOTOPO# Touku My Ha maockocTH BekTop MoM cocTasiisi-
eT ¢ n yroJ, He GosbIui /2.

Ecau r — paguyc Bektop Touku M, a rg — Touku My,
TO OIpefeseHHe TOJNYNPOCTPAaHCTBA 3KBHBAJEHTHO HEPAaBEHCTBY
(r —rg, n) > 0. DT0 HEPABEHCTBO U €CTb YpPABHEHUE NOAYNPO-
cmpancmea.

Hcnonb3ys 370, HETPYAHO NPOBEPUTD, UTO ONpefie/ieHHe MoJy-
NPOCTPaHCTBA He 3aBUCHT OT BbiOOpa Touku M. [lelicTBUTEIbHO,
ecan Mi(ry) — mpyrasi Touka MJIOCKOCTH, TO BEKTOp & = Iy — Iy
JIEXKUT B MJIOCKOCTH, MEPIEHIUKY/SPEH N, U Mbl HMeeM

(r—ry,n)=(r—rp—a,n)=(r—rg,n).
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M5l nonlyurnM ypaBHeHHe N0JyNPOCTPaHCTBA B KOOPAHMHATHON
(opme, ecJi BCIIOMHHUM, YTO COTJIACHO TpeaJsoxkeHHo 3 § 2 Boipa-
)KeHue (r —ro, n) B KOOPAWHATAX 3aMHCbIBAETCS JHHEAHBIM MHO-
rousieHoM Ax + By + Cz+ D. HUtak, noaynpocTpaHcTBO B IeKap-
TOBOH CHCTeMe KOOpJAHHAT 3aJaeTcsl JIMHEeHHBIM HepaBEeHCTBOM

Axr+By+Cz+ D > 0.

O6patHo, /M060e TaKoe HepaBEHCTBO MOXKHO 3amKcaTh Kak (r—ro,
n) > 0, oTKyIa cpasy BHIHO, YTO OHO 3a[aeT MOJYNPOCTPAHCTBO.

[lnockocTs P M BEeKTOp n; = —n 3aJalT Opyroe ImoJy-
MPOCTPAHCTBO C ypaBHeHHeM (r — rg,ny) > 0 uau (r — ro,
n) < 0. Ero HasoBeM <ompuyamenvHvim>, B OTJIHYHE OT
<NOAONHCUMEALHO20> TIONYTIPOCTPaHCTBa (r — ro, n) > 0. OnHa-
KO TaKoe HauMeHOBaHHEe YCJIOBHO — OHO OIpeJesisieTCsi BIOOpOM
BeKTOpa n. VM3aMeHeHUe HAMpaBJeHUs TOTO BEKTOPa PABHOCHJbHO
YMHOXEHHUI0 ypaBHeH#ust m1ockocTH Ha (—1). [Ipu atom <mosioxu-
TeJIbHOE> TOJIYIIPOCTPAHCTBO CTAHOBUTCS <OTPULATEJBHBIM> H
Ha000poT.

Bor, onHako, (akxT, He 3aBUCAUIME OT BbIGOpa HampaBJeHUS
HOpMaJsibHOro BekTopa: eciu My (x1, y1, 21) U Ma(xa, Yo, 22) OBe
TOYKH, He JiexKalllde B IMJIOCKOCTH, TO Pe3yJbTaTbl MOACTAHOBKH
UX KOOPAMHAT B JIEBYIO YaCTh ypaBHEHHS TJIOCKOCTH Axy + By +
+Cz+ D u Axy + Bys + Czy + D UMeOT OIMH 3HAK TOTA U
TOJIBKO TOTJA, KOTJA TOYKH JIeXKAT B OMHOM IOJYIPOCTPAHCTBE.

B § 5 rai. I npu o6cyxIeHHN MOHATHS OPHEHTALUH MJIOCKOCTH
Mbl OTM€YaJid, 4TO 3aJaHHe OPHEeHTAlMU MJIOCKOCTH B OPHEHTHPO-
BAHHOM IMPOCTPAHCTBE PABHOCHUJILHO BbIEJEHHIO OJHOIO M3 TOJY-
MPOCTPAHCTB, ONpeJessieMblX MJIOCKOCTbIO. 3/1eCh Mbl BUIHUM, UTO
BLIOOP OIHOTO M3 YPaBHEHHH MJOCKOCTH BBIIEJSET OTHO, <I0JIO-
JKUTEJIbHOE>, TIONYNPOCTPAHCTBO U TEM CaMbIM OIpefessieT OpH-
€HTAlUIO MJIOCKOCTH.

Jlnsi pelieHusi 3amad OblBaeT T0JIE3HO CJeylolllee 3aMeua-
Hue: ecau touka Mo(xo, Yo, Z0) J€KHUT Ha MJIOCKOCTH, TO TOUKA
¢ KoopaMHatamu zg + A, yo + B, 2o + C JNeXUT B <M0JOXKH-
TeJIbHOM>> ToJynpocTpaHcTBe. MHaue roopsi, BekTop p(A, B, C)
HarnpaeJieH B <IOJOXKUTEJbHOE> TOJNYNPOCTPAHCTBO. DTO JIETKO
MpOBepsieTCst MOACTAHOBKOH.



§ 3. OcHosHble 3a0a4u O NPAMbIX U NAOCKOCMAX 79

BriosiHe aHaJOrMYHO CKasaHHOMY
0 TOJIYIPOCTPAHCTBAX MBI MOXKEM
OTpEeNe/IUTh, UTO TaKOe MOJyIJIoc-
KOCTb, U JI0Ka3aTh, UTO HEPABEHCTBO
Az + By + C > 0, cBssbiBalollee fe-
KapTOBbI KOOPIMHATHI TOUKH Ha MJ0C-
KOCTH, OINPEIEJISIeT MOJYIJIOCKOCTb.
Bropast mosyniockocTb, orpaHHuYeH-
Has npsimo#t Az + By + C = 0, 3ana-
ercsi HepaBeHcTBOM Az + By+C' < 0. Puc. 21.

Touku Mi(z1, y1) 1 Ma(x2, yo)
JIEXKAT TI0 OHY CTOPOHY OT MPSIMOH TOTAA M TOJBKO TOTAA, KOTAA
(Aa:l + By, + C)(Al‘g + By + C) > 0.

5. PaccTosiHMe OT TOYKH [0 IJIOCKOCTH. [lycTh maHa mJoc-
KOCTb ¢ ypaBHeHHeM (r — rg,n) = 0 u Touka M c paauyc-

BekTopoM R. Paccmorpum Bektop MoM = R — rg, coenunsio-
K HavaJbHYI0 TOUKy maockocTu ¢ M (puc. 21). Paccrosinue oT
TOYKH [0 MJOCKOCTH PABHO MOAYJIIO €ro CKaJspHOH NPOeKLHH Ha

BEKTOp 1, TO €CThb
R—rp,n
|
Ecau B nekapToBOH NpsMOYroJbHOH cUcTeMe KOOpPAHHAT TOYKa
M umeer koopauHatsl (X, Y, Z), To paBeHcTBO (8) 3amuiiercs

corJlacHoO npeasiokenusm 3 U 4 § 2 rtax

_ |AX + BY + CZ + D)
A2y BTy C?

6. PaccTogHue oT TOYKM 0 mpsiMoi. Ecgu npsimas 3agaHa
ypaBHeHHeM [r — rp, a] = 0, TO Mbl MOXKEM HaHTH paccTosiHHe h
oT Touku M c paguyc-ekTopoM R 10 3ToH mpsmo#, pasaenus
IJIolalb NapaJJjiesnorpaMma, lIoCTPOEHHOro Ha BekTopax R —rg u
a Ha [JIMHY ero ocHoBaHus (puc. 22). PesysnbraT MOXKHO 3amucarh
thopmy.ioi

h

(7)

R —rg, a
y IR o, &l .
||
Jlns mpsiMOi B IPOCTPaHCTBE Mbl He OyaeM MoJydaTb KOOpAWHAT-
HOH 3aMMCH 3TOTO BbIpaXKEHMUS.
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PaccmoTpuM mpsiMyto Ha MJI0CKO-
CTH, 3aJaHHYI ypaBHeHHeM Ax +
+By + C = 0 B pexapToBo#
NPSIMOYTOJIBHOH CHCTeMe KOOpIAMHAT.
[Tyets Mo (o, yo) — HayasnbHask TOU-
Ka mpsmoil, a M(X,Y) — Heko-
TOopasi TOYKa IJIOCKOCTH. B Kaue-
CTBE HalpaBJIsIOLIEr0 BEKTOpPa BO3b-
mem BekTop a(—B, A). U3 dopmy-
ael (24) § 5 ri. 1 caemyer, uto
IJIoLaAb TapaJsjejorpaMMa paBHa
§ = (X — 20)A - (Y — yo) (= B)|.
Ho —Al‘o—ByO:CI/I S = |AX—|—
+ BY + C|. CrenoBareJbHo,

_ |AX + BY 4 (|
JEIB

Jlerko 3aMeTHTb TakxKe, YTO HJisl HAXOXKAEHHUS PACCTOSTHUS OT
TOYKH JI0 TIPSIMOH Ha MJIOCKOCTH MOXKHO BOCIOJIb30BAThCS PacCy k-
JeHMeM, TPUMeHeHHBIM TP BbIBofie (opmynsl (6). [lomyuenHoe
HaMHu paBeHCTBO (9) — KoopauHaTHast 3anuch Gopmy.bl (6) B me-
KapToBOH MpsSIMOYTOJIbHOH cHcTeMe KoopauHart, ecau n(A, B) —
HOpMaJsIbHBIH BEKTOp MpsIMOH ¢ KoopauHatamu (A, B).

7. PaccrosgsHme MekAy CKPEIUBAIOIUMUCS TNPIMBIMH.
[lycth mpsiMble p W ¢ He mapaJJesbHbl. M3BecTHO, 4TO B 3TOM
clydae CYILIECTBYIOT TaKue MapasiesbHble IOCKOCTH P U @, 4To
npsiMasi p Jexut B P, a npsamas ¢ JexuT B (. (Ecau ypas-
HEeHUS NpAMBIX I' = ] + a;t U T = ry + ast, TO MJIOCKOCTb P
UMeeT HauyaJbHYI0 TOYKY I'y W HANpaBJsIOLIMe BEKTOPbl a3 H ag.
AHaJMOTHUHO CTPOUTCS MJIOCKOCTD ().)

Paccrosinue h mexay P u () Ha3blBaeTCsl pacCmosHUeM MednHc-
Oy npamowmu p u q. Eciv p u ¢ nepecekatoresi, To P 1 () coBmna-
naot u h = 0.

Ilast Toro, 4yToGbl HaHTHU pacCTOsiHHe h, MPOLe BCEro pasie-
JUTb 00BEM MapaJJesennrena, MOCTPOEHHOr0 Ha BEKTOPax Iy —
—ry, a; U ag, Ha TJIOLIAAb ero OCHOBaHHUs (puc. 23). Mel nosy-
4uMm

h 9)
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‘(1‘2 — Iy, ap, a2)|

h =
a1, az]|

3HameHaTe b 3TOH Ipo6U OT-

JIMUEH OT HYJsl, MOCKOJbKY

npsiMble He TapaJijie/bHBI.
[Ipennoxenue l. Ilpsa- Puc. 23.

Mble AUHUL C YPABHEHUIMU

r=r; +ait ur =ro+ ast

nepecekaromcs moeda u moavko moeda, koeda h =0, mo ecmo

(r2 — I, a, a2) - O, [al, a2] 7& 0.

8. Boiuncinenue yriaoB. UroObl HAaHTH yroJ MexKIy ABYMS
MPSIMBIMH, CJIeLyeT HaHTH MX HaINpaBJsioOllde BEKTOPbl U BBIUHC-
JIUTb KOCUHYC yTIJ1a MeXAy HUMH, UCII0/b3Ys CKalspHOe Mpon3Be-
nenue. [Ipy 3TOM csenyeT MMeTh B BUAY, YTO H3MEHHB HalpasJe-
HHMEe OIHOTO M3 BEKTOPOB, Mbl MOJYUHM KOCHHYC CMEXHOro yIJja.

JIns HaXOXKAEHHUS yT/a MeXAY TMPSIMOH M MJOCKOCTBIO OTpe-
JeNsIoT yroa 6 MexKIy HarpaBJsOIUM BEKTOPOM MPSIMOH U HOP-
MaJIbHbIM BEKTOPOM IIJIOCKOCTH. EC/IM BEKTOPBI BHIOPATh Tak, 4To-
66l cosf > 0, 1 B3aTh 0 < 6 < 7/2, TO HCKOMBIEl YTrOJ IOMOJIHSET
0 no w/2.

YroJs MexAy MJIOCKOCTSAMH HaxomfT Kak yroJ MexAy UX HOp-
MaJIbHBIMH BEKTOPaMH.

[Tose3na GbiBaeT hopMysa AJs yria MeXAy NPSMBIMH JIHHU-
MW Ha MJIOCKOCTH, 3alaHHBIMM ypaBHEHUAMU y = kix + by H
Yy = kox + by B I€KapTOBOH MPSIMOYTOJIBHOH CHCTEMe KOOpIHMHAT.
O603HaYMM 4Yepe3  yros MexIy NPSIMbIMH, OTCUHTHIBAEMBIH OT
nepBoil MPsSMOH KO BTOPOH B TOM e HalpaB/eHHH, B KOTOPOM
MPOM3BOAUTCH KpaTyallIMi MOBOPOT OT MepBOro 6asMCHOro Bek-
Topa Ko BTopomy. Toraa tg ¢ MOXKHO HaHTH KaK TaHTeHC Pa3HOCTH
YIJIOB, KOTOPBIE MPSIMblE COCTABJSIOT C OCbI0 abciuce (pHc. 24).
Tak Kak TaHTEHCH 3THX YIVIOB PaBHBI YIJIOBBIM KO3((HUIHEHTaM
NPSIMBIX, MBI [I0J1y4aeM

ko — ky

_ e 1
1+ k1ko (19

tg o
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a
|
ez P rp [a;,az]
o1 /N a,
i 74 e, (o)
Puc. 24. Puc. 25.

KoneuHo, 3Ta Qopmy/na He MMeeT CMbIC/Ja, KOTAAa 3HaMeHaTeJb
npobu obpaiiaercs B HOMb. B aToM ciydae mpsiMble MepreHANKY-
JspHbl. JlefCTBUTENBHO, COTIACHO MpeloKeHHIo 1 § 2 BekTOpHI

¢ kommnoneHtamu (1, k1) u (1, ko) — HampaBJsifOLME BEKTOPHI
MPSIMBIX, M UX CKa/sipHOe Mpou3BeneHHe paBHO 1+ kiks. Mel mo-
JYUYUIH

[Ipennoxenue 2. /las nepneHOUKYALpHOCMU NPAMbBLY C
yerosoimu Koagpuyuenmamu ki u ko 8 dexapmosoii npamo-
yeoavHoU cucmeme Koopouram Heobx00umo u 00CcmamouHo 8bi-
noarnenue pasencmsa 1+ kike = 0.

9. HekoTopbie 3agaun Ha mocTpoeHue. a) [lepnendukyrsp
u3 mouku Ha naockocmo. [lpoexyus mouxku. Ecau (r —rp, n) =
= (0 — ypaBHeHHe IJIOCKOCTH, W JaHa Touka M ¢ pajauyc-
BekTOpoM R, To npsimasi ¢ ypaBHeHHeM r = R+¢n mpoxonut uepes
M ¥ neprneHIUKYJsipHA MJIOCKOCTU. Pelllasi COBMECTHO ypaBHEHHUS
npsIMOM U TIJIOCKOCTH, HalieM OpTOroHajbHYIO mpoekuuio M Ha
miockocTb. M3 (R —rp + ¢n, n) = 0 HaxoauM ¢ U MOACTaBJsiEM B
ypaBHeHHe TPIMOH. Mbl MOJyUYHM pagryc-BEKTOP MPOEKIHH

OGpaTtuTe BHHMaHHe Ha CTPYKTYpPy 3TOH (DOPMYJBI: H3 paguyc-
BekTopa R BhluHTaeTcs mpoekins R —ry Ha HOpMaJibHBIH BEKTOP
MI0CKOCTH. M3 3THX co0OpakeHHH MOXKHO OBbIJIO MOJYUHTh OTBET.

6) [lepnendukyarap us mouku Ha npamyr. [lycTe npsMas 3a-
IaHa ypaBHeHHeM [r — rg, a] = 0, ¥ naHa Touka M c paauyc-
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BekTopoM R. Bektop p = [R — rg, a] neprneHauKy/speH mjoc-
KOCTH, NPOXOAsilliedl uepe3 npsimyto u Touky M. Eciu Touka He
JIEXKUT Ha NpsiMo#, To p # 0, u BexkTop [a, p] = [a, [R — ry, a]
TaK)Ke HEHYJeBOH M TNeprneHAuKyaspeH a U p. CrenoBaTesbHO,
OH JIEXXUT B YKa3aHHOH IJIOCKOCTH W MepreHIUKY/ISpeH MpPsSMOH.
Hrak, mosydyeHo ypaBHeHHe

r=R+t[a, [R—rg, a]

NepreHanKyAsapa, ONyLUIeHHOr0 U3 TOYKH M Ha 3ajaHHYI Mps-
MYIO.

[MpuMeHHB (OPMYNY JBOKHOrO BEKTOPHOTO MPOU3BEIEHHUS, BbI
3aMeTHTe, uTo [a, p] KOJJIHHeapeH pasHoCTH BekKTopa R—r( 1 ero
MPOEKIMH Ha BEKTOp a. 3ajauy MOXKHO ObLJIO PElInTb, 3aMEeTHB
5TO CBOKCTBO HAMpPABJSIOLIEr0 BEKTOPA MEPMEHAHKYIIAPA.

B) ¥YpasHenue npoexyuu npamoti Ha niockocme. Ero npocro
MOJIYUHTh, €CJIH He TPeOyeTCsl HAXOAUTh HATPABJSIOIHHA BEKTOD H
HauaspHyto TouKy. [TycTh 3aaHHasi MIOCKOCTh HMEET ypaBHEHHE
(r,n) + D = 0, a npsimMasi — ypaBHeHHe [r — r(, a] = 0, npudem
[a, n] # 0. Torga miockocthb (r — rg, a, n) = 0 NPOXOAUT Yepe3
NpSMYIO TIepPreHANKYAAPHO 3aJaHHON mIockocTH. TakuM 06pazoM,
MPOEKIHsl MPSIMOHA MOXKeT ObITh 3afaHa CHUCTEMOH M3 JBYX ypaB-
HeHu#l: (r —rp, a,n) =0, (r,n) +D =0.

Hanpasasiiomu#l BekTop npoekuuu b — npoekuus a Ha mjoc-
kocTb. OHa MoJiydaeTcsi U3 a BBIUMTAHHEM M3 HErO ero MpoeKIHH
Ha HOpMaJib:

(a, n)
b=a ]
3a HauaJbHYH TOUKY MOXKET ObITh MPHHSITA TOUKA MepecedyeHwust
MPOEKTHPYEMOH MPSAMOH ¢ MJIOCKOCTBIO, €CJU OHa CYIIECTBYeT,
WJIH K€ MPOEKIHsS HauaJbHOH TOYKH TPSMOM.

r) Obujuti nepneHouKysap K 08ym CKpeuiuB8arouumMcs nps-
moim. TIycTh TMpsIMblE ¢ YPABHEHUSIME T = T1 +ta; U T = ry + tag
He mapaJjiyiesibHbl, TO ecTh [aj, az] # 0. Bektop p = [a1, ag] nep-
MeHAUKYAsipeH 06euM nmpsiMmbiM. CJlel0BaTENbHO, MJIO0CKOCTh

(r—ry, ay, [ag, ag]) =0 (11)
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TNPOXOJIUT Uepe3 MepBYIo NMPSMYI0 M 0OLIKE NMepHeHAuKYJIp K 00e-
UM TIpSIMBIM (pHc. 25), a MI0CKOCTh

(r—ry, az, [a3, a3]) =0 (12)

— Yepe3 BTOPYIO NPsIMYI0 U 0OUMH neprieHANKyAsp. [loaTomy 06-
IKH MeprneHANKYJISp MOXKHO 3alaTh cUCTeMOH ypaBHeHHi (11),
(12). Urobbl HaliTH €ro HayaJbHYI0 TOYKY, MOXHO PELIUTb COB-
MEeCTHO ypaBHeHHe TepBo# npsiMoii u miockocty (12). Hanpasis-
IOIMH BEKTOp — [a1, as].

10. IIyuyok mpsmMbIX. [lyuxom npamoelx HA TIOCKOCTH Ha3bl-
BaeTCsi MHOXKECTBO MPSMBIX, MPOXOASIIUX Yepe3 PUKCHPOBAHHYIO
TOYKYy — uewmp nyuxka. Ilyctsb

Ax+Biy+Ci =0 u  Asx+By+Co=0 (13)

— YpaBHEHUSA OBYX MNPAMBIX, IPUHAAJIEKAUIUX TTYUKY. TOF}la ypasB-
HEHHe

a(Arx + By + C1) + B(Axz + Boy + Co) =0 (14)

npu yeaoBuu o + 32 # () Ha3bIBaeTCS ypasHenuem nyuKa nps-
motx. OCHOBaHHEM [JIs1 3TOTO CJIYXKHUT

lpennoxenue 3. [Tpu aroborx a u B (a®+p% # 0) ypasre-
Hue (14) onpedeasiem npamyro AUHUIO, NPUHAOACHCAULYIO NYUKY.
Obpammo, ypasrerue Kaxdoil npamoii 8 nyuke npedcmasumo 8
sude (14).

YpaBHenue (14) moxkeT He OBIT ypaBHEHHEM IPSIMOH JHHHH,
ecad B HeM KO3(D(MHLHMEHTH! NPH MEPEMEHHBIX & W Y PaBHbI HYy-
Jo. JlokaxkeM, 4TO OTHOBpeMeHHO 06a Ko3(h(HLHEeHTa paBHBl HY-
Jo ObTb He MoryT. [Ipsimble (13), mopoxparoiine My4yox, UMeOT
HamnpaBJsiollie BeKTopsl a;(—B1, A1) U as(—Ba, A2). Koadpdu-
[IMEHTHl NIPY NepeMeHHBIX B ypaBHeHUH (14) paBHBl ad; + A2 1
aB1+[Bs. PaccmoTpuM BekTOp a ¢ KoopauHataMu —(aB1+5Bs)
U oAy + BAs. OueBuaHO, uTo a = aaj + fas. Tak Kak mpsMble
He MapasijiesibHbl, a1 U &z He KOJJIMHEeapHBI, a CJe0BATeNbHO MPH
a? + 32 # 0 BexkTop a He paBeH HyJI0. Ero KoopauMHaThl Ofi-
HOBPEMEHHO He paBHbl HY/WO, U ypaBHeHHe (14) meHcTBHTENBHO
ompefessieT MPSIMYIO JIMHHIO.
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[Tyets My(zo, yo) — uentp myuka. [lo ycsoBuio
Ayxg+ Biyo+C1 =0, Asxg+ Bayg+ Cy =0,

TO ecTb 00e CKOOKH B ypaBHeHuH (14) obpaiaiorcss B HYJb B
Touke My, U npsiMasi IPOXOAUT Uepe3 LEeHTP MyuKa.

JlokakeM BTOpYI0 4acTb mpeanoxkenus. [lycts Az + By+C =
= 0 — ypaBHeHHe NpsiMO#, MpUHaAJexaled nydky. Ee Hanpas-
Jstiotnil BekTop a(A, B) packJaibiBaercs B JIMHEHHYIO KOMOHHA-
M0 a = aa) + 3ay HEKOJJIMHEapHbIX BEKTOPOB a1 U ag (mpuuem
a?+ 3% # 0, Tak kak a # 0). PaccmoTpum ypasnenue (14) ¢ Temu
Ke caMbIMH Koa(dduuueHtamu « U 5. OHO omnpefeJisieT NpsMy!o,
KOTopas napaJl/ie/ibHa IaHHOH NpPsSMON U UMeeT ¢ Hell 0OLLYI0 TOY-
Ky — ueHTp nyuka. Takum o6pa3om, paccMaTpHBaeMoe ypaBHeHHe
Buzna (14) u ypasnenue Ax + By + C' = 0 onpenessioT ofHy H Ty
Ke TPAMYI0. DTO 3aKaHUMBAET [0KAa3aTeNbCTBO.

3ametuM, uTo Kaxas napa uucena a u 3 (a?+ 3% # 0), onpe-
IeJISIeT B MyYKe eMHCTBEHHYIO MPSMY0, HO KaXK10E IPSIMO# COOT-
BETCTBYIOT GECKOHEUHO MHOTO MPOMOPLHOHANBHBIX MEXIY COGOM
nap 4ucel.

Ec/in HaM M3BECTHBI KOOPAMHATHI LIEHTPA My4YKa, TO YpABHEHHE
My4yka MOXHO HAMHCaTb B BHIE

a(r —xo) + B(y —yo) =0,

MOJIO’KMB, UTO TYYOK ONpefessieTcsi NpsMbIMU & — xg = 0 U y —
— 1o = 0. Bripouem, u 6e3 Toro o4eBHUAHO, YTO 3TO — ypaBHEHHe
NPOU3BOJIbHOHN MpSAMOH, npoxoasiieit yuepe3 M.

[locmoTprM Ha ypaBHeHHMe MydKa MpSMbIX C HeCKOJbKO GoJsiee
obmeft Toukn sperus. Cucremy (13) u3 ypaBHeHHH NPSIMEIX, OTIpe-
JeJSIOUUX MyYOK, MOKHO pacCMaTpPUBaTh Kak ypaBHEHHe LEeHTpa
nyudka. [losToMy ypaBHeHHe KaxKIOH NPSIMOH MydKa ecTb CJel-
cTBHE 3TOH cucTeMbl. Temepb Hall pe3y/bTaT MOXKHO C(HOPMYJH-
poBaTh Tak:

[Ipennoxenue 4. Ecau cucmema AUHEUHbIX YpaBHEHUL
umeem peulerue, mo HeKomopoe AUHeUHoe YypasHerue 18A3emca
ee caedcmeuem moeda u moavbKo moeda, K020a OHO ecmob CYMma
YPABHEHULL CUCMeMbl, YMHONEHHBLY HA KAKUe-MO YUCAQ.
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Mbl noxasanu 3To npeisioKeHue A5 4aCTHOTO c/1ydasi CUCTEM
U3 IBYX YPaBHEHHH C IBYMs HEM3BeCTHBIMM. B 00lieM BuIe OHO
BBITEKAET M3 Pe3yJbTaToB M. V 0 CHCTeMax JHMHEHHBIX ypaBHe-
HUH. JIpyrUMH reoMeTpUYeCcKUMH HHTEPIpeTaluusMy 3TOrO Mpel-
JIO?KEHUS SBJASAIOTCA NYYKH U CBA3KH MJIOCKOCTEH.

Ilyukom naockocmeil Has3blBae€TCs MHOXECTBO IJIOCKOCTEH,
NPOXOAALIMX Uepe3 PUKCHPOBAHHYIO NPSAMYI0 — 0Cb nyuKa. Ypas-
HeHHe My4YKa MJI0CKOCTEH HMeeT BUIL

a(A1z + Bry + Ciz+ D1) + B(Asx + Bay + Coz + Do) =0,

rae o+ 3% # 0, a B cKoGKax CTOSAT JIeBble YacTH ypaBHEHHH IBYX
pa3JIMYHBIX MJIOCKOCTEH MydKa.

Cssa3koll naockocmeli Ha3bIBA€TCS MHOMKECTBO [IJIOCKOCTEH,
MPOXOASIIINX uepe3 (DUKCHPOBAHHYIO TOUKY — UEHMpP CBA3KU.
YpaBHEHME CBA3KH IJIOCKOCTEH HMeeT BUJ

a(Ar1x 4+ Bry + Ciz+ Dy) + B(A2x + Bay + Caz + Do)+
+v(Asz + B3y + C3z + D3) = 0,

rae a® + 32 ++2% # 0, a B ckoBKaxX CTOSIT JieBble YacTH yPaBHEeHME
MJIOCKOCTEH CBA3KH, HMEOIINX HEeHTP CBOEH eTUHCTBEHHOH 0011eH
TOYKOH.

[IpenocTaBuM 4YUTaTeNI0 CAMOCTOSITEJNBHO BBIBECTH 3TH YpaB-
HEHMSsI, eCJIM OH IOXKeJaeT.

11. O reoMeTpUYeCKOM CMbICJIE MOPSIAKA aaredpandecKoi
auanu. JlycTb Ha muockocTH naHa afdredpavueckas JUHUSA L,
uMerollasi B 1€KapTOBOM CUCTeMe KOOpPAHUHAT ypaBHeHHe

APyl o Agaheyt = 0. (15)

PaccMoTpuM MpoH3BOMBHYIO MPSAMYIO C apaMeTpUYeCKHMH ypaB-
HEHUSIMH

r=x0+ait, y=yo+ ast, (16)

U HaiineM TOYKH nepeceueHuss L u mpsimod nuHud. OHU GymyT
U3BECTHbI, €CJIH Mbl HalleM COOTBETCTBYIOLIME UM 3HAUeHHs Ma-
pamerpa t. dto OyayT Te 3HAUEHWs, NPH KOTOPBIX = W Y, BHI-
paxkeHHble 1o (opmysaam (16), ynoBneTBopsitoT ypaBHeHHw0 (19).



§ 3. OcHosHble 3a0a4u O NPAMbIX U NAOCKOCMAX 87

[Topcrasum (16) B (15):

Aq(zo + art)® (yo + ast) + ...
ot Ag(mo + art) e (yo + ast)' = 0. (17)

PackpbiBast CKOOKH B KaXJOM 4YJieHe, Mbl TOJYYHUM MHOTOUJIEHBI
OTHOCHUTeJIbHO t cTeneHed ki + l1,...,ks + [s. UX cymma Gymet
MHOTOUJIEHOM, CTelleHb KOTOPOr'o He BhbIle, YeM MaKCHMaJjbHas U3
creneHedt ciaraembix. Ho MmakcuManbHoe us uuces ki+lq, ..., ks+
+ls — 310 nopsinok JuHuu L. [Toatomy cTenenpb ypaBHenus (17)
He TPEBOCXONUT MOPSAKA JHHHH.

MoxeT, KOHEUHO, CJAYUYHUTHCS, UTO BCe KOI(D(UUIMUEHTHl 3TOr0
ypaBHEHUS PaBHbI HYJIO, U OHO MPEACTaBJsSET COOOH TOXKAECTBO.
Ecau HCKJIOYUTD 3TOT CJydail, UACAO KOPHEH ypaBHEHHS H, cJe-
J0BaTeJ/bHO, TOUEK NepeceyeHns He TPeBOCXOIUT MOPSAAKA JUHUH.
Mbl nokasanu

[Ipennoxenue 5. Yucro mouek nepeceuenus arcebpau-
YecKoU AUHUU C NPAMOL, KOMOPAS HA Hell He AeHCUM UEeAUKOM,
He npesocxodum nopaoKka AUHUL.

CylecTBYIOT JIMHWH, KOTOpble HU C ONHOH IpSMOH He HMe-
I0T B IPUHLIMIIE BO3MOXKHOTO YMCJ/Ia TOUYEK MepeceueHus, paBHOTO
TOPSIAKY JIMHHUH.

[Ipumep 1. Taxo# nuHUel siBJAsETCS JMHHS 4eTBEPTOro IO-
panka (z2+y%)?—1 = 0. Haiizem ee nepeceuenue ¢ ocbio aGeuuce
y = 0. YpasHenue z* = 1 WMeeT 1Ba BelleCTBEHHBIX KOpPHs 1 U
—1, ¥ JBa KOMIJIEKCHBIX ¢ ¥ —i. COOTBETCTBEHHO MbI MOJyYa-
eM 1Be Toukd nepecedenus (1, 0) u (—1, 0). [Ipu atom rosopsr,
4TO eCThb YeTHIPe TOUKU TepecedeHws, ABe U3 KOTophix (i, 0) u
(=7, 0) — «MHHMBIe».

[pumep 2. Jlunus x°+y? = 0 conepXXUT BCEro ofHy TOUKY.
Ee nepeceuenue ¢ npsimMoil y = 0 onpenensercs ypaBHeHHeM 22 =
= 0, KOTOpoe HMeeT KpaTHbIH KopeHb. [IoaTOMYy TOUKY nepeceye-
HHS CUMTAKOT KPaTHOM.

[Tpumep 3. Jlunusa xy = 1 He uMmeeT ¢ npsMol y = 0 paxe
MHHMBIX OOLIMX TOUYeK. B TakuX cjydasx roBOpAT 0 «OeCKOHEYHO
yIaleHHbIX» 0OLIUX TOYKaX.

Ecau ucrnosnb3oBaTh Takyl TEPMHHOJIOTHIO, TO MOXKHO CKa-
3aTh, YTO YHCJIO TOYEK IepeceyeHUsl anreGpandyeckod JMHUH



88 Tasa Il TIpsamoie Aunui u NAOCKOCTMLU

C TpsSMOH, KOTOpas Ha Hell He JIEKHT LEJMKOM, BCErJa PaBHO
TOPSIIKY JIMHUH.

[Tpumep 4. Apxumedosa cnuparb — JUHHS C ypaBHEHHEM
T = ay B TNOJSPHOH CHCTEME KOOPAMHAT — IepeceKkaeT KaKIyko
TNpSMYI0, MPOXOASALLYI0 Yepe3 MOJIOC, B 66CKOHEUHOM YHCJIe TOYEK.
CrnenoBare/ibHO, OHa He sBJsieTcs anreGpandyeckol JHHHUEH.

YIIPA2KHEHHNA

1. B nekapToBo# MpsiMOYTOJIbHOH CHCTeMEe KOOPAMHAT AaHbl KOOPIH-
HaTBl BeplIMH TpeyrombHuKa: A(20, —15), B(—16, 0) u C(—8, 6). Haii-
JMTe KOOPAMHATHI LEHTPa U PAAHYyC OKPYKHOCTH, BIIUCAHHON B TPEYTOJlb-
HHUK.

2. Hayano xoopiuHAT JIEXXUT B OLHOM M3 yIJIOB, 00pPa30BaHHBIX MNpsi-
MbIMH ¢ ypaBHeHUAMH A1z + Biy +C1 =01 Asx + Boy+C2 =08
J€KapTOBOH MPSMOYTrOJIbHOH cHUCcTeMe KoopauHAT. I1py KakoM HeoOXomu-
MOM M JOCTAaTOYHOM YCJOBHM Ha KO3(D(HULHEHTbl ypaBHEHHH 3TOT yroJ
OCTPBIN?

3. CocraBbTe ypaBHEHHe TNpPSIMOH, MPOXOAsLIEH uepe3 Hauajlo Koop-
JIUHAT U NepeceKarollell nNpsMble ¢ ypaBHeHHUsIMU © = 14 2¢, y = 2 + 3¢,
z=—tunax=4t, y=5—>5t, z =3+ 2t.

4. B 1ekapToBOl NPsAMOYTOJIBHOH CHUCTeMe KOOPAMHAT HahaHuTe KOOp-
IMHATHl LEeHTpa U paguyc chepsl, npoxoasiieit yeped Touky A(0, 1, 0)
M Kacamllelcs IMI0CKOCTeH ¢ ypaBHeHHsSIMM  +y = 0, x —y = 0 u
r+y+4z=0.

5. B nekapToBOil MpsSIMOYrO/IbHOE CHCTeMe KOOPAMHAT HaHbl KOOp-
IuHATHl BepwinH TpeyroabHuka A(1, 2, 3), B(1, 5, —1) u C(5, 3, —5).
Hafinure KoopavHaThl LEHTPA OKPY2KHOCTH, OMHMCAHHOH OKOJIO TPeyTroJb-
HHKA.

6. Hanuuure ypaBHeHUsl NpsSMOH, KOTOpasi NapaJjJesbHa MpsSMol r =
= ro + agl U TepeceKkaer mpsMble r = r1 + ait ¥ r = ro + ast. Jlano,
4TO BEKTOPHl &p, &1 M A2 HEe KOMIJIAHAPHBI.
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JIMHUA U NOBEPXHOCTMH
BTOPOIoO NOPAAKA

§ 1. UCCNIEQOBAHMUE YPABHEHMS
BTOPOro noPAAKA

B ofuieii nexapToBoil cucTeMe KOOPAMHAT JIMHHS BTOPOTO IO-
pAlKa MOXKeT ObITh 3alaHa ypaBHeHHeM !

Az? + 2Bxy + Cy*> + 2Dz + 2By + F =0, (1)

B KOTOpPOM Ko3(pduuuentel A, B 1 C' He paBHbl HYJIIO OfHOBpe-
MeHHO. MccrenyeM MHOXKeCTBO TOUEK, KOTOpbIe €My YIOBJIETBO-
pSIOT, He MpeArnoJsiarasi 3apaHee, 4TO XOTb OfHA Takas TOUKa Cy-
miectByeT. C 3TOi LeJbl0 Mbl GyIeM MeHSITb CUCTEMY KOODAHWHAT
TaK, 4TOOBl ypaBHEHUE CTaJI0 BO3MOXKHO rnpolle. C caMoro HavaJga
MOXKHO CYMTATh CUCTEMY KOODAMHAT JeKapTOBOH MpPSMOYTOJbHOH,
TaK Kak TpH Mepexofe K MPsSMOYTOJbHOH CHCTeMe KOOpAHHAT 00-
Ui BUA ypaBHeHUs (1) He U3MeHHUTCS.

IIpu noBopoTe 6asuca HAeKapTOBOH MPSMOYIOJBbHOH CHCTEMBI
KOODAMHAT Ha YTOJ (p CTapble KOOPAWHATBI TOUKH x, Yy OYAYT CBsi-
3aHBI C €e HOBbIMHU KoopauHatamu ', y' dopmynamu (8) § 3 . [

r=2a cosp—1y sing, y=2a"sinp+1y cosey.

1 KoauuueHTs NPH NPOM3BEeHUU TIepeMeHHBIX M MPH UX MepPBLIX CTeNeHAX
o6o03HaueHbl 28, 2D u 2F, Tak KaK HU)Ke 4acTo OyAyT ynoTpeOsasThCs MOJOBUHBI
3TUX KO3(D(DUIINEHTOB.
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B HoBHIX KoopauHatax ypaBHeHue (1) mpumer BHI

Az’ cos —y sinp)?+
+2B(2’ cosp —y sing)(z’ sinp +y' cosp)+
+ C(a' singp + 9y cosp)? + -+ =0.

3/eCb MHOTOTOYHEM 0603HAYEHBI UJIeHbl IEPBOH CTENEHH OTHOCH-
TeJbHO @’ W Yy’ ¥ CBOGOAHBIA UJieH, KOTOpPbie HEeT HeoOXOAMMO-
CTH BBIHCHIBAaTh. Hac Gymer uHTepecoBaTh YjieH ¢ MPOU3BENEHH-
eM x'y’ B MpeoOpasoBaHHOM ypaBHEeHWH. B HeBbIKCAHHbIE UJIEHBI
3TO TPOU3BENEHHE He BXOIUT, U Mbl MOACYUTAEM, UTO IOJOBHHA
Ko3(hduurenTa npu x’y’ paBHa

B’ = —Asin g cos ¢ 4+ B(cos? p — sin? @) + C'sin ¢ cos .

Ecnn B = 0, To NoBOpayMBaTh CHCTEMY KOOPAMHAT HedaueM. Ecin
ke B # 0, To BbIGEpPEM yroJ ¢ Tak, 4Tobbl B’ 06paruaock B HYJIb.
IT0 TpebGoBaHME NPUBEAET K yPABHEHUIO

—Asinpcosp + B(cos® p —sin® ) + C'sinpcosp = 0. (2)

Ecnn cosp = 0, To koappuuuent B npocTo usMeHsieT 3Hak. [lo-
3TOMY MOXKHO CYMTATh €r0 HEpPaBHBIM HYJIIO U pa3/ie/IuTh ypaBHe-
HHe Ha cos® ¢. PesynbraToM GyjeT KBaapaTHOe ypaBHEHHE OTHO-
CUTEJIBHO T = tg :

Bt? + (A-C)t—B =0.

KopHu 3TOro ypaBHEHHS BellleCTBEHHBI W CBSI3aHbl PAaBEHCTBOM
t1to = —1. Kak MBI 3Haem, Tak CBfI3aHbl YyIJIOBble KO3((HUIIHEH-
THl IByX B3aMUMHO TePIEHANKYNSIPHBIX MPSMbIX. Takum o6pasom,
yTroJl OBOPOTa 0Cel KOOPAHHAT BBIOPAH ¢ TOUHOCTBIO 10 /2. [s
Hac cefiuac BaXKHO TO, YTO XOTb OJMH TaKOH yroJs 06s3aTesNbHO CY-
mecTByeT. [Ipy HeOOXOAMMOCTH MBI MOXKeM ellle NOMOJHUTESbHO
MOBEPHYTh CHCTEMY KOOpPAMHAT Ha 7m/2 niu Ha 7. [locsie moBopota
CHCTeMBl KOOPIMHAT JUHUS OyleT HMeTb ypaBHEHHE

A'e” 4+ C'y? + 2D + 2By + F' =0. (3)
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Beipaxenusi ajs KospuineHToB ypasHenus (3) yepes koahdu-
uveHTsl (1) momcyuTaTh He TPYAHO, HO 3TO He HYKHO. Temepb
KO3((PHUIMEHT TPH TNPOU3BENEHHWH MepeMeHHBIX paBeH HYJI0, a
OCTaJsIbHble YJieHbl Mbl T10-NPEXKHEMY CUMTAeM IPOU3BOJIbHBIMH.

Coopmynupyem crepyioliee BCIIOMOraTeabHOe

[Tpennoxenue 1. Ecau 8 ypasuerue (3) 8xodum ¢ HeHy-
nesoim Koappuuuenmom Keadpam 00HOU u3 Koopounam, mo
npu nOMOuju neperoca Hauaara Koopoduwnam 600Ab COOMEen-
cmeyrouweli 0Cu MOXCHO obpamums 8 HYyAb YAeH C nepsoli cme-
nemovro amoti KoopouHamel.

B camom pene, nycrtb, Hanpumep, A’ # 0. Ilepenuiem (3) B
BUJIE

12

A/

2D/ , D/2
" + A7

A/ (.T/2+ ) +C/y/2+2E/y/+F/_ :0
Ecnu MBI cliefaeM mepeHoC Hauasa KOOPAMHAT, ONpelessieMbli
popmynamu z”’ =’ + D' /A, y"" =y, To ypaBHeHHe MpUBenETCS
K BHIY

A/x//2 + C/y//2 + 2E’y” 4 F// _ 0,

KaK ¥ TpeboBaJsoCh.

A. Tlpennosnoxum, uto A’C’ # 0, To ecTb 06a Ko3pPUIH-
eHTa OTJAMYHB OT HyJs. COrlacHO MpeasioKeHH 0 | TpH MOMOIIK
nepeHoca Hayajia KOOPIMHAT ypaBHEeHWe NPUBEAETCS K BHUALY

A/.T//z + C/y//2 + F// = 0. (4)

MoryT ObITh CEAHBI CJEAYIOLINE PEANON0KEHHSI OTHOCHTENBHO
3HAKOB KO3(D(HUILMEHTOB B 9TOM ypaBHEHHH.

Al. AC" >0 — xoappuuuentsr A’ u C' UMEIOT OlMH 3HAK.
Jast F” uMeroTcst TpH BO3MOXKHOCTH:

Ala. 3uak F” nporusonosioxker 3naky A’ u C’. [lepenecem
F" B [pyrywo 4acTb paBEHCTBAa M PA3fe/UM Ha HEro. YpaBHeHHe
MPUMET BH[

a,;//2 y//2
= Tl ©)
rne a> = —F"/A", b = —F"/C'. Bynem cuurtartb, 4to B

3TOM ypaBHeHHH a > 0, b > 0 u a > b. JlelicTBUTENBHO, €CaH
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NocJ/Ie[lHee YCJIOBHE He BBINIOJHEHO, TO CJeldyeT IOMOJHUTEJNbHO
MOBEPHYTh CHCTEMY KOOpAMHAT Ha 7/2:

I‘// — _y*’ y// — J)* (6)

Onpenenenue. JIuHus, KoTopas B HEKOTOPOH NeKapTOBOK
IPSIMOYTOJIbHOM CHCTEMe KOOPAHHAT MOXKeT ObITh 3aJaHa ypaBHe-
HueM (D) MpH YCJOBHU a > b, HA3bIBAETCS AAAUNCOM, YPaBHEHHE
Ha3bIBAETCS KAHOHUUECKUM YPABHEeHUeM DJITUIICA, a CUCTEMA KO-
OPAMHAT — €r0 KAHOHUHeCKOL cucmemoti KoopouHam.

[Ipn a = b ypaBHeHHUe (5) eCTb ypaBHeHHE OKPYKHOCTH PajH-
yca a. Takum 06pa3oM, OKpPyKHOCTb — YaCTHBIH Cay4al 3JJuIca.

A16. 3nak F” cosnamaer ¢ obwumM sHakom A’ u C’. To-
rla aHAJOTMUYHO MPEIbIAYIIEMY Mbl MOYKEM MPHBECTH YpaBHEHUE K
BUILY

x//2 112

=+ yb—2 =1 (7)
DTOMY ypaBHEHHIO He yIOBJETBOPSAIOT KOOPAMHATHI HH OfHOH TOY-
KH. YpaBHeHHe, KOTOPOe TPUBOAUTCS K KaHOHHUecKoMmy BUIy (7),
Ha3blBAeTCsl YPABHEHUEM MHUMO20 INAUNCA.

Als. F” = 0. YpaBHeHue nmeeT BUI
a2x//2 + c2y//2 —_ 0 (8)

Emy ynoBnerBopsier TosibKo opHa Touka z”/ = 0, y’ = 0. Ypas-
HeHHe, NPUBOJsIIeecss K KaHOHHUecKoMy Buay (8), HasbiBaeTcs
YpasHeHuem napvl MHUMbLX nepecekarouyuxcs npamolx. OCHO-
BaHHWEM JJIsl 9TOTO HA3BAHUS CJYKHUT CXOACTBO C MPUBEIEHHBIM
HyKe ypaBHeHueM (10).

A2. A'C" < 0 — xoadpduumentsr A u C’ nMeT pasHble
sHaku. OTHOCHTENbHO F”' HMeTCs 1Be BO3MOXKHOCTH:

A2a. F” # 0. B cayuae HeoGXOIUMOCTH MOBEPHYB CUCTEMY
KoopauHat Ha w/2 (3ameHa (6)), MBI MOXKEM CUHTaTb, UTO 3HAK
F" nporusononoxen 3Haky A’. Torma ypaBHeHHe NPUBOLHUTCS K
BULY

¥ 9)

rie a® = —F" /A", b> = F"/C".
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Onpenenenue. JIMHHUS, KOTOpas B HEKOTOPOH IeKapTOBOM
MPSIMOYTOJIbHON CHCTEMe KOOPIAMHAT MOXKeT OBbITh 3ajlaHa ypaBHe-
uuem (9), HasbiBaetTcs eunep6oaoLl, ypaBHEHUE HASBIBAETCS KAHO-
HUYeCKUM YypasHeruem TUTepOosibl, a CHCTeMa KOOPAMHAT — ee
KAHOMUYECKOLL cucmemotl KoopOuram.

A26. F” = 0. YpaBHeHHe HMeET BUJL

a2x//2 _ c2y//2 =0. (10)

Ero JieBast yacteb passaraercst Ha MHOXuTenn (ax’” — cy”)(ax” +
+cy”) ", crenoBaTesibHO, 00pallaeTcst B HYJb TOTAd U TOJBKO
TOTZIa, KOTIa paBeH HYJIO XOTb OJHWH W3 COMHOXKHTeJel. [loaTomy
JuHus ¢ ypaBHeHHeM (10) COCTOUT M3 ABYX MPSIMBEIX. DTH MPSIMble
repecekalnTcs B Hauajle KOOPAMHAT, U Mbl UMeeM, TaKUM 06pa3oM,
napy nepecekaroujuxcs nPAMbLx.

3ameuanue. Hame npennonoxenue (A) o oM, uto B’ =0
u AC # 0 1o3BOJISIET Ce1aTh HEKOTOpble 3aKJIOYEeHHS O TeoMeT-
PHUUECKHX CBOHCTBAX JIMHUU. MIMEHHO, ecly ToyKa ¢ KOOpAHUHATA-
MHU (x, y) YIOBJETBOPSIET ypaBHeHHIO (4), TO eMy yIOBJIETBOPSIIOT
TaKxke W TOUKH (—x, y), (x, —y) u (—x, —y). DTO 3HAYHUT, YTO
IJI TaKUX JIMHUH OCH KaHOHHYECKOH CHCTEeMBbl KOOPAHHAT SIBJISI-
I0TCS OCSIMM CHMMETPHH, a Hayajo 3TOH CHCTeMbl — LEHTPOM
cuMMeTpuH. Bce mepeuuciieHHble BbIlle JUHHUU (32 HCKJIOYEHH-
eM MHHMOTO 3JJIMICA, He COHepXKallero Touek) o6/afalT 3THM
CBOHCTBOM.

Bb. Jonycrum tenepnb, uto A’C’ = 0 H, cjien0BaTeNbHO, OIHH
u3 koapduuuentoB A’ nau C’ pasen Hymwo. B ciyuae Heo6xonu-
MOCTH TOBEPHYB CHCTEMY KOOPAHHAT Ha /2, Mbl MOXKEM CUHTATh,
uro A" = 0. Ilpu satom C” # 0, Tak Kak MHaye MOPSAOK ypaBHe-
HUsi Obl1 Obl paBeH 1, a He 2. Mcnosab3ys npepsoxenue 1, Mbl
NpUBeLeM ypaBHEHHE K BHIY

C/y//Q 4 2D’x” + F// —0.

B1. Ilycte D’ # 0. Crpynnupyem uJjieHbl CJenyoluM o6pa-
30M:

o4 //2+2D/ " F_// =0
Y T +2D’ =0.
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[TepeHeceM Hauamo KOOPAMHAT BAOJb OCH aOCLKCC B COOTBETCTBUH
¢ ¢opmynamu nepexoma z* = z” + F”/2D', y* = y”. Torna
ypaBHeHUe IPUMET BHI

C/y*2+2D/x>k :0,

HJInu
y*? = 2pa”, (11)

rme p = —D’/C’'. Mbl MoxeM cuuTath, 4to p > 0, Tak Kak B
MPOTUBHOM CJIy4ae C/ieJiaeM NOTOJHUTEbHBEIH MOBOPOT CHCTEMBI
KOOpJAMHAT Ha yroa m: & = —x*, §y = —y*.

Onpenenenue. Jlunus, xotopas B HEKOTOPOH IeKapTOBOH
NPSIMOYTOJIbHOM CHCTEMe KOOPIAMHAT MOXKET OBITh 3ajlaHa ypaBHe-
uuem (11) nmpu yeaosuu p > 0, HasbiBaeTcst napaboaoii, ypaBHe-
HHe Ha3bIBAETCS KAMOHUUECKUM YypasHeruem napadosibl, a CHCTe-
Ma KOOPAHHAT — ee KAHOHUUECKOL CUCMmemoll KoopouHam.

Bb2. Jlonyctum, uto D’ = 0. YpasHenue umeer Bung C'y""? +
+ F” = 0. OrnocurenbHo F” ecTb TpyU BO3MOXKHOCTH:

B2a. C'F” < 0 — 3naku C’ u F” npoTusononoxHsl. Paspe-
quB Ha C’, puBeneM ypaBHEHUE K BULY

y'"? —a*>=0. (12)

JleBasi yacTh ypaBHeHHs pasJjaraeTcs Ha MHOXUTedH Y’ + a U
y" — a. ObpalueHne B HyJb KaX/0r0 U3 HUX ONpeessieT NpsiMyo
JIMHUIO. DTH IpsMbIe Napa/jiesbHbl, ¥, TAKUM 06pa3oM, ypaBHeHHe
ONpefeNisieT napy NAPAALCLbHbLY NPAMLY.

Bb26. C'F” > 0 — 3uaku C' u F” cosnagator. Pasgenus Ha
C’, npuBeieM ypaBHEHHE K BHIY

y"? +a*>=0. (13)

DTOMY ypaBHEHHUIO He YIOBJETBOPSIOT KOOPAUHATHI HU OJHOH TOY-
KH. YpaBHeHHe, MPUBOLsileecss K KaHOHuUeckoMmy Buny (13), Ha-
3BIBAIOT YPABHEHUEM NAPbL MHUMbLY NAPANACLOHOLY NPAMBLY.
B2s. F” = 0. Iocae nenennsi Ha C' ypaBHEHHEe MPUHUMAET
BUJL
y"? =0. (14)
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dTo ypaBHEHHe 3KBUBAJEHTHO ypaBHeHuio y” = 0, U moToMmy

omnpeiesisieT TIPSIMYI0 JIMHUIO. YpaBHEHHe, MPUBOJsIIEecs K KaHO-
Hu4yeckoMy BUy (14), HasbiBaeTCst ypaBHEHHEM napbl COBNABUUX
npAMbLX.

CobepeM BMeCTe MOJyUeHHbIE Pe3Y/IbTaThl.

Teopema 1. I[lycmov 6 Odexapmosoii cucmeme Koopouxam
3adano ypasuenue emopoeo nopsoka (1). Toeda cyuiecmsyem
makas 0eKkapmosa NpamMoYeoibHas CUCmemMa Koopouram, 6 Ko-
mopoti 3mo ypasrerue npuHumaem o0un u3 ciedyroujux o0ess-
Mmu KQHOHUYEeCKUX 8U008:

22y 22 2

Date=t 2 atp--t
22 2

3) a’x® + 2y’ =0, 4) E_b_2:1’

5) a’x? —c*y? =0, 6) y?=2pz,

7) y*—a® =0, 8) y*+a®=0,

9) y*=0.

B cooTBeTCTBHM C 3THM CYLIECTBYIOT CeMb KJACCOB JIMHHH
BTOpOro nopsaxa: 1) aanuncel, 3) Touku (napsl MHHMBIX INepe-
CeKaIoLINXCsl TIPSMBIX), 4) TUIep6OJEl, D) Tapsl MepeceKaromnuXCs
npsiMeIX, 6) mapaGoJisl, 7) mapsl mapaJsebHEIX NPsIMBIX, 9) mpsi-
Mble (Mapbl COBMABIINX MPSMBIX).

YpaBHeHHIO 2) MHHMOTO 3JJIMIICA M YPaBHEHHIO 8) Tapel MHHU-
MBIX MapajiieNbHbIX MPSIMBIX He YIOBJETBOPSIET HH OJHA TOYKA.

YIIPA2KHEHUA

1. IlpuBennte K KAHOHHYECKOMY BUAY YpaBHeHHE
32% + 102y + 3y> — 22+ 2y — 9 = 0.
2. IlpuBennTe K KAaHOHHUECKOMY BHAY YpaBHEHHE
92% — 24xy 4 16y° — 34z — 38y — 9 = 0.

3. Kakoro kJjiacca JIMHHIO MOXET OIpeJeNsiTh YpaBHEHHE BTOPOro Mo-
psilKa, eCJId ero JieBasi 4aCTh pacKJ/alblBaeTcs B MPOU3BEIEHHE JIMHEH-
HbIX MHOIOYJIEHOB?
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4. Tlpu KakoM yCJOBHM Ha ero Ko3(pQULUHEHTb ypaBHeHHE BTOPO-
ro nopsifika B JeKapToBOH NMPAMOYTOJIbHOH CHCTeMe KOOPAMHAT SIBJISeTCS
yYpaBHEHHEM OKPYKHOCTH?

5. CucreMa KOOpPAMHAT YIOBJIETBOPSIET YCJOBHAM |e1| = |ez| = 5,
(e1, e2) = 7. Kakast inHUsI ompejessieTcst B 9TOH CHCTeMe KOOPAHHAT
ypaeHeHueM x> + y? = 1?

6. lokaxkuTte, uto cymma Koaouunentos A+ C' B ypaBHenud (1) He
MEHSIeTCs TIPH Tepexofie OT OLHOH JeKapTOBOH MPSMOYTOJNbHOH CUCTEMBI
KOOPAMHAT K JIPYrOH TaKOH ke CHCTeMe.

§ 2. JIMNC, TMMNEPBOJIA U MAPABOIJIA

B npensinyuieM naparpadge Mbl TI03HaKOMHJIUCH ¢ KacCH(UKa-
uuel JUHUH BTOpOro mnopsnaka. [eomeTpuyeckre CBOHCTBA TOJBKO
TpeX KJ1acCoB JIMHHH He fIBJAIOTCA O4eBUAHBLIMU. MMM MBI cefiuac
3aiimemcs.

1. dmaunc. HanoMHMM, 9TO MBI Ha3BaJH 3JJIHIICOM JIHHHUIO,
KOTOpast B HEKOTOPOH NeKapTOBOH MPSMOYTOJNBHOH CHCTEME KOOp-
JUHAT ONpenesieTcss KAHOHUYeCKHUM YPaBHEHHEM

T +L o (1)

npu ycsaoBuu a = b > 0.

W3 ypaBHenus (1) ciemyeT, 4To s BCeX TOYEK IJIHICA
|| < a u |y| < b. 3HAUUT, SMJMIC JEKUT B HPSIMOYTOJbHUKE
co cropoHamu 2a u 2b (puc. 26).

Touku nepeceueHus 3JIHICA
C OCSIMH KaHOHMYECKOH CHCTe-
Mbl KOOpJHMHAT, HMeIOIIHe KOOp-
auHathl (a, 0), (—a, 0), (0,b) u
@ (0, —b), Ha3bIBAIOTCS BEPUUUHAMU
: = sjaaunca. Yuenaa a v b HasblBa-
I0TCSI COOTBETCTBEHHO 60461400 1
MAAOU NOAYOCAMU DJIHIICA.

B cooTBeTcTBHM C 3aMeuaHH-
eM, CleJlaHHBIM Ha cTp. 93, Mbl MOXKeM CPOPMYIUPOBAThH

[Ipennoxenune 1. Ocu kanoHuueckoil cucmemol K0OpOou-
Ham S6AAI0MCA OCAMU CUMMEMPUL IAAUNCA, & HAUANAO KAHOHU-
uecKoil cucmemor — e2o yenmpom cummempuu (puc. 26).

X

-
>
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[
AT 1P TN
©3
L~ b I~
(=] a M
L1
R g T
N P F ol @ F
b/a=1/2
Puc. 27. Puc. 28.

BHemHu# BHI 3JJIMIICA TIPOLe BCETO OMMUCATh CpaBHEHHEM
C OKPYXKHOCTbIO pajiiyca a, LEHTP KOTOPOH B LEHTpe 3JJIMICA:
22 + 9% = a®. Tlpu kaxaoM = TakoM, 4to |r| < a, HaiipyTcs
IIBe TOUKU 3JUIMIICA C OpAMHAaTamMu +by/1 —x2/a? u 1Be TOUKH
OKPYKHOCTH C OpAHHaTaMu +ay/1 — 22 /a?. TlycTh Touke 3a/0MM-
ca COOTBETCTBYET TOYKA OKPYXKHOCTH C OPAHHATOMN TOTO 2Ke 3HaKa.
Torna oTHOLIEHHWE OPAMHAT COOTBETCTBYIOLIMX TOYEK paBHO b/a.
Hrak, 2JUTHIC MONYyYaeTcsi U3 OKPYXKHOCTH TaKHM CXKATHEM ee K
ocu abCLKce, MPY KOTOPOM OPAHHATHI BCEX TOUEK YMEHbLIAITCS
B OJIHOM H TOM 2ke oTHoueHuu b/a (puc. 27).

C 2J1IHIICOM CBsi3aHbl IBE 3aMeuaTe/bHble TOUKH, Ha3blBaeMble
ero okycamu. [lycTb Mo onpepeseHuo

A =a? b (2)

u ¢ > 0. Pokycamu Ha3biBaOTCSA TOUKK [y U Fh ¢ KOOpAHHATaMH
(¢, 0) u (—c, 0) B KaHOHMYECKOH cHcTeMe KoopauHaT (puc. 28).
Jlnst okpyxkHocTH ¢ = 0, U 06a (okyca COBMAagaoT C LEH-
tpoM. Huke Mbl Gyzem mpearnosiaratb, 4TO 3JIJHIIC HE SIBJISETCS
OKPY2KHOCTBIO.
OrtHoleHue
e=— (3)

a

Ha3bIBA€TCA IKCUeHmpucumemom dJJIUICa. OTMGTI/IM, uTo € < 1.
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[Ipennoxenue 2. Paccmosnue om npou3BosbHOL mMou-
ku M(x,y), rexcaweii Ha asrunce, 00 Kaxdoeo u3 GoKycos
(puc. 28) ssasemcs aunetinol pynkyueil om ee abCyUccCol x:

r1=|Fi1M|=a—ecx,

Tro = ‘FQM‘ =a+ex. (4)

NokaszateabcTBo. OueBnuHo, uto 77 = (x — ¢)? + y2.
[oncTaBum ciona BbipakeHHe s y2, HalieHHOe M3 ypaBHeHHS
sanunca. Mel nonyunm

9 b2a?

r1:w2—20x+02—|—62——2.
a

YuuTbIBasi paBeHCTBO (2), 5TO MOXKHO MPUBECTH K BUIY

2a?
r? = a? —20;10—1—7 = (a—ex)?.
Tak kak |z] < a u 0 < & < 1, oTcloja cjenyer, 4To ClpaBef-
JIUBO TlepBoe U3 paBeHCTB (4): 71 = a — ex. Bropoe paBeHCTBO
JIOKA3bIBAETCSI aHAJIOTUYHO.

[Ipennoxenue 3. [as moeo umobo. mMoOUKa AeHANA HA
aaraunce, Heobxodumo u docmamouno, umobvl. cymma ee pac-
cmosinull 00 (oKycos pasHasacy 60ALLLOL OCU IAAUNCA 2a.

Heo6xonrMocTh yc/ioBUSI 04eBUIHA: €CJIH Mbl CJI0XKHUM PaBeH-
ctBa (4) MOUJIEHHO, TO YBUAUM, YTO

r1 +ry = 2a. (5)
Jloka»keM 10CTATOYHOCTb.
(x—¢)2+y2=2a—+/(x+¢)?+y>
BosBenem 06e yacTH paBeHCTBA B KBAaApAT U MPHBENEM MOI0OOHbBIE

YJIeHBI:
ze+a® = av/(z + )2 + 2. (6)

DT0 paBeHCTBO TaKxKe BO3BENEeM B KBaApaT U NPHBeAeM MOJ0OHEe
uJleHBl, MCMOMb3ysl cOOTHoUIeHHe (2). Mbl mpuaeM K paBeHCTBY
b2x? + a®y? = a®b?, paBHOCHIBHOMY ypaBHeHHIO 3/aunca (1).
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C  3JJIUIICOM  CBS3aHBI K d, M 4 K,
IBe 3ameuaresibHble Tpsi- / /N
Mble, Ha3blBaeMble ero Ou- o & . 3
pexmpucamu. WX ypasHe- ~ofe u e Fi/la/e
HUsST B KAHOHHUECKOH CcHcTe-

Me KoopauHat (puc. 29) Puc. 29.

a
= -

o or=-2 (7)
€

JupekTpucy u (okyc, KOTopble JiexKaT I10 OAHY CTOPOHY OT
LeHTpa, OyleM CUUTaTb COOTBETCTBYIOLIUMH APYT APYTY.

[Ipennoxenune 4. [laa mozo umobo. mouka nexara Ha
aaaunce, HEOOX00UMO U 0OCMamouHo, umobb. OMHOUleHUe ee
paccmosanus do ¢okyca Kk paccmoanuto 0o coomsemcemayrowiets
dupekmpucol pagHaLOCh IKCUEHMPUCUmMemy dNAUNCA E.

JlokaxeM 3To mpensoxeHue s ¢okyca Fy(—c, 0). I[lycts
M (z, y) — mpousBoJibHasi Touka sanumnca. Paccrosinue ot M mo
IUPEKTPHUCH ¢ ypaBHeHHEM 2 = —a/e 1o dopmyse (9) § 3 ru. 11
paBHO

a 1
dy = ‘x—l——‘ = —(ex + a).
el ¢

13 dopmy.isr (4) Mbl BUAHM Tenepb, 4TO ra/ds = €.
O6parHo, MyCTb AJSI KAKOH-TO TOYKU IJIOCKOCTH 79/ds = €,
TO €CTh
(x+c)2+y?=c(z+afe).

Tak Kak € = ¢/a, 3TO paBEeHCTBO JIETKO NPHUBOAMTCS K BUAY (6),
U3 KOTOPOTrO, KaK Mbl 3HaeM, CJelyeT ypaBHEHHE 3JIIHIICA.
BriBenem ypaBHeHHe KacaTebHOH K JJIHICY, 3alaHHOMY Ka-
HOoHMYecKHM ypaBHeHHeM. [Tyctb My(xg, yo) — TOUKA Ha 3JJIHMIM-
ce U yo # 0. Uepes My NpoXoAHUT rpayK HEKOTOPOH (PYHKLHH
y = f(x), xoTopbIit ueJmKOM Jaexut Ha aanunce. (Has yo > 0
3T0 — rpapuk fi(z) = by/1—a2/a?, nas yo < 0 — rpadux
fa(z) = —by/1 —J;2/a2 He yrouHsis sHak gy, o6o3Hauum f(x)

HO,E[XO[LH]_I_[y}O q)YHKLII/HO.) I[JIH Hee BBLITIOJTHEHO TOXIEeCTBO
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JuddepeHuupyem ero mno x:

2z 2ff"

2 =0

[MoncraBnsis © = xo U f(x9) = yo, HAXOAKUM NPOU3BOAHYIO OT f B
TOYKe Xg, PABHYIO YIJIOBOMY KO3(D(HUIHEHTY KacaTeJbHOH:

2

b Zo

o) = =252,

a? yo

Tenepe Mbl MOXKeM HamnucaTh ypaBHeHHe KacaTe/bHOM:

Ynporas 310 ypasHeHue, yuteM, uto b’xd +ayd = ab?, Tak Kak
My neKUT Ha saaurce. Pe3ynbraTy MOXKHO NMPUAATh BUL

T Py, ®)
a b
[Ipu BeiBome ypaBHeHHs (8) MBI MCKJIOUYM/INA BEPIIMHBI 3JJIHIICA
(a, 0) u (—a, 0), mo10XKMB Yo # 0. JLJst 3THX TOUEK OHO NpeBpa-
I[aeTCs COOTBETCTBEHHO B YPaBHEHHS & = a U & = —a. JTH
ypaBHEHHsI OMpeNesioT KacaTe/bHble B BeplIMHAX. [IpoBepUThb
3TO MOXHO, 3aMETHB, UTO B BepILIMHAX = Kak (QYHKLHS OT ¥y
HocTHraet akctpemyma. [IpenocTaBUM uMTaTeNI0 MPOAENATh 3TO
Nofpo6HO U MOKa3aTh TEM CaMbIM, 4TO ypaBHeHHe (8) ompenesnsier
KacarteJsbHYI0 1J1s J1000H Toukn Mo(xo, yo) Ha JIHIICE.

[Ipennoxenue 5. Kacamesvnaa K aasiuncy 8 mouke
Mo(zo, yo) ecmo buccekmpuca yeaa, CMENHO20 C YeAoM MeNOY
Ompe3Kkamu, COeOUHAIOUUMU IMY MOUKY C QOKYCaMmU.

IlokasartenbcTBO. Ham Hamo cpaBHUTb yIVIBL @1 H g,
cocTaBJ/IeHHble BeKTOpaMu [ My u Fh My ¢ BeKTOPOM n, MepIeH-
IUKYASpHBIM KacaTeabHo# (puc. 30). M3 ypaBHenus (8) Haxonum,
uto n(zg/a?, yo/b?), u noTomy

xoC - a — EXg

=7 Zo Yo
(F1My, n) = ﬁ(xo—c)—l—ﬁyozl 2 P
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‘le
M, ez\‘
VR o @« r )
Puc. 30. Puc. 31.

—_—
Hcnonbays (4), Mbl nosydyaem ortciopa, uto (Fy My, n) = r/a,
" cospr; = 1/(an|). AnanoruuHo Haxomum cosys = 1/(alnl).
[pennoxkenne n0KazaHo.

2. Tunep6osa. Tunep6osoif Mbl Ha3BaJgu JUHHIO, KOTOpPAs B
HEKOTOPOU JIeKapTOBOH MPSIMOYTOJIbHOH CHCTeMe KOOPAHHAT Orpe-
neJisieTcsl KaHOHMYeCKUM ypaBHEeHHeM

S (9)

M3 3T10ro ypaBHeHHs BHIHO, YTO AJIs BCEX TOUYEK THUMEPGOJIbI
|z| > a, To ecTb Bce TOUKH TUMepOOJILI JIeXKAT BHE BEpPTHKAJb-
HO# mosockl wHpHHEl 2a (puc. 31). Ocb abcuuce KaHOHHUYECKOH
CHCTEMBI KOOPAHHAT MepecekaeT rumnep6o/y B TOUKax ¢ KOOpAHHA-
tam (a, 0) u (—a, 0), Ha3bIBaeMbIX 8epuiuramy runepooss. Ock
OpAMHAT He mnepecekaeT rumepbosy. Takum obpasom, rumepdo.a
COCTOMT M3 JIBYX He CBSI3aHHBIX MexXay co6o# yactedl. OHU Hasbl-
BaloTcsl ee gemsamu. Huena a ¥ b Ha3bIBAIOTCST COOTBETCTBEHHO
BeULeCMBEHHOL U MHUMOL nOAyocamy TUnep6odsl (puc. 31).

Kak u nns snnunca, U3 3ameuanusi Ha ctp. 93 cienyer

[Tpennoxenue 6. [as eunepbossvl ocu KQHOHUUECKOU cu-
cmemol KOOPOUHAM ABAAIOMCA OCAMU CUMMEMmpPUU, Q HAYAAO
KaHOHU1ecKol cucmemo. — yermpom cummempuu (puc. 31).

Jlns uccienoBanus (popMbl TUIepOoJ/bl HaliieM ee nepeceye-
HHMEe C NPOM3BOJIbHON MPSIMOH, NPOXOAsILEH yepe3 Hauyano KOOp-
JIUHAT. YpaBHeHHe MpPsSIMOH BO3bMeM B BHJE y = k&, MOCKOJBKY
MBI y»Ke 3HaeM, uTo npsimas x = ( He mepeceKkaeTr runepoody.
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A6CLLI/ICCbI TOYEK repecedyeHrss HaXOAsATCA U3 ypPaBHEHHUSA

2 k2x?

a? b2

[Tostomy, ecau b? — a?k? > 0, 10

=1

ab
N

DTo Mo3BOJIsIeT yKas3aTb TOUKH mnepecedenus (ab/v, abk/v) u
(—ab/v, —abk/v), rne obosnaueno v = (b*> — a?k?)'/2. B cuny
CHUMMETPHUH JOCTAaTOYHO TIPOCJENUTb 33 ABHIKEHHEM IMepBOH H3
TOYEeK TpH U3MeHeHHH k (puc. 32).

Yucnureab npobu ab/v MocTosiHeH, a 3HaMeHaTeJ b IPUHUMAeT
HauboJbllee 3HayeHHe npu k = 0. CsenoBaTe/bHO, HAUMEHbLIYIO
abcuunccy umeer BepurHa (a, 0). C poctom k 3HameHatesb yObI-
BaeT, U & pacTeT, CTpeMsCh K O@CKOHEUHOCTH, Korna k npubJnKa-
ercst K uucay b/a. Ipsimasi y = ba/a ¢ yrioBeiM Koa((hHLHEHTOM
b/a He nepecekaet runep6oJy, U npsiMble ¢ GOJBIINMHU YIIOBBIMH
Ko3(pHULIMeHTaMH ee TeM OoJiee He nepecekatoT. Jlrobas npsimasi ¢
MEeHbILIHUM MOJIOKHUTENbHBIM YIJIOBBIM KO3((MHULHEHTOM [lepeceKaeT
runep6oJy.

Ecau MBI OyfieM MOBOpauMBaTh MPSIMYK OT TOPU30HTAJNLHOIO
TOJI0XKeHHsI TI0 4acoBOi cTpeJike, To k GyneT yowiBath, k2 — pac-
TH, U NIpsiMasi OyleT repecekarthb runepbosy BO BCe YHAMAIOLIUXCH
TOYKax, MOKa He 3aliMeT MOJIOXKEeHHS C YIJIOBBIM KO3 (PHULHEHTOM
—b/a.

==

K npsimo#t y = —bx/a oTHOCHT-
b cs BCe, UTO OBIO CKa3aHO 0 y =
= bx/a: oHA He TNepeceKaeT TUIep-
GoJ1y U OTHeJsIeT TpsIMbIE, Mepeceka-

““‘ (o] N IolIMe ee, OT Herepecekawwmux. U3
-b NPUBENEHHBIX PACCYKIEHUH BbITEKA-
eT, 4To runepboJsia UMeeT BUA, U300-
Puc. 32. pa’keHHBIH Ha puc. 32.
Onpenenenne. Ilpsambe c
ypaBHeHUsIMH y = bx/a U y = —br/a B KaHOHHUECKOH CHCTe-

M€ KOOPpAHHAT Ha3blBAIOTCA acumnmomami FI/IHep6OJIbI.
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3amuiieM ypaBHeHHs acHMOTOT B BUIe bx—ay = 0 v bx+ay =
= 0. Paccrosinus ot toukn M(x, y) D0 aCHMOTOT PaBHBI COOT-
BETCTBEHHO:
|bx — ay| |bx + ay|
=, Q= T I/
1/0/2_1_[)2 1/a/2_|_b2

Ecau Touka M Haxonutes Ha runep6ode, To b2x? —a?y? = a’b? u

6222 — a2y?| B a2b?

hihy = = _
12 a2 + b2 a2 + b2

[Ipennoxenue 7. [lpoussedenue paccmosHuii om mouku
eunepboasL 0o acumnmom nocmoanHo u pasno a’b?/(a® + b?).

Orcrona cienyer BaykHOe CBOMCTBO aCHMIITOT.

[Ipennoxenue 8. Ecau mouka dsumemcs no eunepboire
mak, umo ee abcyucca no abCOAOMHOU BEAUUUHE HeOSPaHU-
YeHHO 803pacmaem, mo paccmosHue om mouku 00 00HOU U3
ACUMNMOM CMPEMUMCI K HYAIO.

JleficTBUTENbHO, XOTS1 Obl OHO M3 PACCTOSHUH hy WUaK hy TIpH
3THUX YCJOBHSIX JOJKHO HEOTDAHHUEHHO BO3PacTaTh, H, €CJH Obl
npenJoxeHue OblJIO HEBEPHO, MPOU3BeeHHe He OblIo Obl MOCTO-
SIHHO.

BeeneM uncno ¢, nosoxuB

A =a®>+b? (10)

u ¢ > 0. Pokycamu runepbossl HasplBaOTCS TOYKH Fy U Fy ¢ Ko-
opaunatamut (¢, 0) u (—c¢, 0) B KAHOHUYECKOH CHCTEME KOOPAHHAT
(puc. 33).

OrHolleHHe € = c¢/a, KaK W JJis1 JIHICA, HA3BIBAETCS IKC-
yenmpucumemom. Y runepoossl € > 1.

[Tpennoxenue 9. Paccmoanus om npoussoivHoli mouKy
M(z, y) na eunepbore 0o Kancdoco us GoKycos credyiouium
obpasom 3asucsm om ee abCYUUCCHL T:

ry=|F1M|=|a—ex|, ro=|FoM|=|a+ex| (11)

JloKa3aTesbCTBO TOTO YTBEPXKAEHHUS TOYTH JOCJIOBHO COBIA-
JlaeT C JI0Ka3aTeNbCTBOM TMpeNJIOKeHUs 2, U Mbl He OyIeM ero
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F',/ ol e \151

Puc. 33. Puc. 34.

BOCNIPOU3BOAUTL. 3aMeTUM, 4To paBeHcTBa (11) MoxHO mompo6-
Hee 3amucarh Tak: [Jst PaBOH BETBH THIEPOOJBL (1 > a)

T =€&r—a, T9=€xr+a;

IJis1 1eBOH BeTBH rumnepbossl (x < —a)

rL=a—€Ex, T9=—Er—aj

Wrak, nsis npaBo# BeTBU ry—r1 = 2a, a AJis JIEBOH BETBH 11 —T'y =
= 2a. B oboux cayuasx

|re — 71| = 2a. (12)

[Ipennoxenune 10. Jas moeo, umobe. mouxa M aexcara
Ha eunepbose, HeobxoO0umo u docmamouno, 4mobv. pPaA3HOCMb
ee paccmosnuil 00 PoKycos no abCorOMHOL BeAUtUHE PABHS-
AaCb 8euiecmsenHol ocu eunepbosvt 2a.

HeobxonnmocTh yesoBus yxke mokasaHa. s jokasatesbCcTBa
JOCTATOUHOCTH YCJIOBHSI €0 HYKHO MpPEACTABUTh B BUIE

Ve —¢)?+y?=32a+ /(x+¢)? +y>

JlasibHeilliee OTJIMYAeTCs OT J0Kas3aTesbCTBa MNPENJIOXKEeHHUs 3
TOJIBKO TeM, 4TO HYKHO BOCIMOJb30BaThesi paBeHcTBoM (10), a
He (2).

Hupexmpucamu runepboJibl HA3BIBAIOTCS MpPSIMble, 3a1aBae-
Mble B KAHOHHYECKOH CHUCTeMe KOOPAHMHAT ypaBHEHHSIMU
a

(13)

a
rT=-, T=-
€
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JIMpeKTpHUCH JiexKaT OJIMKe K LEeHTPY, YeM BepIIWHBI, U, CJeoBa-
TeJIbHO, He TMepeceKaloT runepbony. JupekTpuca u Ghokyce, Jexa-
IHe TI0 OHY CTOPOHY OT LEHTpPa, CYUTAOTCS COOTBETCTBYIOLINMHE
ApyT ApyTy.

[Ipennoxenune 11. [Jas moco, umobor mouka sexara Ha
eunepboae, Heobxo0umo u docmamouro, umobvl OMHOULEHLE ee
paccmosanus do okyca Kk paccmosnuro do coomeemcmayrouieti
dupekmpucol pasHaroce akcyernmpucumemy e (puc. 39).

JlokasaTesbCcTBO — MOBTOPSI-

eT  JI0Ka3aTesJbCTBO  MpeAJIo- l 2 -
keHus 4. Jloxaxem, Hamnpu- - z
Mep, HeOoOXOAUMOCTh  YCJIOBHS i\ (o) e o

st pokyca Fa(—c, 0). Ilyctsb R‘““-;;\__‘&M,
M(z, y) — Touka runepoobl. e | @ N
Paccrosinue ot M 1o nupekTpu-

Cbl C ypaBHeHHEM x = —a/e MO Puc. 35.

dopmyne (9) § 3 ra. 1l paBHo
a 1
dy = ’x—I— —‘ = —|ex +al.
€ €

U3 dopmynsr (11) Mbl BUOUM Temepb, UTo ro/ds = €.

YpaBHeHHe KacaTeJbHOH K runepbodse B Touke Mo(xo, yo), J1e-
JKallledl Ha Hel, BBIBOIHUTCS TaK XKe, KaK COOTBETCTBYIOLIEE ypaB-
Henue (8) mas ssanunca. OHO UMeeT BHUJ

¥ (14)
a b

[Ipennoxenune 12. Kacamervnas k eunepbose 8 mouke
My (0, yo) ecmo buccekmpuca yera mexncdy ompesxamu, coedu-
HAOUWUMU 3MY MOUYKY ¢ oKycamu.

JlokasaTesbCTBO MOYTH He OTJIMYAETCs OT J0Ka3aTesabCTBa
npenJoXeHnus 5. PeKoMeHIyeM YHTATEN0 TOJHOCTBIO MPOBECTH
JI0Ka3aTe/bCTBA 3TOTO U OCTAJ/bHBIX YTBEPXKAEHUH, 3/1eCh C(Op-
MYJIMPOBAHHBIX, HO He JIOKa3aHHBIX [JIs1 THUIIEPOOJIBI.

3. INapaGoaa. I[lapaGosioii Mbl Ha3Basu JUHHIO, KOTOpas B
HEKOTOPOH 1eKapTOBOH MPSIMOYTO/NBHOH CHCTeMe KOOPAMHAT OIlpe-
JeJsieTcsl KAHOHHUECKHUM YpaBHEHHEM

y? = 2px (15)

npy ycJoBUK p > 0.
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U3 ypaBHeHus (15) BbITekaeT, 4To AJIs BCEX TOUEK MapaboJibl
x > 0. [1apabosa npoxoguT yepe3 HayaJo KAHOHUUECKOH CHCTEMBI
KOOpAMHAT. DTa TOYKA HA3BIBAETCS 8epUiliHOL TTapadoJIbl.

Popma napaGosbl M3BeCTHAa M3 Kypca CpelHeH LIKOJbI, Tie
OHa BCTpeuaeTcs B KauecTBe rpaduka QpyHKuud y = ax?. Oiu-
YHe ypaBHEHHH OOBSCHSAETCH TeM, YTO B KAHOHHYECKOH CHCTeMe
KOODJHMHAT 110 CPAaBHEHHIO C MPeXKHEl 0CH KOOPAHHAT MOMEHSITHCh
MecTaMH, a KO3((HULHEHThl CBS3aHbl PaBeHCTBOM a = 1/2p.

®okycom napabosibl HasblBaeTcss TOUKa F ¢ KOOpAHHATaMH
(p/2, 0) B KAHOHMYECKOH CHCTEME KOODJHHAT.

[Hupexmpucori napaGoJ/ibl Ha3blBaeTcs NpsMas C ypaBHEHHEM

x = —p/2 B KaHOHMYECKOH cHcTeMe KoopauHat (npsimas PQ Ha
puc. 36).
[Ipennoxenue 13. Paccmoanue om
/2| p/2 mouku M (x, y), rexrcauwieti Ha napaboare, 0o
Q ¢okyca pasHo
ey P »
rT=x+ <. 16
e] + 2 (16)
Pl O JL1s1 IoKasaTesbCTBA BEIUHCIMM KBajapat
r paccTostHus OT Toukd M (x, y) 1o dokyca no
KOOpAMHATaM 3THX Touek: 12 = (x —p/2)% +
d \\ M +y° unoactasuM ciona y* U3 KaHOHHYECKO-
N ro ypaBHeHus napa6o/sl. Mbl nosyyaem
Puc. 36.

2 2
7"2:(33—%) —|—2px:(az—|—12—)) .

Orciona B cuay x > 0 noayyaem (16).
3ameTuM, 4TO paccTosiiue OT TOYKH M [0 AUPEKTPHUCHI MO
dopmyne (9) § 3 ra. Il takke paBHO

d=z+2. (17)
2
Otcirona BbiTeKaeT HEOOXOAUMOCTh CJEIYIOIIEero YCJIOBUS:
[Ipennoxenue 14. /[as moeo, umobo. mouxa M aexcara
Ha napaboae, HeobxoOdumo u docmamouro, umobs. oHa bGviia
00urnakoso yoasena om okyca u om oupekmpucol amol napa-
6001
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Jlokaxem poctatouHocTb. [lycth Touka M (z, y) OAMHAKOBO
ynajeHa oT (oKyca M OT AHPEKTPHCH MapadoJibl:

2
(3 e

w_l’@

BosBozst 3T0 ypaBHeHHe B KBaipaT Y NPUBOAS B HeM MOLOOHBIE
YJieHBl, MBI [OJly4yaeM M3 Hero ypaBHeHHe mnapabosbl (15). Ito
3aKaHYMBaeT J0Ka3aTesbCTBO.

[Tapa6oJie mpunuceiBaeTcs skclueHTpUcHUTeT € = 1. B cuay ato-

ro CcoryiallleHHst hopMyJIa
r

=€

BepHa M /IS 3JJIMICA, U A/t THepOOJIbl, ¥ AJIsE 1apabosbl.
BhiBeneM ypaBHeHue Kaca-

TeJbHOH K mapaGojie B TOUKe

Mo(xo, yo), nexamiedl Ha Hel. My P1

[Tyctb yo # 0. Uepes Touky My

NPOXOIUT IPaUK (PYHKUHH Y =

= f(x), ueanKoM Jexauui Ha

napa6osie. (10 y = /2pr UM N O\ F

XKe y = —+/2pz, CMOTps 110 3Ha-

Ky Yo.) das ¢yuxunu f(x) BbI-

nosHeHo toxaectso (f(w))? =

= 2pz, nudpepeHunpys kotopoe, umeeM 2f(z)f’'(z) = 2p. [ox-

craBasis x = xo U f(xo) = yo, HaxomuM f'(xo) = p/yo. Tenepnb

MBI MOXeM HallucaTh ypaBHEHHe KacaTeJbHOH K mapabosie

Puc. 37.

_ P
y—yo=—(x — o)
Yo
Ynpoctum ero. g 3Toro packpoeM CKOOKH W BCIOMHHM, 4TO
Y2 = 2pwo. YpaBHeHue KacaTeJbHOH MPUHUMAeT OKOHYATEJbHBIA
BUJL

yyo = p(x + 20). (18)
3aMeTHM, 4TO IJIs BEPIIMHBI MapaboJibl, KOTOPY Mbl MCKJIIO-

YUJH, TONOXKHUB ¥y # 0, ypaBHeHue (18) mpeBpaiiaercs B ypas-
HeHHe x = (, TO eCTb B ypaBHEHMEe KacaTeJbHOH B BepIIHHE.
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[Tosromy ypaBHenue (18) crpaBeninBo aJisi OGO TOUKH Ha Na-
paboue.

[Ipennoxenue 15. Kacameavnas Kk napabose 8 mouke
My ecmo buccekmpuca yeia, CMeHHO20 C YeroM Mexndy ompes-
Kom, Komopbiil coedursem My ¢ Pokycom, u Ay4om, 6vlx00s-
wum u3 amoti mouku 8 Hanpasieruu ocu napabosst (puc. 37)

JeiicTBrTENbHO, KacaTe bHas K mapadose B Touke Mo (xo, yo)
nepecekaet och adcuuce B Touke N(—zg, 0). CrenoBarenbHo, ec-
au ¢okyc napadoasl F(p/2,0), to [NF| = z9 + p/2. C npyro#
cTOpoHsl, 1o popmyse (16) |MoF| = xo + p/2.

3nauurt, TpeyroibHuK MoNF paBHOOe#pEeHHBIH U OTOMY

o1 =L MiNF = ZNMyF = o,

KaK U TpeGoBaJloCh.
OTmeTHM Kak CcaMOCTOSTe/bHBIH pesdyabrar, uyto |MoF| =
= |NF| u |ON| = |OK|.

YIIPA2KHEHHUSA

1. JlokaxKuTe, YTO BepLIMHBI TUNEPOOJBl U TOUYKH [epecevyeHUs ee
ACHMIITOT C AMPEKTPUCAMHU JIexKAaT Ha OJHOH OKPY2KHOCTH.

2. Dokyc squnca (runepbosibl UKW NapaboJibl) AeJUT MPOXOASILY IO
yepe3 HEro XOpAYy Ha OTPEe3KH MJIHMHBI u U v. JlOKaxKuTe, YTO CyMMa
1/u + 1/v nocrosiHHa.

3. BeiBenuTe ypaBHeHHe 3juiHICa, TUNepOoJbl U napadosbl B MOMSP-
HOH CHCTeMe KOOpJIHHAT, TIPUHSB 32 MoJioc (POKYC, a 3a MOJSIPHYIO 0Cb —
JIy4, JIe’KallMi Ha OCH CHMMETPHH U He NepeceKarollni TUPeKTpHUCy, Co-
OTBETCTBYIOLLYI0 TaHHOMY (hOKYCY.

4. Ha niocKoCTH HapHCOBAHbI 3JIUIC U Mapado/ia BMeCTe ¢ UX OCSIMHU
cummMeTpud. Kak ¢ nmomolibio UHPKy/s U JUHEHKH NOCTPOUTb UX (DOKYCHI
1 upekTpuchl? TOT ke BONPOC OTHOCHTENBHO THIIEPOOJIBI, Y KOTOPOH Ha-
pUCOBaHbl aCUMMNTOTHI. (3afaua MoCTPOeHUsI 0Cell CUMMETPUH M aCUMIITOT
pelaeTcsi Ha OCHOBaHMH MaTepuana § 3.)

5. Ilyctb w ¥ v — [JIMHBL ABYX B3aUMHO MePreHIUKYASPHBIX Pafny-
coB saqunca. Beipasute cymmy 1/u® + 1/v? uepes moayocu saumca.

6. Haiinure kpaTuaiimee paccrosuue oT mapaGonn y> = 12z 10
npsaModt x —y 4+ 7 = 0.

7. JlokaxKuTe, 4YTO OTPe30K KacaTeJbHOH, 3aKJ/IOYEHHBIH Mexay
ACHMITOTAMH TUNEePOOJIbl, AEJIUTCS TOMOJaM TOUYKOH KacaHHs.
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8. B ypaBuenue (8) kacaTe/bHOH K 3JJIMICY B KauecTBe Lo U Yo MOM-
CTaBJIeHbl KOOPAMHATHl TOUKH, JexKalllel He Ha 3JIIHICE, a BHE 3JIIMIICA.
Kak pacrnosioxeHa mnoJsyunBliascs npsmas?

9. M3 ToukH Ha JUpEKTpHCE NPOBeIEHbl 1Be KacaTesbHble K napato-
Je. JIoka)KuTe, 4YTO OHHW B3aHUMHO TEPIHEHAUKYJ/SPHBl U OTPE30K, COeIH-
HSAIOLMH TOYKHM KacaHHs, IPOXOAUT yepe3 (oKYC.

§ 3. JIMHMNA BTOPOIO NOPSAKA,
3AJAHHAS OBLLIMM YPABHEHHMEM

1. IlepeceueHue JUHUU BTOPOro MopsigKka u npsimoii. Pac-
CMOTPHM JIMHUIO BTOPOTO MOPSAAKA, 3aJaHHYI0 OOLIUM ypaBHEHHEM

Az? +2Bry + Cy? +2Dx +2Ey + F =0 (1)

B JNEKapTOBOH CHCTeMe KOOPAWHAT, M HCCHelyeM IepecedeHHe
9TOH JIMHUHU C NPOU3BOJbHON MPAMON

r =m0 +at, y=yo+pt. 2)

3HaueHUs mapameTpa t, COOTBETCTBYIOIIME TOUKAM MepecedyeHus,
JIOJIKHBI YI0BJETBOPATh YPaBHEHHIO, OJYy4YaeMOMY MOACTAHOBKOH

2) 8 (1):
Ao + at)?+
+2B(zo + at)(yo + Bt) + Clyo + St)*+
+2D(xo + at) + 2E(yo + Bt) + F'=0. (3)

PaCKprBaﬂ CKOOKH U npuBoas noJ0OHbIE YJIEHBI, MBI IOJIy4YuM
YpaBHEHHE

Pt? +2Qt + R =0, (4)

B KOTOPOM
P = Aa? 4+ 2Baf + Cj3?, (5)
Q = (Azo + Byo + D)a + (Bzo + Cyo + E)p, (6)

WJIH, TIPH IPYTO I'PYNIHUPOBKE C/IaraeMbix,

Q = (Aa + BB)zo + (Ba + CB)yo + Da + EB. (7)
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CBOOOIHBIN UJIeH — 3TO 3HaYeHHWe MHorouJieHa npu t = 0, T.e.
R = Az? + 2Bxoyo + Cy? + 2Dzo + 2Eyo+ F =0.  (8)

BooGme rosops, ypaBHeHHe (4) — KBajpaTHOe, HMeeT He
GoJibllle IBYX KOpHeH, M TpsiMasi TepeceKkaeT JHHHIO WM B JABYX
TOUKaX, WJIM B ONHOH TOuKe (KpaTHEIe KOPHH), WJIH He Tepece-
KaeT ee (KOMIIeKCcHble KOpHH). Ho BO3MOXKHBEI HCKJ/IOUHTEIbHbIE
npsiMele, A5 KoTopeix P = 0, To ecThb

Aa® 4+ 2BaB + Cp* =0, 9)

U, CJel0oBaTesIbHO, yYpaBHeHHe (4) siBaseTcs JuHeHHbIM. B 3TOM
cJydae OHO MMeeT OfMH KopeHb mpu () # 0, a npu Q = 0 ubo
BBITIOJIHEHO TOXKAECTBEHHO (ecau ¥ R = 0), 1160 He UMeeT peliie-
Hu#. CJieoBaTeIbHO, <HCKJIIOUNTE/bHbIE> MPsIMble WM Iepece-
KaloT JIMHUIO B €JMHCTBEHHOH TOUKE, HJIM JIeXKAT Ha Hel LeJUKOM,
WJIM HE UMEIOT ¢ Hel 0OLIMX TOYeK.

B paBenctBo (9) He BXOAAT KOOPOMHATHI HAuyaJbHOH TOYKH
npsimoii. Kpome Toro, oHO ocTaeTcs CpaBefsMBHIM, €CJH YMHO-
JKUTh v ¥ 3 Ha OOIIUE HeHYIeBOH MHOXKHUTEb. [109TOMY CBOHCTBO
<HUCKJIIOUUTEJbHOCTHU> CBSI3aHO TOJIbKO C HAMpaBJeHHEM MPSMOH.

Huxxe Mbl 0603HauaeMm HampaB/ieHHe MPSIMOH KOMIIOHEHTaMU
HEeHYJIEBOrO BEKTOpPa, UMEIOILEro 3TO HampasjeHHe. SCHO, 4TO «
U [ UIHTEPeCyIoT HAcC ¢ TOYHOCTBIO IO OOLIEr0 MHOMXKHTEJIS.

Onpenenenune. HanpaBieHue, onpenesnsieMoe BEKTOPOM,
KOMIIOHEHTH KOTOPOTO YIOBJETBOPSIOT ypaBHeHUIO (9), Ha3bIBAET-
CSl ACUMNMOMUYEeCKUM HANPasieHuem JUHAN BTOPOTO MOPSIKA.

2. Tun auaUKA. BBIACHHUM, CKOJBKO aCHUMMTOTHUECKHX Ha-
NpaBJeHUH MOXKeT UMeTb JIMHUS BTOporo nopsinka. O603HauuB

A B
B C

)

o=

copmynupyeM caenyolee

[Ipennoxenune l. Jlunus emopoeo nopadka umeem 08a
acumnmomuueckux Hanpasienus, ecau 6 < 0, 00no, ecau 6 =0,
u Hu oodnoeo, ecau § > 0.

JlokasaTteabcTBO. PaccmoTpum aBa cayuas:
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1) Ilyets C' # 0. Torma Bektop (0, 1) He siBasieTcs pelle-
HUeM ypaBHeHHs1 (9), U Ka)uoe pellleHHe MOXKHO 3aJaTb YIJIO-
BbIM KO3(hduuueHToM k = (/«, yHOBIETBOPSIOUIMM yPaBHEHHIO
Ck? + 2Bk + A = 0. JIHCKpDUMHHAHT 3TOTO ypaBHeHMS paBeH
B? — AC = —4. CyepnoBaTesibHO, OHO HMEeT [Ba BelleCTBEHHBIX
KOpH# 1pu 0 < 0, ooMH KopeHb NMpu 0 = 0 U He UMeeT BelleCTBeH-
HBIX KOpHe# npu § > 0.

2) Iyets C' = 0. Ypasuenue (9) umeer Bun Ao’ +2Baf = 0.
Torna npu B # 0 umeem § = —B?2 < 0, ¥ ypaBHEHHIO yIOBJIETBO-
psitot BekTopel (0, 1) u (2B, —A), KoTOpble He KOJIJHHEAPHHbI.

Ecnu xxe mpu C =0 u B =0, to 6 = 0, a HaliileHHble BbIlle
JIBa BEKTOpa KOJIJIMHEAPHBI. DTUM TMpeasokKeHHe N0Ka3aHO.

M&1 onpenesuau acMMITOTHUE-
CKH€e HampaB/eHHs TMpHU TOMOIIU
aHanutnyeckoro ycsosus (9). Tlo-
3TOMy B MpPUHLHMIE IIPU H3MeHe-
HUM CHCTEMbl KOOPAMHAT acHMII-
TOTHYECKOe HalpaBjeHHe MOIJO
6bl mepectaTb ObITh ACHMMTOTHYE-

CKHM, WJIH, HAa000pOT, OOBIKHOBEH- \/
HOe HalpaBJeHHe CTaTh aCHMIITO-
THYECKUM. MOXKHO 10Kas3aTb, XOTS a 6
Mbl U He OyIeM 3TOro fesatb, YTO
B JIEACTBUTENBHOCTH aCUMIITOTHYE-
CKHe HamnpaB/ieHUs He 3aBUCAT OT Puc. 38.

BEIOOpA CHCTEMbl KOOPAMHAT.

Hcnonb3yst KaHOHUYECKHe ypaB-

HEHHS JIETKO TIPOBEPUTD, YTO JIIUIC He UMEEeT aCHMIITOTHUECKUX
HarpaBJ/eHuH, napaboJ/ja UMeeT OfIHO, a TUnep6oa — ABA ACUMII-
TOTHYecKUX HampasseHusi (puc. 38). [loaTomy JHHHMH BTOpOro
NOpsifIKa Ha3blBAIOTCA JMHUAMU eunepboiuueckoeo, napaboiuue-
CK020 WU 3AAUNMUYECKOSO THIA, CMOTPS MO TOMY, HMEIOT JIH
OHH [1Ba, OJHO WJIK HU OJHOT'O aCHMITOTHUECKOTO HarpaBJ/eHHs .

Jns nuHuil runep6osandeckoro tTuna 6 < 0, as napadosuue-
ckoro tumna 6 = 0, a A5 JAJAUITHYecKoro § > 0.

3. IuameTrp JauHUM BTOpOro mopsaka. IHasoeem xopdoii
JII000H OTPe30K, KOHLl KOTOPOTrO JieKaT Ha JIMHUH, a OCTaJIbHbIE

a ) napaboaa, 6) zunepboJa.
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TOYKH Ha HeH He JexaT. Takum o6paaoM, X0paa He MOXKET UMEeTb
ACUMIITOTHYECKOTr O HAallpaBJEHUS.

[IpenrnosokumM, 4TO paccMaTpH-
BaeMasi JIMHHSI BTOPOrO MOPsifiKa
uMeeT N0 KpalHed Mepe OfHY XOp-
Ly. DTOMY YCJOBHIO yIOBJETBOPSIIOT
3JITUICH], TUNepOoJibl, Mapel Mepe-
CeKawLIMUXCs MPSIMBIX, NapabdoJbl U

Puc. 39. napbl NapaJJiesibHbIX MPSMbIX.

dukcupyeM Kakoe-HUOYAb He-
ACHMIITOTHYECKOe HalpaBjeHHe U HCC/eflyeM MHOXKECTBO Cepe-
IWH XOpI, MMEKIIHX 3TO HampasjeHHe. Eciu HauyajbHasg TOukKa
Mo(xo, yo) cekyleit (2) HaxonuTCst B CepefiMHE XOPIbl, TO KOPHU
ypaBHeHUs (4) paBHBI Mo aGCOJIOTHOH BeJMYMHE U OTIHYAIOTCA
3HakoM (puc. 39). Dto OymeT Tak B TOM U TOJBKO TOM CJyuae,
korpa @ = 0.

Hcnonbays (7) Mbl moJydaem, 4TO CepeMHbl XOpA HarpasJe-
Hus (o, () Jexar Ha MpsiMoH

(Ao + BB)z + (Ba+ CB)y+ Da+EB=0.  (10)

Onpenenenue. [lpamas (10) HasbiBaeTcs duamempom Ju-
HHHM BTOPOTO MOPsiKa, CONMpsiKEHHBIM HamnpasjeHuo («, ). Cro-
UT 06paTUTh BHHMaHMe Ha TO, YTO AMAaMETPOM Ha3BIBAeTCs BCs
npsiMasi. DTO He 03HAUYAET, UTO CEPEeHHBI XOPJ 3aMOJHSAIOT ee Lie-
JUKOM. Tak MoxeT ObITb, HO BO3MOXHO TaKxKe, YTO MHOXKECTBO
CepelrH XOpJ eCThb, HANPUMep, OTPe30K HJIH JyY.

KoneuHo, ocraercsi comHeHue, AeHCTBUTENBHO JIH ypaBHEHHE
(10) ompeneJsisier mpsiMyt0: HE OKaXYTCsl JIU B HeM KO3(D(ULHEHTbI
npu nepeMeHHbIX 00a paBHBIMH Hym? JlomycTHM, 4TO 3TO Tak,
T.€.

Aa+ B =0, Ba+Cp=0.

YMHOXKHUM TepBoe M3 3THX PaBEHCTB Ha «, BTOpoe — Ha [ H
cnoKUM. MBI mosyyuM paBeHCTBO (9), KOTOpOe MO Mpeanosoxe-
HHIo He uMeeT Mecta. CrenoBarenbHo, ypaBHeHue (10) ompenesns-
eT TPSIMYIO.

4. Ilentp nuHum BTOporo mopsaka. OO003HAUUM JIEBYIO
yacTb ypaBHeHust (1) uepes ®(x, y) u BBemeM
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Onpenenenue. Touka O(xg, yo) Ha3bIBAETCSH YCHMPOM
JIMHUK BTOpOro mopsinka ¢ ypaBHeHuem ®(x, y) = 0, ecau ans
noboro BeKTopa a(a, [3) BBIIOJHEHO PAaBEHCTBO

@(xo—l—a, y0+6):¢(‘x0_aa yo_ﬁ) (11)

[To BuaMMOCTH 3TO ompejlesieHHe 3aBUCUT OT BbIOOpPa CUCTEMB
KOOpAMHAT, TaK KaK B HeM ydacTByeT He JIHHHS, a MHOT'OUJIEH,
CTOSILIMI B JI€BOH yacTH ee ypaBHeHHA. [lomycTHM, UTO KOOpAH-
HaThl (Zo, Yo) TOUKH O B HEKOTOPOH CHCTEMe KOOPAHHAT Y/OBJIE-
TBopsitoT ypaBHeHHto (11). Bynyt s ee koopauHatsl (Zo, §o) B
IpPYro#l cucreMe KOODAMHAT YIOBJNETBOPSITb PABEHCTBY TOrO e
BUJa 115 MHOrouseHa ® (&, 7o), 3aJalOIIEero Ty e JHHHIO B HO-
BOH cHcTeMe KoopaHHatT? Jlerko BHIeThb, 4TO 3TO TakK, IOTOMY 4TO
MHOrOu/eH ® TaK M BBLIGMpAeTCs, Y4TOOB A/ KOOPAMHAT 00O
TOUKH BBITIOJHANOCH paBeHCTBO D (E, ) = ®(z, ). Ham ocraercs
TOJIbKO BBIIUCATh 3TO PaBEHCTBO /51 TOYeK, moJydaeMmbx U3 O
CIIBUTOM Ha BEKTOPH a U —a.

Huzke Mbl foKaxkem, UTO B TOM CJyyae, KOTjJa JHHHS COfep-
JKUT XOTb OJHY TOUKY, LEHTPbl THHUH U TOJNbKO OHH SABJSIOTCS ee
LeHTpaMu cuMMeTpuu. OIHAKO MOHATHE LEHTPa HeCKOJbKo 60-
Jlee oOllee: JIMHUHM, SIBJSIOLIMECS NYCTHIMM MHOXECTBaMHM, HUMe-
IOT BIIOJIHE OTIpeJiesIeHHble LEHTPbI, XOTSI TOBOPHTb 00 HX LEHTpPax
CUMMETPHH cMblcsa HeT. Hanpumep, Kaxkaas Touka npsamoi y = 0
SIBJISETCS LEHTPOM JIMHUHM ¢ ypaBHeHueM y2 + 1 = 0.

[Tonyuum crucTeMy ypaBHeHMH A KoopAuHAT LeHTpa. C 3Toi
Hesblo HamuiieM nonapoOHee paBeHcTBO (11). Ero seBast wactb
paBHa

A(zo + a)® 4+ 2B(z0 + @) (yo + B) + Clyo + B)*+
+2D(x0 + o) +2E(yo + 8) + F.

[paBast yacTb OTJAMYAETCS OT JIEBOH TOJIBKO 3HAKAMH y < U [3.
[Tostomy npu Boiuntanuu ®(zg — «, yo — ) U3 ®(x0 + , yo + )
YHUUTOXKATCS BCE UJIeHbl, KDOME TeX, B KOTOPble & U [3 BXOAAT
C MepBOH CTEMeHH, a YJEHbl C TEPBBIMU CTENEHSIMH YABOSITCS.
[Tocsie ynpouieHuit Mbl moJydaem

(Azo + Byo + D)a + (Bxo + Cyo + E)B = 0. (12)
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Ho paBenctBo (11), a BMecTe ¢ HUM U PaBHOCHJIBHOE PaBEHCTBO
(12) umeer MecTo mpu JOOBIX « ¥ [, B 4aCTHOCTH, MPH v =
=1, f=0unpua=0, §=1. Orcrona cienyer, 4To KOOpAHHA-
Thl (Z0, Yo) LEHTPaA HOJKHBI YAOBJETBOPSTh CUCTEME YpaBHEHHUH

Axg+ Byo+ D =0, (13)

Bxzy+ Cyg+ E =0.
Jlerko BueTh, UTO ¥ 0OPATHO, €CJIH CrpaBeaJuBbl paBeHcTBa (13),
TO YMHOXast UX Ha MPOU3BOJbHBIE UHCAA v U 3 U CKJa[dblBasi, Mbl
nonyuum (12), a tem cambim u (11).

Hccnenyem, o6s3aTesbHO JIM CYIIECTBYIOT LEHTPBl Yy JHUHHH
BTOPOTO MOPSIIKA, a €CJAH OHH CYLIECTBYIOT, TO CKOJIBKO UX U KakK
OHHM pacroJiokeHbl. Cuctema ypaBHeHUi# (13) cornacHo npepsioxke-
Huto 8 § 2 . Il uMeeT enMHCTBEHHOE pellleHHe TOTAA U TOJBKO
TOrMa, Koraa

A B
5:‘]3 C‘;éo. (14)

Takum o6pasom, ycaoBue & #* (0 HeoOXOOUMO M AOCTATOYHO
IJIs TOrO, UTOOBI JIMHHS BTOPOTO MOPSiAKA MMeJsa eIHHCTBEHHBIH
LEHTP.

Onpenenenue. JIMHAK BTOPOrO MOPSIIKA, UMEIOLIHE €IUH-
CTBEHHBIH LIEHTP, HA3BIBAIOTCS UEHMPAAbHbIMU.

[TosyueHHOE yC/IOBHE MOKa3blBaeT, YTO LEHTPaJbHBIMH SIBJISI-
I0TCS JIMHUM 3JJTUTITHUECKOTO ¥ THIepOONHUECKOro THIIOB.

YeqoBue § = 0 xapaKTepu3yeT HelleHTpaJbHble JHHUU. DTO —
JuHUK napabosnyeckoro tuna. [Ipu ycsaosun § = 0 cucrema (13)
J100 He UMeeT PelleHus, MO0 PaBHOCHU/IbHA OIHOMY H3 COCTABJIS-
IOLIKX ee ypaBHeHU# (mpepyoxkenue 8 § 2 rai. I1). D10 3HauuT, uTO
HelleHTpaJibHast JIMHUS JUO00 He UMeeT leHTpa (nmapabosa), aubo
ee LEHTPBI 3aMOJHSIOT NPSIMY0 JUHHUIO (Mapsl MapasseabHbIX Npsi-
MBIX, BELleCTBEHHbIX H MHHUMBIX, H Mapbl COBMABILKX MPSMbIX).

[Ipennoxenue 2. Ecau AuHUA 8MOPOe0 NOPsOKa He 8-
asemes nycmoim muoxcecmeom u umeem yewmp O(zo, yo), mo
OH — ee UeHmp CUMMempuL.

B camoM gese, paccMOTpPUM MPOHU3BOJNBHYIO TOUYKY JIMHHU
M(x, y) v HOKaXeM, UTO CHMMETpUYHast eil oTHocHuTebHO O TOU-
Ka M (x1, y1) TakKe JEXKUT Ha JUHUH. M OmpenessieTcsi paBeH-
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CTBOM O—Ml> = - O—]\Zf Ecau («, 8) — KoopAHHATH BeKTOpa O—>M
Tor=x0+a, Y=y +p5,ax =x9—a, y1 =y — . Tenepsb
sicHo, uto B cuay (11) us ®(z, y) = 0 caenyer ®(z1, y1) = 0.
[TpensoxkeHne nOKa3aHo.

[Ipennoxenue 3. Ecau aunus codepacum xoms 6vo. 00HY
mouky u umeem yenmp cummempuu O(xg, yo), mo O ssasemcs
UeHMmpPOM.

JokazateabcTBOo. PaccmoTpuMm nepecedeHHe JHHUH C
NpsIMOH, TIpoxoasiiell yepe3 O, NPUHSB 3Ty TOUKY 3a HauaJbHYIO
TOUKY NpsiMoi. KMeroTcsi 1Be BOBMOXKHOCTH:

1) Touxka O nexxut Ha nuHuM. [IycTb mpsiMasi UMeeT HeacHMII-
TOoTHYecKoe HampaBieHHe. Torna O — eIHHCTBEeHHast TOUYKa Iepe-
cedeHHUs], TaK KaK MHaye C y4eTOM CHMMETPHUH TOUeK IepeceyeHHs
Obl710 Obl He MeHble TpexX. C/ienoBaTesibHO, ypaBHeHHe (4) UMeeT
KpaTHbIH KopeHb ¢ = 0, oTKyna BbiTekaeT () = 0. Mrak, koopau-
Hathl TOUKH O YHOBJETBOPSIIOT paBeHCTBY (12) mpu JoGbIX o U
B, COOTBETCTBYIOIIMX HEACUMITOTHUECKUM HampaBJieHUsM. BbiGe-
pem [Ba pa3/iMuHbIX HEaCHMITOTHUYECKUX HampasjeHusi («, B) u
(o, ) (af’ — /B #0), 1 paccMOTPUM paBeHCTBa

(Axzo + Byo + D)a+ (Bxg + Cyo + E)5 =0,
(Azg 4+ Byo + D)o’ + (Bxg + Cyo + E)p' =0

KaK CHCTeMYy ypaBHeHHH ¢ Koa(duuHeHTaMu «, 3, ', 5'. Mel no-
JaydaeM paBeHcTBa (13), Kak U Tpe6oBasoCh.

2) Touka O He JeXHUT Ha JuHUM. Eciu mpsimas nepecekaet
JIMHHUIO B TOUKe M, KOTOPOH COOTBETCTBYET 3HAUeHHe MapameTpa
t1 # 0, TO CyIIeCTByeT CHMMETPHYHAsl TOUKa IepeceyeHHs CO
3HaueHueM napametpa —t;. Torma Pt? +2Qt; + R =0 u Pt3 —
—2Qt; + R =0, oTkyza crenyet @ = 0.

Takum o6pasom, ec/i JUHHS UMEET TOUKH NepeceyeHus ¢ 1By-
Msi pasJUYHBIMH TPSIMBIMH, TPOXOASIIUMH depe3 O, TO, KaK H
BBIlLIE, Mbl MOXKeM MOJY4YUTh paBeHcTBa (13) mas koopauHat O.
JlokaxkeM, 4TO Takue MpsiMble 00s3aTesbHO Ha#aytcs. JekcTBu-
TeJbHO, B NPOTHUBHOM CJydae BCe TOUKM JIMHUM JexKaT Ha Of-
Ho# npsimoii. CorsacHo Teopeme 1 § 1 JMHUEK TOJIBKO ABYX KJac-
COB 00JIalal0T 3THM CBOWCTBOM: IMapbl COBMABIIMX MPSIMbIX W Ma-
pbl MHHUMBIX Iepecekawolmuxcs npsmbeix. Ho u nas Toro, W mns
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IPYroro KJjacca BCEe LEHTPbl CUMMETPHH MPHHAMAJIEXKAT JHHHH,
4TO MPOTUBOPEUHT CAENAHHOMY Mpeanosnokenuio. [Ipennoxkenne
JI0Ka3aHo.

5. Conpsixkennble Hanpaeienus. Hanpasienue (o, '),
ompejiesisieMoe [AHAMETPOM, COMPSKEHHBIM HampasjeHuio (a, f3),
Ha3bIBAETCs ConpsijterHbim HampasieHnto (a, B). KommoHeHTH
(o, ') nanpasasitoiero Bektopa audamerpa (10) cornacHo mpen-
Jgoxennio 6 § 2 ro. Il ynoBneTBopsioT yc/aoBuio

(Aa+ BB)o! + (Ba+ CB)B =0 (15)

WM
Aad’ + B(d/B+apf’)+CBB" =0. (16)

B nocnennee BeipaxkeHue mapsl uncen (a, ) u (o, B') Bxomsr
cuMMeTprYHbIM 06paszoM. [TosTomy umeer mecTo

[Mpennoxenue 4. Ecau nanpasaenue (!, B'), conpsiscen-
Hoe ¢ («, ), He A6A5emCs ACUMNMOMUYECKUM, MO CONPAHCEH-
Hoim Oas (o, B') 6ydem nanpasaenue (o, B) (puc. 40).

BosHukaer Bompoc, Mpu KaKUX YCJIOBUSX HATPABJIEHUE, COMPS-
JKEHHOe KaKOMY-HHOyIb HampaBjeHuio («, [3), MOXKET 0Ka3aThbCs
ACHMIITOTHYECKUM. DTO JIETKO BHIICHUTH. M3 paBenctsa (15) cie-
JyeT, uTo B KauectBe « M (3’ MOXKHO BbIGPaTh, COOTBETCTBEHHO,
—(Ba+Cp) u (Aa+ Bp).

[ToncraBum 510 B ypaBHenue (9) mjsi aCHMITOTHYECKHX Ha-
IpaBJIeHUN:

A(Ba + CB)* + 2B(Ba + CB)(Aa + BB) + C(Aa + BB)? = 0.

Puc. 40.
Conpsiscernole HANPasieHus y sAaunca u eunepbonol
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[Tocsie mpeoGpasoBanuit mosayudaem (AC —
— B?)(Aa? + 2Baf + CB?) = 0. Tlockosb-
Ky HCXO/IHO€ HalpaBjeHHe He aCHMIITOTHYe-
CKOe, 3TO MPOU3BeLeHHEe MOXKeT 00paTUTbCS

B HYJIb TOJBKO 3a CUET MePBOr0 COMHOXH- /
tess. Mbl mosydaem /

[Ipennoxenue 5. Ecau aunus He
yenmpavras (6 = 0), mo 0aa r06oeo Ha- o
npasaenus (o, B) conpsaxcernoe Hanpasie-
Hue — acumnmomuueckoe (puc. 41). Ecau Puic. 41.
AuHus yeumpaaorasn (6 # 0), mo nanpas-

Aenue, conpscernoe A060MY HANPABAEHUID — He ACUMNMOMU-
yeckoe.

6. I'maBHbIe HanipaBJaeHus. Ecny nuameTp neprneHaUKyJspeH
XOpZaM, KOTOPbIM OH COMPSIKEH, TO OH SIBJSIETCS 0Cbl0 CUMMETPHH
paccmaTpuBaeMoi JMHHUH. BBeeM cienyioniee

Onpenenenune.  Hanpasnenue (o, §) W HampaBieHHe
(o, '), compsiKEHHOTO eMy AHaMeTpa, Ha3blBAKTCS 2AA8HbIMU
HAaIpaBJEHUSIMU, €CJIH OHH TEePIeHIUKYISPHBL.

Ecau cucreMa KOOpAHHAT JeKapTOBA MPSIMOYTOJbHASL, TO MAJsI
JIaBHOTO HaIpaBJieHUsi KOMIOHEHTHl («, 3) MOJKHBI ObITH MPO-
MOPLUHOHAJbHBl KO3()(HLHEHTaM ypaBHEHHsI CONPSIKEHHOro aua-
metpa (10), T. e. TOMKHO CYILIECTBOBATb TaKOe UHCJO A, UTO

Aa + BS = Ao, (17)
Ba+ Cp = \j.
HMckatouast A, Mbl MoJlyyaeM ypaBHeHHe 1Jist o U [3:
(A—C)af + B(B? —a?) =0. (18)

Ecnu monoxuTth v = cosp, B = sing, 1o ypaBHenue (18)
npeepatutcs B ypaBHeHue (2) § 1, KoTopoe, Kak Mbl BHIEJH,
006513aTeIbHO HMeeT pelleHHe OTHOCHTENBHO . [losTomy nMeer
MeCTO

[Ipennoxenue 6. Kaxoas aunus 8mopozo nopsdka ume-
em xoms 6v. 0OHY napy eAa8HuLX HANPABAEHUL.

Bosee nonpobHoe uccnenoBanue ypaBHeHusi (18) nokaseiBaert,
qTo ub0 3Ta Tapa eAHHCTBEHHas, MO0 Kaxkjias napa mepreHiy-
KYJISIDHBIX HalpaBJjeHHH siBjisieTcs rsaBHod. Ilocsiennut cayva
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umeet Mecto, Korga A = C, B = 0. [Ipu 3T0M ypaBHeHHe JHHUH
NIPUBONMTCS K OJHOMY M3 KaHOHHYECKHMX BHMAOB: z2 + y? = 12
22+ 9% = —r? uam 22 + 42 = 0. B AByX nocjeaHux cayda-
AX JIMHHS He HMeeT XOpl, U pe3y/bTaT JHIIEeH TeOMeTPUYECKOro
CMBICJIA.

7. KacarteapHasa K JuHUM BTOporo mopsinka. Kak usBect-
HO, KacaTesNbHOH K KaKOH-JHOO JHMHHUH Ha3bIBaeTCs TpefiesbHOe
MOJIOJKEHHE CEeKYIlleH, Koraa XopAa CTATHBAeTcsl B TOUKY. BbiBe-
JeM ypaBHeHHe KacaTesJbHOH K JIMHUM BTOPOTO MOPsSiAKa, 3aiaH-
Hol ypaBHeHHeM (1). Jlanum mpenBapuUTesbHO Clleayiolee

Onpenenenune. Ocoboil mouxoil TUHUK BTOPOTO MOPsIAKA
Ha3blBaeTCs ee LEHTpP, KOTOPLIH JIEXKHUT Ha JIMHHH.

Oco6biMK TOUKAMHU SBJISIOTCS: TOUKA TepeceueHns naphl nepe-
CeKawIIUXCs NPsIMbIX, €AMHCTBEHHAS TOYKA Mapbl MHUMBIX Iepe-
CeKalolIUXCs MPSAMBIX ¥ KaxKaash TOUKa Napbl COBMNABILMX NPSAMBIX.
B ocoGoii Touke KacaresbHas He onpeneseHa. Eciu Touka JexUT
Ha NpsIMOH, BXOAslLleH B COCTaB JIMHHWH, TO KacaTesbHas B 3TOH
TOYKe COBMAajaeT ¢ npsiMoid. VICKJIIOUMB 3TH caydau, Mbl (hakTHUe-
CKH OrpaHMYMBaeMCs pacCMOTPEHHEM KacaTeJbHbIX K 3JIJIHUIICAM,
runep6osaM U napadosam.

Pacemotpum tTouky Mo(zo, yo), JeXKaulyo Ha JUHAR L, U 0psi-
MyI0 ¢ HayasibHOU Toukod My, 3amannyio ypaBHenueM (2). C Ha-
el TOYKH 3peHHUs PUBeJEHHOE BhILIE ONpe/ie/leHHe KacaTe bHOH
03Hauaert, 4YTO ypaBHeHHUe (4), onpenessiollee TOYKH NepecedeHus
L v npsiMOH, UMeeT 1Ba COBMNAJaloLIHe KOPHS.

Tak kak Haua/jbHasi TOYKA NMPUHALMEKUT L, B ypaBHeHUHU (4)
R = 0, 1 onuH U3 ero KopHed paBeH HyJo. KopHu coBmnapaior,
ec/JM U BTOPOH KOPEHb paBeH HYJIO, 1Js Yero HeoOXOAHWMO, 4To-
6b1 () = 0. Ecain mpu aToM okaxetcs, uto U P = 0, To npsiMas
MPUHALJEXKHUT JTUHUKA BTOPOTO MOPSIAKA. DTOT CaAydaidl Mbl HCKJIIO-
YUJIU, U TIOTOMY ypaBHEHHE UMeeT KpaTHbIH KopeHb t = () B TOM
U TOJNBKO TOM cJjyuae, Korna ) = 0. Mbl paccMaTpuBaeM paBeH-
cTBo () = 0 KaK ycJ/IoBHe, olpeje/fioliee HaNpaBasoOLUH BEKTOp
KacareJ/JbHOMU:

(Azg + Byo + D)a+ (Bxzo + Cyo + E)B = 0. (19)

Tak xak My He ocobasi Touka, 06e CKOOKH 3/eCb OJHOBPEMEHHO
B HYJIb He ofpaiiatorcs, U ycaosue (19) onpenensier o u 3 ¢ Tou-



§ 3. Jlunus emopoco nopsdka, 3a0aHHAS OOUUM YpABHEHUEM 119

HOCTBIO 0 06liero MHOXKuTedsi. Touka M (z, y) JexXHUT Ha Kaca-
—

TeJIbHOH TOTHA U TOJBbKO TOraa, Korna Bektop MoM KossiuHeapeH
a(a, ), TO ecTb €ro KOOPAUHATHl & — T U Y — Yo YAOBJETBOPSIIOT
TOMY 2K€ YCJIOBHIO, 4TO U (av, fB):

(Azg + Byo + D)(z — x0) + (Bzo + Cyo + E)(y — yo) = 0. (20)

DTo W ecThb ypaBHeHHe KacaTeJbHOH K JWHHH L B Touke My,
Jiexkalleld Ha JUHUM. YpaBHeHHe (20) MOXKHO 3amucaTb W MHaue,
€CJIM 3aMeTHUThb, YTO KOOpPAUHATBl M( yIOBJETBOPSIOT YPaBHEHHIO
(1) 1 caemoBaTeIbHO

(Azo+Byo+D)xo+(Bro+Cyo+E)yo+Dro+Eyo+F = 0. (21)

[Tpu6aBisisi 310 paBeHcTBO K (20) M rpynnupys cjaraemble, moJy-
YUM OKOHYaTeJbHOe ypaBHEHHE

Azxo+B(zyo+xoy)+Cyyo+D(z+x0)+E(y+yo)+F = 0. (22)

8. OcoObie TOoukM. Hamomuum, yTO 0coOas Touka JHUHHH
BTODPOro MOPSiiIKa — 3TO €€ LEeHTP, JexKallui Ha JUHUH. Mccaeny-
eM, TP KaKHUX YCJOBHSIX JIMHHS BTOPOTO MOPSiAKa UMEET 0COOYIO
touky. [lycts (xo, yo) — KoopanHaTbl 0co6od Toukd. OHH ym0-
BJIETBOPSIOT ypaBHeHHIO (1), U pe3ysbTaT UX MOACTAHOBKH B 3TO
ypaBHeHHe npeicTaBuM B Buje (21). Tak Kak 3Ta Touka — LEHTp,
BbIpaXKeHHs1, 3aKJOUeHHble B CKOOKH, PaBHBI HYJIO B CHJIY ypaB-
HeHu#t (13), ¥ MBI MoJyYaeM CHCTEMY ypaBHEHHE, PAaBHOCHJIbHYIO
omnpeieIeHHI0 0C000H TOUKH

Axg+ Byo+ D =0,
Bxog+ Cyo+ E =0, (23)
Dxo+ Eyo+ F =0.

Bribepem Kakoi-HHOynb 0a3uc B TNPOCTPAHCTBE U PaCCMOT-
puM BcriomorartesibHbie BekTopel p(A, B, D), q(B,C, E) wu
r(D, E, F). PaBenctsa (23) npeactas/sitor co60# KOOPIUHATHYIO
3amuch BEKTOPHOTO PaBeHCTBA

ToPp + Yyoq = —T. (24)
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3Ha‘{I/IT, [IpU HaJHUYHUH 0co60H TOUKHU BEKTOpPbl P, q U I KOMIlJa-
HapHHBI. Orcrona cjaenyer

[Ipennoxenue 7. [as moeo, umobv. Aunus, 3a0aHHas
obujum ypasreruem (1), umera ocobyiwo mouxy, Heobxooumo,
4moboL K03 GuyLermol YypasHenus Yyoo8AEMBOPALU YCAOBUIO

(25)

>

[
(Wuve =
mQw
RS

I

o

Ecau quHus UeHTpasibHasl, TO BEKTOPH P U ( He KOJIIHHeap-
Hbl, U YCJIOBHE KOMILJIAHAPHOCTH (25) PaBHOCHUJIBHO CYIIECTBOBA-
HHIO pasnoxkeHHs (24), To ecTh CYIeCTBOBAHHIO pelleHHs] CHCTe-
Mbl (23). Mbl ONy4YHIN

[Ipennoxenune 8. [lenmparonas aunus umeem o0cobyro
mouky moeda u moavko mozoa, koeda A = 0.

Hrak, couetanue § < 0, A = (0 xapakTepuayer napsl nepece-
KaloluXxcs npsaMblx, a 6 > 0, A = 0 — nmapel MHUMBIX llepeceka-
IOIUXCST MIPSIMBIX.

PaccMoTpuM HelleHTpaJsibHBIE JUHUH. YcnoBue A = () o3Haya-
€T, YTO BEKTOPHl P, g U I' TUHEHHO 3aBUCUMBI, TO €CTh CYILECTBY-
10T Ko3(pduuueHTs «, 3 1 7, Takue, 4to ap + fq+yr = 0 u
052 + 62 + ,y2 ?é 0.

a) IycTb B /110604 Takol JuHeiHOH KomOuHauu v = 0. Torna
BEKTOPbl P U ( KOJIJIMHEAPHBI, a3 BEKTOP I' 10 HUM He PacKJaJbl-
BaeTcsi (MHaye Mbl UMeJH Obl T — Ap — ugq = 0). CrenoBatelib-
HO, 0c000# TOYKHM Ha KpHBOH HeT. KOMIOHEHTBI BEKTOPOB P U
(| TPOTOPIMOHAJBbHEl, & 3HAYUT, TPOTMOPLHUOHAJBHEI JIeBble YacTH
ypaBHeHu#t Axg + Byg+ D = 0 u Bxg + Cyo + F = 0. Cu-
crema ypaBHeHu# (13) 3KBHBaJ€eHTHA OJHOMY M3 €€ ypaBHEeHHH.
ITO 03HAUaAEeT, YTO JUHUSA MMEET LEHTpP, U Jaxke eyl MpsIMylo,
COCTOSILIYI0 M3 LEHTPOB, HO HH OOWH M3 LIEHTPOB He $SIBJSETCS
0C000H TOUKOH.

TakuMu JIUHUSIMH SIBJSIIOTCS napa mapaJJeabHbIX MPAMBIX K
napa MHUMBIX MapaJijie/IbHbIX TTPSAMBIX.
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6) B mpoTuBHOM cjyuae CyIIeCcTByeT Takod HabGop Koa(pdu-
MEHTOB, B KOoTOopoM 7 # 0, u cuctema (23) uUMeeT pelleHHe
xo = —a/v, yo = —F/~. Takum o06pa3oM, JTHHHS HMEET 0COOYIO
TOYKY.

W3 nunuil napabosuueckoro TMMNa oCoOObIMH TOUKaMU obsagaet
TOJIBKO Mapa COBMABLIMX TPSIMBIX.

Hrak, coyeranue § = A = () xapakTepu3yeT Maphbl MapaJeb-
HBIX TIPSIMBbIX (BEIECTBEHHBIX, MHUMbIX UJIH COBMABIIHX).

Mbul nokasaau

[Ipennoxenune 9. [asa HeyenmpasoHolx AUHUL Yycarosue
A = 0 pasHOCUAbHO CYULCMBOBAHUIO eHmPa.

W3 npepnoxkenuit 8 u 9 cienyer, 4yto paBeHcTBO A = 0 sBJaS-
eTCsl UHBAPUAHTHBIM: OHO He MOXKET M3MeHHTBCSl MU Tepexofie K
IPYro# cucteMe KOOpAMHAT. MOXHO 3aMETHTh, YTO OHO XapakTe-
pHU3yeT Te JIMHUM BTOPOTO MOPSIKA, KOTOPble pacrnaaaloTcs B napy
NPSIMBIX (BELIECTBEHHBIX UJH MHUMBIX).

YIIPAJKHEHN A

1. JIuausa onncaHa oKoJIO MapasjesnorpaMMa, ecjii ero BepIIHHbI Jie-
JKaT Ha JIMHWH, a OCTa/bHble TOUKH Ha Hell He Jexar. Jlokaxkute, uTO
TakKas JIMHHS BTOPOTO MOpsifika 00s3aTe/bHO LIeHTpajbHasi, U LEHTP ee
COBMAJaeT C LUEHTPOM MapaJJjiesorpaMmma.

2. Ha niockocTy HapucoBaHbl 3J1MIC, Tunepbosa 1 napabona. Kax
C MOMOLIBIO LIUPKYJIST U JIHHEHKH MOCTPOUTH KX OCH CHMMETPUH M acHMII-
TOTBI TUTIEPOOJIBI?

3. JlokaxXuTe, 4TO CyMMa KBaipaToB [JHH XOp[, JeXallhX Ha CONps-
JKeHHBIX JHaMeTpax 3J/JHICa, TIOCTOSTHHA.

4. He npuBons ypaBHeHHe K KAHOHHUECKOMY BHAY, HAaHaUTe LEHTP U
acHMNTOTH runep6oas 3z 4+ 10zy + 3y — 2z + 2y — 9= 0.

5. He mpuBonst ypaBHeHHe K KaHOHHYECKOMY BHAY, CKaXKUTe, Kak
Ha3blBaeTCs JIMHUS C ypaBHEHHEM

a) 3z +10xy +3y* —2x +2y =1,
6) x®+3zy+y?+Tr+8y—11=0?

6. Kak pas/ioknuTh Ha MHOXKHTE/IH JIEBYIO YacTh yPaBHEHHS U3 3a/aul
5 a?

7. HanumuTe ypaBHeHHe KacaTe/bHOH K JuHMM x> — 2zy + 3y? = 3
B Touke My(0, 1).
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§ 4. MOBEPXHOCTU BTOPOIO NOPAAKA

[Topo6Ho ToMy, Kak B § 2 Obliu onucaHbl Bce HauboJsiee WH-
TepecHble JIMHUHM BTOPOTO MOpPSIKA, B HACTOsALLEeM naparpade Mbl
ONHMLIEM BaKHEHILIHe MOBEPXHOCTH BTOPOTrO MOPSAKA, a MOJHYIO
KjaccuuKanuio Takux nosepxHocted otioxum no ra. VIII. Co-
CTaBUTb cebe o0lee MpeacTaBJeHHe O OOJbIIHHCTBE MOBEPXHO-
CTeH BTOPOTO MOpPsiKa MOXKHO, paccMaTpHBasi MOBEPXHOCTH Bpa-
LeHUS JUHUH BTOPOTrO NMOPSiIKa BOKPYT HX OCEH CUMMETPHH.

1. IloBepxHocTU BpameHus. [loBepxHoCTb S Ha3bIBaeTcs no-
B8EPXHOCMbIO 8pALYeHUss € OCblo d, ecJd OHa COCTaB/leHa U3
OKPY2KHOCTEH, KOTOpble MMeIOT LEeHTPhl Ha MpsMOH d U JexaT B
IJIOCKOCTSIX, MEepPIeHANKY/ISPHBIX NaHHOH NpsiMoi. B ocHoBe 3TO-
ro OINpeneseHNs JeXKUT cJenylollee NpeacTaBaeHne. PaccMoTpum
JUHUIO L, KoTOpas JeXHUT B IJIOCKOCTH P, mpoxoislled yepes
ochb Bpauienust d (puc. 42), u Oymem BpauaTb ee BOKPYT 3TOH
ocu. Kaxknass Touka JIMHUM ONHULIET OKPYXKHOCTb, & BCS JIMHUS —
MI0BEPXHOCTb BpALLEHHUS.

Bri6epem Hayaso 1eKapTOBOH MPSMOYTOJBbHOH CHCTEMbBI KOOP-
nuHat O, e, €2, €3 Ha OCH d, BEKTOp €3 HalpaBUM BIOJb d, a
BEKTOp €1 MoMecTUM B miiockoctu P. Takum obpasom, O, e, es —
JeKapToBa crucreMa KoopauHat B miockoctw P. Ilyctb munusg L
MUMeeT B 9TOH CHCTeMe KoopawHat ypaBHenue f(x, z) = 0.

Paccmorpum Touky Mz, y, z).
Uepes Hee NMPOXOAUT OKPYKHOCTb,
KOTOpast UMeeT LEHTP Ha ocH d U
JIEXKUT B IIJIOCKOCTH, TEepIeHAUKY-
JpHOU 3TOH ocH. Paguyc oxkpyx-
HOCTH paBeH pacCTOsiHUI OoT M
I0 OCH, TO ecTb \/x2 + y2. Touka
M neXuT Ha TIOBEPXHOCTH Bpalle-
HHS TOrJa M TOJBKO TOrHA, KOraa
Ha YKa3aHHOH OKPYXHOCTH HMe-
eTcs Touka Mj, mpUHansexalias
BpallaeMol JUHUK L.

Puc. 42. Touka M (w1, Y1, 21) JEXKHUT B
njaockoctu P, u notomy y; = O.
Kpome toro, z1 = z # |1 | = y/x? + y?, Tak Kak M; JeXUT Ha
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TOU ke OKpyxHOCTH, uTo ¥ M. Koopaunatel Touku M; ymnoBise-
TBOPSIIOT ypaBHeHHIO JuHud L: f(x1, z1) = 0. [loacrasass B ato
ypaBHEHHE =1 U z1, Mbl TI0Jly4aeM yCJIOBHE Ha KOOPAHUHATHI TOUKH
M, HeoOXogUMOEe U NOCTATOUHOE A/ TOTo, yToObnl M Jjexkana Ha
MOBEPXHOCTH BpallleHHs1 S: PaBEHCTBO

fEVE2+y?2) =0 (1)

JIOJI2KHO OBITb BBIITOJTHEHO XOTSI Obl Iphd OOHOM H3 OBYX 3HAKOB
nepen KOpHeM. 10 yCJ0BHE, KOTOPOE€ MO2KHO 3alucaTb TaKxKe B

BHJIE
f(Va?+y2, 2) f(—va? +y? 2) =0, (2)

U SIBJSIeTCS ypaBHEHHEM MOBEPXHOCTH BpalleHUs JUHUHU L BOKPYT
ocH d.

2. dnmuncoun. PaccMOTpHM MOBEPXHOCTH, KOTOPBIE MOJyya-
I0TCSl TIPU BpALlEHUM 3JIJIMIICA BOKPYT ero ocedl cummerpuu. Ha-
NPaBUB BEKTOP €3 CHadasa BIOJb MaJiod OCH 3JIJMICA, a 3aTeM
B/IOJIb OOJIBILION OCH, MBI MOJYUYHM YPaBHEHHS 3JIIHICA B CJELY-
IOLIUX BUAAX:

x? 22 22 x?

R R— - R 1
a? 2 a2 2
(3nmech uepe3 ¢ obo03HaueHa Majas MOJyochb 3jJunca.) B cuiy
(dopmybl (1) ypaBHEHHs] COOTBETCTBYIOLIMX MOBEPXHOCTEH Bpa-
ieHus OyayT
22 4y 22 22 2?42

7tz =1L S+ 2

5 1 (a>c). (3)

a C C

[ToBepXHOCTH C TaKMMH yDaBHEHHSIMM Ha3blBAalOTCSI COOTBET-
CTBEHHO CHCAMbIM W BbLMAHYMbIM SJIIAIICOMIAMY BpaLEeHHs
(puc. 43).

Kaxnyio Touxky M (x, y, z) Ha C2KATOM 3JIJIUIICOU/IE BPALIEHHUS
CIBMHEM K IJIOCKOCTH i = 0 Tak, 4TOGbl PacCTOsSIHME OT TOYKH JI0
9TOH MJIOCKOCTH YMEHBILIHKJIOCh B OCTOSSHHOM /ISl BCEX TOYEK OT-
HOLIEHUH A TaKOM, 4TO a > Aa > c. [locjie ciBUra Todka mnomnauer
B nosioxenue M'(x', ', 2'), tne ' =z, vy = Ay u 2’ = 2. Ta-
KHM 00pa30M, TOYKH 3JIJMICOMAA BPAIIEHHS MEPEXOAAT B TOUYKH
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©3

e;

Puc. 43.
a) cocamoltl, 6) BoLMAHYMbLL IAAUNCOUODL BPAUYEHUS

NOBEPXHOCTHU C YpaBHEHUEM

S+L+5 =, (4)

rie b = Aa. IloBepxHOCTb, KOTOpPask B HEKOTOPOH NEKAPTOBOH CH-
CTeMe KOOpAMHAT UMeeT ypaBHeHHUe (4) Ha3bIBaeTCs 44uUncoOU0OM
(puc 44). Ecnu ciyuaiiHo oka)eTcst, 4To b = ¢, Mbl TIOJNYYUM CHO-
Ba 3JIJIMIICOM] BPALLEHHs], HO y2Ke BBITSHYTBIH.

DJJIMIICOUA TaK XKe, Kak U
3JUIMIICONA BpaIlleHHs, H3 KOTO-
poro OH TOJy4YeH, MpeacTaB/seT
co0oll 3aMKHYTYI0 OTrpaHHYEHHYIO
noBepxHOCTb. M3 ypaBHeHus (4)
BHIHO, UTO Ha4aJo KaHOHHUECKOH
CHCTeMbl KOOPIMHAT — LIEHTP CHM-
MEeTPHUH 3JJIHUICONUA, 2 KOOPAHUHAT-
Hble IJIOCKOCTH — €ro IJOCKOCTH
CUMMETPHH.

DNMUNCOMA MOXKHO MOJy4uTh U3 cdepol 22 + y? + 22 = a
CKATHSIMH K mjockocTsiM y = 0 u z = 0 B oTHOWweHUAX A = b/a
" u=c/a.

B stom naparpage HaM yacTo npumercs npuberatb K C:KaTHIo,
M MBI He OyleM ero KaxKablil pa3 ONUCBIBATH CTOJb MOAPOGHO.

3. Konyc Broporo nopsinka. Paccmorpum Ha msockoctu P
napy nepeceKaroIUXCsl MPSIMBIX, 3a/laBaeMyl0 B CHCTeMe KOOpAH-

Puc. 44.

2
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Hat O, ej, e3 ypaBHenueM a?z? — c¢?2? = 0. [ToBepxHOCTb, MO-

JiydqaeMasi BpallleHUueM 9TOH JIMHHUHU BOKPYTI' OCH allllJIMKaT, UMeeT
YpaBHEHHE

a? (2 +9?) — 222 =0 (5)

¥ HOCHT Ha3BaHHE Npsimoz0 Kpyeo8020 KO-
Hyca (puc. 45). Cxkatue K mockoctd y = 0
MEPEBOUT MPSIMOA KPYroBOH KOHYC B TO-
BEPXHOCTb C ypaBHEHHEM

a’z® +b%y? — 222 =0, (6)

Ha3bIBAEMYIO KOMYCOM 8MOPO20 NOPSOKA.

OG6patuTe BHHMaHHe Ha TO, UTO JieBas
yacTh ypaBHeHUst (6) — omHopomHast QpyHK-
[MsI, U TIOBEPXHOCTb SIBJSIETCS KOHYCOM B
CMBICJIE OTIpefesieHus, BBegeHHoro B § 1
ra. I1.

4. OQHOMOJIOCTHBII rUNepooIoU.
Oownonosocmuolil  eunepboaoud  spauye-
HUSL — 3TO TOBEPXHOCTb BpAllleHHs TUIlep-
6O0JIbI

BOKpPYT TOH ocH, KoTopast ee He mepecekaet. [lo dopmyse (1) mbl
noJlyyaeM ypaBHEHHe 3TOH MoBepXHOCTH (puc. 46)
24y 22
—— 5 =1 (7)
a c
B pesysbrare cxkaTHsi OTHOMOJOCTHOTO THIepOOOHIA BpalleHH s

K TIOCKOCTH y = 0 MBI MoJiyuaeM 00HONOAOCMHbLL eunepboioud
C ypaBHeHHEM

L L= (8)

I/IHTepeCHOG CBOHCTBO OJHOTOJIOCTHOTO FI/II'Iep6OJ'IOI/IIIa — Ha-
JIMYHUEe y HEero flpﬂMO/LllHelZHbe 06pa3yf0u4ux, Tak HaswbIBalOTCS
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npsiMble JIMHHH, BCEMH CBOMMH TOYKAMH JeXKalllde Ha MOBEPXHO-
cTh. Uepes Kax/Ay10 TOUYKY OIHOMOJOCTHOTO TUIEpOOMONaa TPOX0-
IST JBe TPSIMOJIMHENHble 00pa3yollye, ypaBHEHHUS KOTOPbIX MOX-
HO TMOJIYUUThb CJAEYIOUM 00pa3oM. YpaBHeHHe (8) MOKHO mepe-
nucaTb B BUIE

E+DE-D-(+H0-H.

PaccmoTprM nmpsMyto JIMHHUIO C ypaBHEHUSIMH

n(Gre)=205)

MG-o)=el-5)

rae A My — Hekotopble uncaa A2 + p? # 0. KoopnuHathl Kax ok
TOUKH MNPSIMOH YIOBJIETBOPSAIOT OOOUM YpaBHEHHSM, a CJeloBa-
TesNbHO, U ypaBHeHHIO (8), KOTOpOe MoJydaeTcss UX MOYJeHHbIM
nepeMmHoxkeHHeM. [loaToMy KakoBbl OBl HH OBIIM A U 1 OpsAMasi ¢
ypaBHeHUsAMH (9) JIeXKUT HA OTHOMOJOCTHOM rumnepbosoune. Ta-
KUM 00pasoM, cucteMa (9) ompenessieT ceMeHCTBO MPSIMOJIHHEHN-
HBIX oOpasyoluXx. Bropoe cemelicTBO npsiMoIMHEHHBIX 06pasylo-
KX ONpefessieTcsl CHCTEMOH

O =x(-1)
V-9

[ToxaxkeM Ha mpuMepe, KaK HalTH oOpasyloline, IPOXOIsLIHe
yepe3 JAHHYIO TOUKY IIOBEPXHOCTH. PaccMOTpPHM MOBEPXHOCTb
22+ 9% — 22 =1 u touky My(1, 1, 1) Ha neii. [TogcTtapass koop-
nuHatel My B ypaBHeHHs (9), Mbl moJyuaeM yCJOBHs Ha \ U p:
2\ = 2p u O\ = Op. IlepBoe 13 HUX ompenessieT A U [ C TOYHO-
CTBIO JI0 OOLIEr0 MHOXKHTEJS, HO TOJBKO C TAKOH TOYHOCTBIO OHH
1 HyxHbl. [ToncraBnss 3Tu 3HadeHus B (9), mosydyaem ypaBHeHHs
npsiMoJIMHelHOM oOpasyioliei

9)

(10)

|
S
—
+
=
~—

r+y=1—-2, z—-—y=1-=z2
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€3
o
=]
e
Puc. 46. Puc. 47.
Odronorocmuoiil eunep6oi0ud Jsynosrocmmoiil
eunepboaoud

Ona npoxonut 4yepe3 My, Tak Kak A U ft TaK U BEIOMPAJNUCH, YTO-
Obl KoOpaUHATEl M, YHOBJIETBOPSNN 3TOH cucTeMe. AHaJOrHYHO,
noxpctasasis kKoopauHatel My B (10) Haxomum ycjosust Ha N W
@i 2N =0 u 2N = 0. KoapdHuLHeHT 1 MOXKHO B3sTh JIOOBIM
HeHYJIEBBIM, U Mbl NIPUXOIUM K yPaBHEHHIO BTOPOH 00pasyloleH:
r=vy, z=1.

Ecau BMecTe ¢ runep6osiof Mbl OyeM BpallaTh €e aCHMITOTH,
TO OHHU OIMUILYT MPSAMOH KPyroBOH KOHYC, Ha3blBaeMblH acumnmo-
muuecKkum Kowycom runepdosonna BpaweHus. [Ipu cxatuu ru-
nep60oJI0KIa BPAILIEHHS €r0 aCUMIITOTHYECKHH KOHYC CKMMaeTcs B
ACUMIITOTHYECKHUH KOHYC 00L1ero OJHONOJOCTHOIO rHiepboJonia.

5. JIBynoJsiocTHbIN runepoosoun. /[[synorocmuolil eunep-
6oa0ud spaujerus — 3TO MOBEPXHOCTb MOJyuaeMasi BpalleHHeM
runepooJIbl

BOKPYT TOH ocH, Kotopasi ee mnepecekaet. [lo ¢opmyne (1) mbl
noJlyyaeM ypaBHEHHe IBYIOJOCTHOTO TUIepOOJIONaa BpalleHHs:

S (11)
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B pe3yJibTaTe CKaTus 3TOH [TOBEPXHOCTH K IJIOCKOCTH Yy = 0 no-
JIydaeTcCqd MOBEPXHOCTb C YPaBHEHUEM

————— =1 (12)

[loBepxHOCTb, KOTOpasi B HEKOTOPOH /eKapTOBOH MPSIMOYTOJMbHOH
CHUCTeMe KOOpAMHAT HMeeT ypaBHeHHe BHaa (12), HasbiBaeTCs ABY-
MOJMIOCTHBIM runepoosonnom (puc. 47). JIBym BeTBsIM Trumep6o-
JIbl 37leCb COOTBETCTBYIOT [BE He CBSI3aHHBIE MeXAy COO0H 4acTH
(<moJiocTH>) TIOBEPXHOCTH, B TO BpeMsi KaK MpPU MOCTPOEHUH Ofi-
HOTMOJIOCTHOTO TUnep6oJionia BpalleHusl KaxKaas BETBb THIep6o-
JIBl OTTMChIBAJIa BCIO NTOBEPXHOCTD.

AcumnToTHYeCKHH KOHYC IBYIOJOCTHOTO HIep6oIorIa omnpe-
JeJssieTcs Tak e, KaK ¥ 1J18 OfHOMOJOCTHOTO.

6. dnunTuyeckuil napadosoun.
Bpamuas napa6oay x> = 2pz BOKpYT ee
OCH CHMMETPHH, MBI MOJydaeM MOBEPX-
HOCTb C ypaBHEHHEM

22 +y* = 2pz. (13)

Ona HaswiBaetcsi napaboaoudom 8pa-
WeHus.

Cxxatue K nmyockocTd y = 0 nmepeso-
IUT napaboJion]] BpalleHHsi B TOBEpX-
HOCTb, YpaBHEHHe KOTOPOU PHUBOAUTCS

K BHLY
Puc. 48. 2 2
L Y
2 + i 2z. (14)
[ToBepxHOCTB, KOTOpasi UMeET TaKOe ypaBHEHHE B HEKOTOPOH Je-
KapTOBOH TMpPSIMOYTOJIBHOM CHCTEMe KOOPIMHAT, HasblBaeTCs 3A-
aunmuueckum napaboaroudom (puc. 48).
7. Tunep6oaunyeckui napa6osaoun. I[lo anasoruu ¢ ypasHe-
HueM (14) MBI MOXKEM HamHCaTh ypaBHEHHE

Y g, (15)
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[ToBepxHOCTb, KOTOpast UMeeT ypaBHeHHe Buaa (15) B HeKOTOpOH
NIEKAPTOBO#H TPSIMOYTOJNBHOM CHCTEMe KOOPIAHHAT, HA3bIBAETCS 2l-
nepboauueckum napaboroudom.

Hccnenyem dhopmy 3To#l moBepxHOCTH. /i 3TOr0 paccMoT-
DHM ee cedeHHe MJIOCKOCTbIO & = v NP MPOM3BOJIbHOM . B 3T0
MJIOCKOCTH BHIGEPEM JAEKapTOBY NPSAMOYTOJbHYIO CHCTEMY KOOp-
nuHat O, eq, ez ¢ HauanoMm B Touke O («, 0, 0). OTHOCHTENBHO
3TOU CHCTEMBI KOOPAMHAT JIMHHs TlepeceyeHrst UMeeT ypaBHeHHe

2 2
Yy [e%

DTa NMHMA — Napabosia, B 4eM JIerko yGenuThesl, epeHecs Haya-
1o koopmuHat B Touky O” ¢ koopmunaramu (0, a?/2a?). (Koop-
JIMHATBl 9TOH TOUKM OTHOCHTE/bHO HCXOAHOH CHCTeMbl KOOPAHHAT
O, e1, ez, e3 B mpocTpaHcTBe paBHbl (o, 0, a?/2a?).)

Touka O, ouyeBHIHO, SABASETCS BEPLUIHHON MapaboJibl, OCh Ma-
paboJibl MapasjesbHa BeKTOPY €3, a 3HaAK MMHYC B JIEBOH 4acTH
paBeHcTBa (16) 03HayaeT, 4TO BeTBH MapaboJ/ibl HampaB/eHbl B
CTOPOHY, MPOTHBOMNOJOKHYIO HANPaBJEHHUIO €3. 3aMeTHM, uTo M0-
clle MepeHoca Hauada KOOPAMHAT B Touky O” BeJquuMHa a He
BXONMT B ypaBHeHHe NapaGoJibl, H, CJeJ0BaTe/bHO, CeUeHHs M-
nep6OoTHUeCKOro napatoouaa MAoCKOCTAMM & = < MPH BCeX «
NpeJICTaBASIOT COBOH paBHbIe Mapadolbl.

Bynem Tenepb MeHATb BeJMUUHY (v U MPOCJEIHM 32 MepeMme-
lleHHeM BepLIMHbEl napadonbl O B 3aBUCMMOCTH OT «. W3 mpu-
BeJleHHBIX BBILIE KOOPAMHAT Touku O cjemyeT, 4To 3Ta TouKa
nepeMellaeTcs Mo JMHUH C YPaBHEHHSMH

B cucrteme koopauHat O, e, ez, es. Jra JUHUA — mapadoga
B maockoctH y = 0. BepmmHa napabosibl HaXOMUTCS B Hauase
KOOPIMHAT, OCh CHMMETPHHU COBMAJAET C OChI0 AMMIMKAT, & BETBU
napaboJibl HampaBJeHbl B Ty e CTOPOHY, UTO U BEKTOD €3.
Termepb Mbl MOXKeM MOCTPOUTb THMEPOOIUYECKUH MapaGoJou
CleflyIOlUM 00pa3oM: 3aiaguM JBe Mapabojbl U OyneM nepeme-
IaTh OJHY M3 HUX TakK, YTOObI ee BepIIMHA CKOJIb3HJa MO APYTroH,
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Puc. 49.
AOB — nenodsuxcras napabora, KLM, NOP u QRS —
pasHbie NOA0KeHUS N00B8UNHOL napabosbl

ocy mapabos OblIM TapaJ/esnbHbl, TapaboJibl JeKaad BO B3aHWM-
HO MepPIeHANKYJSPHBIX MJIOCKOCTSX M BETBH WX OBIIM Hampas-
JIEHbl B TMPOTHBOIIOJIOXKHBEIE CTOPOHBL. [IpH TakoM MepeMellleHHH
MOABHKHASA MapabdoJsia OMUChIBAET IMIepOONHUECKHi NapaboJ/on
(puc. 49).

[IpemocTaBUM uMTaTe 0 NPOBEPUTb, YTO Ce4YeHHUs Turnepbo-
JIMUECKOTO MapaboJ/iona MJIOCKOCTSMH C YPaBHEHUSMH z = «
MPU BCEBO3MOXKHBIX < # (0 — runepbosibl. CeueHne MI0CKOCTBIO
7z = 0 — napa nepecekaolUXcs NPAMBIX. DTH CeUeHHUsS HAPUCO-
BaHbl Ha puc. 50, a UX NpPOeKUHH Ha MJIOCKOCcTh z = 0 — Ha
puc. 51.

[unepbonnueckuii napabosons, Kak ¥ ONHOIMOJOCTHBIH TH-
nep0OOJION], UMEET 1Ba CeMeHCTBA MPSMOJMHEHHBIX 00pa3yOIINX
(puc.52). YpaBHeHHsI OIHOTO ceMekcTBa

VE-2) e a(E -
a Jpyroro
V(E+g) i w(E-3) o

BriBonsiTCS 3TH ypaBHEHHUS TaK ke, Kak W ypaBHEHHUS MPSMOJIHU-
HeHHBIX 00pa3yIoNIUX OIHONOJOCTHOTO IHIepOOIOH]a.
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Puc. 51.

T Y

Puc. 52.

YIIPA2KHEHHWSA

1. JlokaxkuTe, 4TO JIMHUS TepeceyeHtst TIOBEPXHOCTH BTOPOTO MOPsi/-
Ka C IJIOCKOCTBIO, KOTOpasl LIeJIMKOM Ha Hell He JIeXKHUT, ecTb ajnredpau-
yecKasi JIMHUS He Bblllle BTOporo nopsaka. CKolbKo OOLIHMX TOYEK MOTYT
UMeTb TpsiMasi U MOBEPXHOCTb BTOPOTO MOpsIKa?

2. Haiinure ypaBHeHHe U ONpene/UTe BUJ MOBEPXHOCTH, MOJyYaeMOH
BpallleHHeM BOKPYT OCH arIJIMKaT MpsiMOH JIHHUH:

=14t y=3+t, z=3+1.
=14t y=1+t, z=3+41.

[@ Q)
22
8 8
(I

3. oka)kute, 4TO TpsiMOJIMHeHHble 00pa3ylollie TUIepOOIUIeCcKO-
ro napa6oJsiousia, NprUHaAJIeXKallie OMHOMY CeMeHCTBY, BCe MapaJiesbHbl
KaKOH-TO ONHOH IJIOCKOCTH.
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4. Ha runep6o/nyeckoM napabosiouie ¢ ypasHeHueM (15) sexkat na-
pabosbi: y = 0, 22 = 2a°z u x = 0, y> = —2b%z. Ilyctb ToukM A,
U By Ha mnepBo# mapa6osie U Touku Ao u By Ha BTOPOH BCe HaXOHSTCS
Ha OLMHAKOBOM PAaCCTOSHHUM OT mjockocTH z = 0. JlokaxkuTe, 4to mps-
mble A1 B2, A1A2, B1 Az u By Ba BASIIOTCS TPSIMOJIMHEHHBIME 06pasyto-
LLIUMH.

5. HaiizuTe npoekLHIo TUHUH [epeceueHtst IBYI0J0CTHOrO rHIep6o-
nouna —z° 4y — 2% = 1 u konyca 5z° — 3y* + 42° = 0 Ha MIOCKOCTH
z=0.

6. IlokakuTe, UTO HHKaKas IJIOCKOCTb He IepeceKaeT 3JJIUITHUe-
CKHMH mapaboJion 1o runepoose.



Irnasa IV
MPEOBPA3OBAHMA MNOCKOCTMU

§ 1. OTOBPAXXEHMA U NMPEOBPA3OBAHMA

1. Onpenenenue. Ilox omobpaxcenuem nnockoctd P B mjoc-
KOCTb R MOHMMAIOT 3aKOH HJM TMPaBUJO, MO KOTOPOMY KaxKaoH
TOYKE TJIOCKOCTH PP comocTaB/eHa HEKOTOpast onpeleseHHasl Tou-
Ka Ha mjockoctd R. Mpl OyzeM Mo/b30oBaTbCcsl 0003HaueHHEM
f: P — R. Ecau notpeGyeTcs ykasatrb, 4To Touke A Ha MJ0CKO-
cTU P cooTBeTCTByeT Touka B Ha NJI0CKOCTH R, Mbl OyieM MUcaTb
B = f(A). B atom cayuae Touka B HasbiBaeTcsi 06pa3om TOUKH
A, a Touka A — npoobpasom Touku B.

[TonuepkHem, 4TO coBceM He o0053aTe/bHO Ka)Kaas ToOukKa
IIOCKOCTH R siBAsieTcss o6pa3oM KakoH-nubo Touykd. Brosne
MOXKET OKa3aTbCsl, UTO MHOXKECTBO BCeX 00pa3oB He COBMAjaeT
¢ R.

Ecnu nns HekoToporo orodpakeHus: miaockoctv P U R cos-
najgamoT, TO TakKoe oToOpaKeHWe HasblBaeTcs npeobpas3osaHuem
IJIOCKOCTH. IDTOT BHUA OTOOpaKeHUH 11eJiecO00pa3HO BBILEJHTD,
TaK Kak npeodpa3oBaHus 00/1aaloT HEKOTOPBIMH CBOHCTBaMH, KO-
TOpPBIMH He 00J1aJaI0T 0TOOPaXKeHHUs B 00ILEM CJy4dae.

Pasywmeercsi, MOXXHO TOBOPUTbH 00 OTOOpaKeHUSIX MPOU3BOJIb-
HBIX MHOXKECTB, a He 00s3aTeJbHO JIOCKOCTEH, HO B 3TOH TJaBe,
32 UCKJ/IOUEHHEM HEKOTOPHIX TPUMEPOB, Mbl OyneM 3aHHMATbCs
TOJNBKO O0TOOpaKEeHUSIMH MJOCKOCTEH.

2. Ilpumepsl.

[Tpumep 1. PaccmoTpuM B mpocTpaHCTBe ABe IJIOCKOCTH P
U R U COTNOCTaBUM KaxK[IOH TOUKe MJOCKOCTH P OCHOBaHHUe Mep-
MEeHAMKYJISpa, ONYLIEHHOTO U3 9TOH TOUKM Ha miockocTb R. Tak
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OyneT onpenesieHO oToOpakeHHe, Ha3blBAeMOE OpMO2OHAAbHLIM
npoexmuposaruem. IIpy opTOroHaJbHOM MPOEKTUPOBAHUH, BOOO-
e roBopsl, KaxJAas TOYKa IJIOCKOCTH @ MMeeT eIMHCTBEHHBIH
npoo6pas. B ogHOM ciyyae opTOroHasbHOe IPOEKTHPOBAaHHE Pe3-
KO MeHfleT CBOM CBOHCTBa. VIMeHHO, ecylM IJOCKOCTH B3aHMHO
nepreHuKy/IdpHbl, TO He KaxJaas Toyka B X MMeeT npoobpas, a
TOJIBKO TOYKH, JIeXKalllie Ha JHHHH MepecedeHns mIocKocTel. 3a-
TO y KaXKJI0H M3 3THX TOYeK OeCKOHEYHO MHOTO NMP000Opa3oB: OHH
3aMOJIHAIOT NEPIeHIUKYIAp K R, BOCCTABJIEHHBIH U3 Hee.

[Tpumep 2. IlpeoGpazoBaHUsIMH SIBJASIOTCS HU3BECTHblE YH-
TaTeJI0 TMapaJsyieibHBIE MepeHoc, MOBOPOT, OCeBasi CHMMETpPHUS U
TOMOTETHS.

I[Tpumep 3. Paccmorpum nps-
My p ¥ 3ajagum guciao A > 0.
W3 npousBosbHON Touku M mJjoc-

a0 KOCTH OMYCTHUM MepHeHAHKY/IIp Ha
M, =5(My) NpsSMYI0 p U 0603HaYUM €ro OCHO-
¥ 7 BaHue uepe3 N. O6pas f(M) Tou-
f(M;) xu M onpenesuM COOTHOLIEHHEM

M, Nf(M) = ANM. Ecau Touka
M TpUHALJIEXKHT P, TO MOJOKHUM
f(M) = M (puc. 53). Tak moctpo-
eHHoe mnpeobpasoBaHue f HasblBa-

ercst cocamuem K npamoil p B otHoweHud A. (Eciu yrouneno,

4To A > 1 mpeo6pasoBaHHe MOXKHO Ha3BIBATb PACMANCECHUEM.)

Puc. 53.

Mbi yxe mosnb3oBasuch cxkatheMm k npsimod B § 2 ru. III,
Korga usydanu Qopmy sJuiunca. AHasorduHoe mpeoGpasoBaHuHe
MPOCTPAaHCTBA — CXKATHE K IUIOCKOCTH — MpUMeHsioch B § 4
ra1. III post omucanust popMBl MOBEPXHOCTEEH BTOPOTO MOPSIAKA.

[ITpumep 4. Beibepem Ha Kaxkaod U3 mjockocted P u R ne-
KapTOBY IMPSIMOYTOJIbHYIO CUCTEMY KOOPAMHAT U COMOCTABHM TOY-
Ke C KOOPAMHATAMH & U Y Ha IJIOCKOCTH P TOYKY ¢ KOOpAHHATaMU
r* = 2% —y? u y* = 2ry Ha niockoctu R. Hetpyano y6enutbes,
pelias 3TH ypaBHEHHUS OTHOCUTEJbHO T M Y, YTO KaxKjaas TOY-
Ka IJIOCKOCTH R HMMeeT POBHO ABa Npoo6pasa, 3a HCKJ/IOUeHHeM
HayaJsa KOOpAMHAT, KOTOPOe UMeeT OfHH Npoodpas.
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[Tpumep 5. 3aganum Touky O Ha MAOCKOCTH P W comocTa-
BUM KaxXno# Touke M, oTAUYHOH OT O, TaKyl TOUKY f(M), 4TO

ﬁ arctg\OM\

oM

[Tonoxum f(O) = O. Ilpy 3TOM KaxkI0H TOYKE MJIOCKOCTH CO-
NOCTaBJsIeTCS] eIMHCTBEHHAs TOUKAa BHYTPH Kpyra panguyca /2
¢ ueHTpoM B Touke O. Kaxpas Touka, Jexallas BHYTPH Kpyra,
MMeeT eIMHCTBEHHBIH NMpooOpa3, a TOYKH, He JiexKalllhe BHYTPH
Kpyra, He UMeIOT MpooOpasos.

[Tpumep 6. MoXHO CONOCTABHUTb KaxKIOH TOUKE IMJIOCKOCTH
OCHOBaHHe MepreHIUKYy/Iapa, ONYLIeHHOr0 3 3TOH TOUKH Ha Nps-
MYIO D, a KaXKJ0# TOUKe Ha p — caMy 3Ty Touky. IIpu aTom kax-
JIOH TOouKe JII0O0H MPAMOH, NepHeHANKYJSPHON P, CONOCTABJALTCS
OflHA U Ta e TOoYKa.

[Tpumep 7. IlycTb Ha nyockocTH R BblOpaHa Touka N. Mox-
HO COMNOCTaBUTb KaxKaoi Touke N Ha MJI0CKOCTH P 3Ty Touky N.

[Tpumep 8. Toxdecmsenroim npeobpasosarem MI0CKOCTH
P HaspiBaeTcs npeoOpasoBaHHe, CONOCTABJAMIIEE KaXKI0H TOUKe
TJIOCKOCTH 3Ty Ke Touky: f(M) = M.

[To onpepesnenuto npu Jo6om otobpaxenuu f : P — R Kax-
Jasi TouKa IJIOCKOCTH P uMeeT TO/bKO oduH obpa3. Ilpumepsr 4
1 6 MOKasplBAIOT, YTO TOYKA MJIOCKOCTH R MOXET HUMEeTb MHOTO
npoo6pasos, a B npuMepax 5, 6 U 7 He KaxKaas TOUKa MJIOCKOCTH
R vmeet npoo6pas, TO eCTh CAYKHUT 00pa3oM KaKoH-aub0 TOUKH.

Onpenenenue. Orobpaxenue f : P — R HasbiBaercs
83QUMHO OOHO3HAUHLIM, €CITH KaXKasi TOUKA MJIOCKOCTH R uMeeT
npoo6pas ¥ NPUTOM TOJIBKO OJIMH.

Pasywmeercs, 3T0 omnpenesneHue paclnpocTpaHsieTcsi Ha Mpeod-
pasoBanus. OToOpaxkeHHs, pacCMOTPEHHble B IpUMepax 2 U 3,
B3aWMHO OJHO3HAUHBHI, a B mpuMepax 4-7 — Her.

3. IIpousBenenue oroOpaxkeHui. Pesynbrar nocsenosa-
TeJbHOTO BBINOJHEHUS JBYX OTOOpaKeHWH Ha3bIBaeTCsl UX npo-
uzsederuem WIu Komnosuyueri. TouHee, BBOOIUTCS caefyoliee

Onpenenenue. Ilyctb nanol orobpaxenus f : P — R
ug: R — S5 Orobpaxenue h, comocrapsswoilee Touke A Ha
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niockocTH P touky g(f(A)) Ha muockocT S, Ha3bBalOT npous-
gederuem otobpaxkeHusi f Ha otobpakeHHe g W oOo3HavawT gf.
Oto6paxkeHre, KOTOpOe AeJAeTCs MEPBLIM, MUIIETCS CIPaBa.

[TonuepkHeM, 4TO /151 TOro, 4YTOOHl CYLIECTBOBAJIO MIPOU3Bee-
HHUe JIByX OTOOpakeHW#, HY»KHO, 4TOObl TJIOCKOCTb, B KOTOPYIO
oToOpaxkaeT IepBOe M3 HUX, COBNajasa C IJIOCKOCTbIO, KOTOpas
otobparkaetcss mpu BropoM. s AByX mpeoOpa3oBaHUH OLHOH
IJIOCKOCTH 3TO YCJIOBHE BBINOJHEHO.

Pasymeercs, nponssenenre 0ToO6paKeHHUH 3aBUCUT OT MOPsIAKA
COMHOXHTeJNel, To ecTh gf He coBnanaer ¢ fg. O6a npousBeneHUs
omnpejesieHbl ToJbKO TorAa, Korma f : P — R, ag: R — P.
[Ipu stom gf — mnpeobpazoBanue miockoctu P, a fg — mnpeo6-
pasoBaHMe IJIOCKOCTH R. 3aBUCHUT OT MOPSAKA COMHOXHTeNEH U
npor3BeleHre peobpa3oBaHni, XOTs 06a MPOH3BeNeHHS SBJSAIOT-
sl IpeoOPa30BAHUSAMH TOH K€ MJOCKOCTH.

JleficTBUTENbHO, PAacCMOTPUM Ha MJIOCKOCTH JAeKapTOBY IIpsi-
MOYTOJIbHYIO CHCTEMY KOOPAMHAT M 0003HauuM uepe3 f mpoek-
THPOBaHHE Ha OCb abCLMCC, a yepe3 g MOBOPOT HAa 7/2 MPOTHUB
YacoBOH CTPeJIKH BOKPYT Hauaja KoopauHat. Torna npeoGpasosa-
HUe gf mepeBemeT BCe TOUKH MJIOCKOCTH B TOYKH OCH OpIHHAT, a
npeo6pasoBanue fg — B TOukM ocu adcuucc.

PaccMoTpuM cBoficTBa yMHOXKEHUS 1151 Tpeobpa3oBaHUi MJI0C-
KOCTH. DTH CBOHCTBA C COOTBETCTBYIOIIMMH U3MEHEHHSIMH MOTYT
ObITb TepeHeceHbl Ha OTOOpaKeHUs, HO Mbl 3aHMeMCSl TOJIBKO
npeo6pa3oBaHUAMM.

YMHOXKeHHe MpeoOpa3oBaHUN acCOLMATHBHO. DTO 3HAUUT, YTO
17151 JIIOOBIX TpexX mnpeo6pazoBaHuil f, g U h BeIMOJHAETCS paBeH-
CTBO

(fg)h=f(gh).

JHetictBuTenbHO, A J1060H ToukH A npeobpasoBanue f g ne-
peonut Touky h(A) B Touky f(g(h(A)), a npeoGpasosanue f me-
peonut Touky g(h(A)) B Ty xke Touky f(g(h(A)).

Ecsiu MBIl 0603HaYKMM Yepes e TOXKAECTBEHHOE Peodpa3oBaHue
TMJIOCKOCTH, TO AJIs J11060r0 npeodpa3oBaHus f BbIMOJHEHO
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Takum o6pa3om, TOXKAECTBEHHOe MpeoOpa3oBaHHe UIPaeT Ty XKe
pOJIb TIO OTHOLIEHHIO K YMHOXEHHUI0 NMpeoOpa3oBaHUH, KaK YHUCJIO
1 MO0 OTHOIIEHHIO K YMHOXEHHUIO UHCEJI.

[Tycts paHo npeoGpasosanue f mimockoctu P. Kaxpoit Touke
A u3 P ouHo conocrasasier ee obpas f(A). Tenepp mompobyem
Hao6opot, Touke f(A) conocraButh Touky A. Takoe cooTBeTCTBHE
YIOBJIETBOPSIET OMNpEJeeHUI0 NPeoOpa3oBaHUsl B TOM U TOJBKO
TOM CJlyuyae, KOrjga Kaxkjaas TOUKa TJIOCKOCTH SIBJsieTCss 06pa3oM
HEKOTOPOH TOUKH, W ITIPUTOM TOJBKO ONHOH. DTO DPaBHOCHJBHO
B3aUMHOH OIHO3HAYHOCTH f.

Onpenenenue. Obpamuoim npeobpazosaruem IJs B3a-
MMHO OJHO3HA4YHOro npeo6pasoBanus f maockocTd P Mbl Ha30BEM
Takoe npeodpasoanue f~1, uto f1(f(A)) = A nas Kaxaoi Tou-
Kl A nsockoctu P.

OueBuaHO, UTO ONpeneseHHe 0OpaTHOTO Npeodpa3oBaHUs pas-
HOCHJIBHO cooTHoWeHuIo f 1 f = e, re e — ToXKJecTBeHHOE Mpe-
o6pasoBaHHUe.

CoBrnapaiomuye TOYKH AOJKHBI UMETb COBMAafaioine o6pasbl,
nostomy f(f~1(f(A))) = f(A) nmu f(f~1(B)) = B nas mo6oi
TOuKM B Ha MI0cKocTH. DTO MOXKeT ObITh 3anucaHo Kak ff~! = e.
Otciofa, B 4aCTHOCTH, CJelyeT, 4yTo npeobpasoBanue f~! nmeer
obpaTHoe (M TMOTOMY B3aMMHO OIHO3HAuYHO), U 3THM OOPaTHBIM
sBasercs f.

[Ipennoxenue 1. [lycmo npeobpasosanus f u g naocko-
cmu P 83aumrno o0nosHaurbl. Toeda ux npoussedenue fg 83a-
umno odrosnauro, u (fg)~t =g 1f L

JleficTBUTENBHO, MO yca0BHIO cyiecTBylor 1 u g~ !, TToato-
My onpeneneno npoussenenre (fg)(g='f~1). B cuay accouma-
TUBHOCTH YMHOXEHH$ NTpeoOpa3oBaHUi ero MOXKHO 3anucarth Kak
f(gg=1)f L. Ilo onpenesnennio oGpaTHOro npeoGpasoBaHHUsl 3TO
paBHo fef™! = ff~! = e. dtum mokasamo, 4yto fg mmeer 06-
paTHoe mpeoGpa3oBaHKe HyxkHOro Buaa. Ho cyuiecTBoBaHHe 00-
paTHoro mnpeo6pa3oBaHus IJs NpeodpazoBaHus fg paBHOCHIBHO
€ro B3aUMHOH OfHO3HauHOCTH. [IpensoxeHue nokasaHo.

4. KoopauHatHas 3anuch otoOpaxkeHui. [lyctb Ham 3a-
IaHo HekoTopoe oTobpaxenue f : P — R. [lo onpenenenuio 3To
O3HauaeT, 4TO 3aJaH 3aKOH, MO KOTOPOMY KaxKnoi Touke A Ha
nJ0CcKoCTH P comocraBneH ee o6pa3 A* = f(A) Ha miockocTd R.
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Ecau Mbr BEIGepeM Ha miiockocT P cucreMy KoopauHat O, e, eq,
a Ha TIoCKOCTH R cucteMy koopauHat @, fi, f3, To Touka A 6y-
IIeT ompejiesieHa mapod uuces (x, y), a Touka A* — mapo# dnced
(z*, y*). CnenoBatesbHO, TPU BbLIOPAHHBIX CHCTEMAax KOOPAMHAT
Ha mjaockocTaX P u R oTo6pakeHHe CONOCTaB/sAeT Mape YHCel
(z, y) mapy uucen (z*, y*). Takum oGpazom, 3amaTb oToGpaxe-
HUe IIpPH BbIOPAHHBIX CUCTEMaX KOOpAMHAT BCe PaBHO, UTO 3a1aTh
nBe (DYHKUMH, KaxK1as U3 KOTOPbIX 3aBUCHT OT IABYyX HE3aBHCHU-
MBIX TepeMeHHbBIX:

rt = @(x? y)’ y* = 7#(% y) (1)

KoopnunatHO# 3amuchio MBI 110JIb30BaUCh B puMepe 4.

O6patHo, paccmMoTpuM JBe (DYHKLUHH, 3aBHUCSIIME OT JABYX
He3aBUCUMbIX MepeMeHHBIX Kaxkaas. Ecau oHM onpejesieHbl AJis
JIIOOBIX Tap unces, To o Gopmysaam (1) mpu BeIGpaHHBIX CHCTEMaX
KOOPAMHAT Ha MJOCKOCTAX P W R OHU onpenessitoT 0ToOpakeHue
P B R.

[TopyepkHeMm, 4TO cHCTeMBl KOOpPAMHAT Ha MJOCKOCTAX P H
R HUKakK He CBfI3aHbl MeXIy cOo0OH: ToduKa () MOXKeT He COBIa-
nate ¢ obpasom Touku O, a BekTophl fi, fs ¢ o6pazamu BeKTOpOB
€], €.

[Ipu KoopaMHATHOH 3amucH TMpeoOpPa3oBaHUS NOCTATOUHO BBHI-
6paTb OAHY CHUCTEMYy KOOpAMHAT, TaK KaK M To4YKa U ee obOpas
HAXOASITCS Ha OJHOW MJIOCKOCTH.

YIIPA2KHEHUA

1. HapucyiitTe Tpu KpecTHKa U 4eThbipe HOJMKA. a) Kak JOJKHBI HA-
TH CTPEJKH OT KDPECTHKOB K HOJIMKaM, 4TOObl MOJYYHJIOCH OTOOpaKe-
HHe MHOXeCTBa KPECTHKOB B MHOXKECTBO HOJMKOB? 6) MOXKHO /M MpOBe-
CTH CTPEJKH TaK, 4YTOObl KaxKabli 06pa3 HMeJs eIHHCTBEHHBIH Npoodpas?
B) MOXHO Ji MPOBECTH HUX TaK, YTOOBI KaXKAbId HOJHUK HMeJ npoobpas?
r) OTBeTbTe Ha Te 2Ke BOMPOCHI, C/IH KPECTUKOB — YEThIPE, 4 HOMHUKOB —
tpu. 1) [lpy Kakom uucse HOJNMKOB BO3MOXKHO B3aUMHO OIHO3HAYHOE
oToOpakeHHe MHOXKECTBA U3 TPeX KPEeCTHKOB?

2. Ilyctb npeo6pasoBanus f,g u h nmeior obpaThble. Haiinute mpe-
obpa3oBaHue, o6paTHoe K UX mpousseneHuio fgh.

3. Hanuwure Gopmyiibl, 3a1aiolle 0CEBYI0 CUMMETPHIO OTHOCHTE/Ib-
HO NpSIMOM, UMelollel ypaBHeHHe £+Yy = 5 B 1eKapTOBOH NPSIMOYTOJIbHOH
cUCTeMe KOOpAMHAT.
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§ 2. IMHEMHBIE NPEOBPA3OBAHMS

1. OprtoroHasnbHble mpeoGpa3oBaHus. 1ak Ha3bIBAOTCSA
npeoGpa3oBaHUsl MJIOCKOCTH, KOTOpble He MeHSIOT PacCTOsIHHS
MeXy JIOOBIMH JByMsi TOUKaMH, TO eCTb mHpeobpaszoBaHue f
0pmoeoHasbHoe, eCcnu NN JIOBX TouyeK A U B BBHINOJHEHO
|AB| = |f(A)f(B)|. OcHOBHBIMH pHUMepPaMU OPTOTOHAJBHBIX TIpe-
06pa3oBaHUil CayKaT MapaJJesbHbli epeHoc, MOBOPOT U 0ceBast
CHUMMeTPHS.

[TonyyuM KOOpAHMHATHYIO 3alKChb OPTOrOHAJBLHOTO Mpeodpa-
30BaHMs B JIeKapTOBOH MPSIMOYTOJIbHOH cucTeMe KoopauHat O,
e1, €. O6o3HaunuMm uepe3 A u B KOHIBI 0a3UCHBIX BEKTOPOB:
e = Wl ey = O? (puc 54). I1pu oproroHasbHOM Mpeodpaszo-
BaHWHU PaBHOOENPEHHBIH MPSMOYTOJbHEIE TpeyroabHUK OAB Te-
peiifieT B paBHBIH eMy TpeyrojbHUK O*A*B*. PaccMoTpuM npo-
U3BOJIbHYI0 TOuky M (x, y). OHa mepeiizer B Touky M™ ¢ Koop-
nuHatamu (z*, y*). Ham Hamo Beipasuth (x*, y*) depes (z, y).

[To ompeneneHuo KOOpAH-

Hat OM = x(ﬁﬁl—i—yO . Or-
ciona caenyetr, uto O*M* =

= xW—kyW gleECTBH— M, M
TeJIbHO, BeKTOophl O* A™ U W B
B3aMMHO TIE€PIEeHAUKYASPHBl U

no NJMHe paBHel I, a moto- g

|

L

M,
My KOMIOHeHTHl O* M ™ 1o aTum

BEKTOpPaM paBHbI €ro ckKaJsap-
HbIM MPOEKHHAM Ha HHX. ATu

Puc. 54.

P
NpoeknuM paBHbl npoekuussM OM Ha e; U €2, 4YTO BHIHO M3
pPaBeHCTBA COOTBETCTBYIOMIMX TPEYTOJbHUKOB. Ternepb Mbl MOXKEM
Hanucarb

OM* = 00* + O*M* = 00" + 20" A* + yO*B*. (1)
O 4*

|O*A*| = 1, KoopanHaThl 3TOr0 BeKTOpa B 0asnce €, €z PaBHBI
(cos g, siny). Torna neprneHIUKYASIPHBIA BEKTOP €IUHUUHON IJH-

O6o3HauuM uepe3 ¢ Yroa Mexuay u e;. [lockonbky

ubl O* B* umeet KoopauHatsl (F sin¢, + cos ), MpUueM BepxHUE
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3HaKH OepyTcs B TOM cJyudae, KOTJa apa BEKTOPOB O*A2 u O*B2

opueHTUpoBaHa Tak ke, kak OA u OB. KoopnuHatel Touku OF
0603HaunuM uepes (c1, C2).

Tenepb MBI MOXKEM pasJiOKUTb BCe 4seHbl paBeHcTBa (1) mo
6asucy e, €s:

8
|

=xcosy Fysiny + cq, @)
y* = xsinp + ycosy + ca.

Hrak, nokasano

[Ipennoxenue 1. [Ipoussosvroe opmozorarvHoe npeob-
pasosarue 8 0eKapmMoBoL NPAMOYSONbHOL cucmeme KOOpOUuHam
sanucoisaemcs popmyramu (2), ede ¢ — yeon, HQ KOmMopolil
nosopauusaemcs nepsoili 6a3UCHbILL BEKMOP, A ¢1 U Ca — KOOpP-
dunamoel obpasa Hauwara koopouwam. [Ipu amom svibuparomces
8epxHue 3HAKU, ecau 06pasel OA3UCHLLX BEKMOPO8 OPUEHMUPO-
BAHLL MAK e, KAK U CaMU MU 8eKMOpPbL, U HUNCHUE 3HAKU 8
NPOMUBONOLONHOM CAYHUAE.

[Tpumep 1. [lapannenpHblil nepeHoC Ha BEKTOP € CONOCTAB-
JsieT Touke M ¢ KoopauHaTaMH (z, y) B HEKOTOPOH JIeKapTOBOH
CHCTeMe KOOpIHHAT TouKy M™* ¢ KoopauHATaMu

T =x+c, Yy =y+co,

TIEe €1 U Co — KOOPAMHATHI C.

[Tpumep 2. Hanuwem ypaBHeHUS MOBOPOTa MJIOCKOCTH Ha
YTOJl ¢ BOKPYT HEKOTOPOH TOYKH, MPHHAB 3TY TOUKY 3a HadyaJso
JIeKapTOBOH MPSIMOYTOJILHOH CHCTEMbl KOOpAMHAT. B aToM caydae
O = O* u, clenoBaTeNbHO, ¢1 = ¢o = 0. JIoJKHBI ObITh BEIGPaHbI
BepxHHe 3HakH. HTak,

¥ =wxcosp —ysing, y* = xsinp+ ycosp.

[Tpumep 3. PaccMOoTpUM OCeBYI0 CHUMMETPHIO OTHOCHTEJb-
HO HeKOTOpOoH mpsiMoil. [lpumem ocb cUMMeTpHUH 3a ochb abcuuce
JeKapTOBOH MpPSMOYTOJbHOH CHCTEMBl KOopAauHaT. Torma Touka
M (z, y) mepexogut B Touky M™* ¢ KoopAiHHATaMH

=z, Yy =-y

3nech ¢1 = co =0 U ¢ = 0 IpH HHKHUX 3HAaKaX B popmynax (2).
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2. Onpenesenue JUHEHHBIX MpeoOpa3oBaHuil. OCHOBHBIM
00beKTOM 1J1s1 Hac OyzeT GoJsee LIMPOKUH KJlace NpeoOpa3oBaHui,
BKJIIOUAIOIMKE B cebsl OPTOrOHAJbHEIE TIPe0Opa3oBaHuUs.

Onpenenenue. [lpeobpaszoBanue f maockoctu P HasbiBa-
eTcsl AuHeliHbim, ecli Ha P cyliecTByeT Takas AeKapToBa CHCTe-
Ma KOOpAMHAT, B KOTOpo# f MoxKeT OBITh 3amucaHo (opMyaamMmu

*

¥ =a1x + by + c,

*

y* = asx + boy + ca. (3)

BaanmMHo ogHO3HaYHOE JIHHEHHOEe Tpe06pa3oBaHUe Ha3blBAETCH
appurHbimM Ipeobpa3zoBaHUEM.

[TonuepkHeM, UTO B ONpese/eHUH JHHEHHOTO NpeoOpa3oBaHus,
BOBCe He Tpebyercsi, uToOb Ko3(duIHeHTh B (popmynax (3) He
obpaliaiuch B HyJAb OfHOBpeMeHHO. OHM MOTYT ObITh JIOOBIMH.
OnHako UMeeT MeCTo

[Ipennoxenune 2. [{rs moeo, umobs. npeobpasdosanue, 3a-
dasaemoe gpopmyramu (3), 66110 B3AUMHO OOHOZHAUHBIM, HEOO-
xo0umo u docmamouro, umoboi

ap by
az by

7 0. (4)

Takum obpasom, adduHHOe MpeobpazoBaHUe ompenessieTcs
dopmynamu (3) npu ycnosuu (4).

HoxasaTtenbcTBO. Halle yrBep:kaeHue BEITEKAET, MO CY-
uectBy, U3 npepgoxenns 8 § 2 ru. II. Ham HykHO y3HaTh, npu
KaKOM YCJIOBHM KaxJas TOYKa IJIOCKOCTH HMEEeT eIHHCTBEHHBIH
npoo6pas. Popmysbl (3) cBA3bIBAIOT KOOPAHHATH (x*, y*) TOUKH
M* u koopauHaThl (x, y) ee mpoobpasa. MIx MOKHO paccMaTpH-
BaTh KaK CHCTEMY JHMHEHHbIX ypaBHEHHH [/ HAXOXKIEHUS T U Y,
M 3Ta CHCTeMa HMeeT eIMHCTBEHHOE pelleHHe IMPH JIOOBIX CBO-
GOIHBIX UJNeHax x* —c1 U y* — ¢y (a 3HAUuT 1pu MOOBLIX =% U y*)
TOrJIa U TOJIbKO TOTJA, KOTJa BBIMOJHEHO ycaoBHe (4).

Kax BHIHO U3 mpemJiokeHUsi 1, opToroHa bHblEe peoOpa3oBa-
HUS SBJASIOTCS JuHelHbIMU. [IpoBepka ycnoBus (4) mokasbiBaert,
4YTO OHM — adduHHble. PaccMoTpuM Apyrue npumepsl.

[Tpumep 4. PaccmoTpum cxkatue K npsimolt (npumep 3 § 1) n
TNPUMEM 3Ty TPSIMYIO 32 0Cb aOCLUCC JeKapTOBOH MPSIMOYTOJMbHOH
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CUCTeMBl KOOpAUHAT. JIerko BHIeTb, YTO B TaKOH cHCTeMe KOoop-
JIUHAT cxKaThe ¢ KO3(P(ULIUEHTOM A 3anHchiBaeTcs (hopMynaMu

Cxatue K npsaMod — adduHHOe npeobpas3oBaHue.

[Tpumep 5. [IpoekTHpoBanue Ha npsimyto (npumep 6 § 1) B
TaKOH JeKapTOBOH IPSIMOYTOJBbHOH CHCTeMe KOOpPAMHAT, AJs KO-
TOpPOH 3Ta TpsiMasi — 0oCb abCLHUCC, 3aMHUChIBaeTCs (POpMyIaMu

dt1o — JauHelHOe, HO He arHHOEe TTpeoOpa3oBaHHUe.

[Tpumep 6. [das 3anucu ypaBHeHUH TOMOTETHH He cCyllle-
CTBEHHO, YTOOBl CHCTeMa KOOpPAMHAT Oblia MNPSIMOYTOJbHOH, HO
ypaBHEHUs Mpolle, eCld HauyajJo KOOPAHHAT MOMECTUTb B LEHTP
romoteTud. [lo ompenesieHUI0 TOMOTETHH C KO3(DPHUIUEHTOM A
BekTop OM nepexomuT B BekTop OM™ = )\O—]\Zf. Ecmu O —
Hauajo KOOpPAWHAT, KoOpAUHATHl Touek M u M™ OynyT cBsi3aHbl
paBeHCTBaMH

=Xz, y*=M\y.

Tomotetust — adpunHoe npeodpazoBaHue.

[Ipumep 7. [IpeobpasoBanue, conocrapasiollee Kaxa0H To4-
Ke MJIOCKOCTH OIHY U TY ke Touky C', 3anuceiBaeTcs (popMynaMu
x* = ¢, y* = co, THe €1 U co — KoopanHaTel Touku C. OHO
JIUHEHHOe, HO He ad(UHHOe.

Onpenenenre ahruHHOTO Npeobpa3oBaHUs COAEPKUT yIIOMHU-
HaHHe O HEKOTOPOH Ompefie/IeHHOH cHCTeMe KOOPIUHAT, U 3apaHee
He U3BECTHO, OyneT /M npeoOpa3oBaHHe 3aMUChIBATHCS (opMyJa-
M Buaa (3) B KakoH-s1M00 APYToil CHCTeMe KOOpPAMHAT. YCTPaHUM
3TO COMHEHHE.

[Ipennoxenue 3. B aroboil dekapmosoli cucmeme K0Op-
dunam, auHeliHoe npeobpasosarue 3adaemcs opmyramu 8u-
oa (3).

HokasateanbcTBo. [lycTb npeobpasoBaHue 3a1aHO pPaBeH-
ctBaMH (3) B cucteMme koopauHat O, eq, es. [lepefinem K cucreme
koopauHat O’, €}, e,. Kak Mbl 3HaeM, cTapble KOOpAHHATBI TOY-
K M (z, y) BbIpaxkaroTCst yepe3 ee HOBble KOOpPAHHATH (', y') 1Mo
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dopmynam (7) § 3 ra. I
=12 + By +v, y=aa’ + Poy’ + . (5)

Jnsa obpaza M* touku M Ham HyxHO OyzneTt, Ha060pOT, BbIpa-
3UTb HOBble KOOPAHHATHI (z'*, y'*) depe3 ee cTapble KOOPAHHATHI
(x*, y*). OHHU BbIpaXKaOTCs TAKUMH 2Ke (HOPMY/IaMH, pasyMeercs,
C APYTUMH KO3(D(PULHEHTAMHU:

o =Mzt oyt v, Y = Ao eyt e, (6)

Ham TpeGyercsi HallTH BblpaXkeHHe HOBbIX KoopauHat (z'*, y'™*)
Toukd M* uepe3 HoBble KoopauHathl (2’ y') Touku M. C artoi
LeJbl0 MOACTaBUM B paBeHcTBa (6) 3HaueHuss x* u y* us dop-
mya (3)

™ = A(arx + b1y + 1) + pi(asx + bay + ¢2) + v,
y"™* = Xo(ar1z + bry + c1) + pe(asz + bay + c2) + va.

ﬂJIH HacC BaxKHO, YTO MpaBble HaCTH 3TUX PABEHCTB — MHOI'OYJIEHbI
CTeleHU He BhIle 1 OTHOCHUTENIbHO X U Yy

* = Az + Biy + Y, y/* = Asx + By + Cs. (7)

[ToncraBuB ciona BbIpaxkeHHs & U y 10 Gopmyaam (5), Mbl Halgem
HCKOMYIO 3aBUCHMOCTD:

™ = A(ara’ + f1y’ + 71) + Bi(aex’ + Boy’ + 72) + C4,
Yy = As(ara’ + By’ + ) + Ba(ae’ + Bay’ +72) + Co.

M&bl BUAMM, UTO TIpaBble YacTH 3THX PAaBEHCTB — MHOTOYJEHBI
cTerneHu He Bbilie 1 oTHocHTesNbHO 2’ U 3'. DTO HaM U TpeGoBa-
JIOCh 0KA3aTh.

3ameTuM, 4To adduHHbIe NMpeoOpa3oBaHUs BBIAEJSIOTCS H3
JIMHEHHBIX TpeOOBaHUEM B3aMMHOM OIHO3HAYHOCTH, KOTOPOE He
3aBHCHT OT CHCTeMbl KoopauHat. [loaTomy 6e3 HOMOJHUTENBHBIX
NPOBEPOK Mbl MOXKeM OBITb YyBepeHbl, UTO (hOPMYJbI, 3afaroliue
auHHOe npeoOpa3oBaHUe B HOBOH CHCTeMe KOOpPAMHAT, YAOBJeE-
TBOPSIIOT yCJI0BHIO (4).

3. IlpousBeneHue JuHEHHBIX MpeoOpasoBanmil. J[lokasa-
TEJIbCTBO MPENJIOXKeHHs 3 OblJIO OCHOBAHO Ha TOM, YTO Pe3yJ/bTaT
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MOACTAHOBKH MHOI'OUJIEHOB CTENEeHH He Bbllle 1 B MHOrOUJIEH CTe-
MeHU He BbIlle | OKa3blBaeTCsl TAKUM Ke MHOTOUJIEHOM. DTO XKe
00CTOSITEIbCTBO JIEKUT B OCHOBE CJIENYIOIIEr0 MPeANOKEeHHUS.

[Ipennoxenune 4. [lpoussedenue aunelinvix npeobpaso-
saHull ssasemcs aunelinoim npeobpasosaruem. [Ipoussederue
apurHbLx npeobpaszosanuil — agdunroe npeobpaldosarue.

HokasatenabctBo. IlycTb 3anaHbl MuHeHHble Npeobpaso-
BaHud f U g, ¥ BbIOpaHa cucTeMa KOOpAMHAT. Torna KOOpAMHATbI
touku f(M) BeIpaxkaioTcs uepe3 KOOpAHMHAThl Touku M dopmy-
JaMH

" =ax+biy+ci, Y= asw + by +co, (8)

a koopauHatel Touku g(f(M)) depes koopauHathl Touku f(M)
(hopmysaMu

7 =dixt + eyt + f1, ¥ =dox” + eyt + fo. 9)

[ToncranoBka pasectB (8) B (9) Boipaxaer koopauHatsl g(f(M))
yepe3 KoopauHaTel M. B pesysnbTare MOACTAHOBKH MBI MOJy4a-
eM MHOTOYJIeHbl CTeleHH He Bhille 1, UTO W H0Ka3blBaeT MepBYyHO
4acThb MpeasoXKeHHs.

Jlns noxasaTesibCTBa BTOPOH UaCTH JOCTATOYHO BCIIOMHHUTB,
4To TO TpensoxkeHuto 1 § 1 mpousBeneHue NBYX B3aMMHO OJIHO-
3HAUHBIX TPeoOpa30BaHUN B3aHMHO OJHO3HAUHO.

[Ipennoxenue b. [lpeobpasosanue, obpamroe apdunro-
MYy npeobpasosanuto, maxKice eAsemcs appuHHbLM.

Ecnu npeo6pasoBanue f 3amucano ypaBHeHusimu (3), TO Ko-
OpAMHATHAsl 3aMKCb ero 0O6pPaTHOTrO MPeoOpa3oBaHUs MOJyUaeTCs
peleHuem ypaBHeHHH (3) oTHOCHTENbHO x U . JlJist TOro, 4TOObI
PELIUTb 3TH YpaBHEHHS, YMHOXHM IepBOe M3 HUX Ha by, BTO-
poe — Ha by W BBHIUTEM ONHO ypaBHeHHe M3 Apyroro. Mel moJy-
unM (arbe — agby)x = ba(z* — ¢1) — bi(y* — ¢2). U3 ycnous (4)
CJelyeT, 4To & — JHHEHHbIH MHOTOYJIeH OT =* u y*. BripaxeHue
IJIst ¢ TOJIy4aeTcsi aHaJOrMUHO.

4. O6pa3 BeKTOpa Mpu JUHEHHOM Npeobpa3oBaHum. Pac-

R
cmoTpuM BekTop MjMs. Ecau koopauHaTel Touek Mi; u Mo B
cucreMe koopauHat O, e, €; 0003HAUUTb COOTBETCTBEHHO 1, U1
U T2, Y2, TO KOMIOHEHTBI BeKTOpa OYAYT PaBHBI To — L1 U Yz — Y1.
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[Tycts dhopmyanl (3) 3amaioT mpeobpasosanue f B BHIOPaHHOH CH-
cteMe KoopauHat. Torna obpasel My u M{ touek Mo u My nume-
10T abCcUucChl

x5 = a1x2 + biys +c1, 2] = a121 + by + ¢

Tt

CJ/iemoBaTesibHO, NepBas KOMIOHeHTa BekTopa M M paBHa
* *
x5 —af = a1(w2 — 21) + b1(y2 — 11)-
AHaJorH4HO HaXOMUM BTOPYIO KOMIIOHEHTY 3TOTO BEKTOpa

Y5 — Y1 = az(x2 — 1) + ba(y2 — y1)-
Tt

O6paTuM BHUMaHHe Ha TO, UTO KOMIOHeHTBl M M3 BbIpaxKaoT-

—

csl TOJBKO 4epe3 KOMMOHeHThl MiMs, a He uepe3 KOOPAMHATHI
Touek My u My 10 OTAEJbHOCTH. J[Ba paBHBIX BEKTOpa HMEIOT
OJIMHAKOBble KOMIIOHEHTBI H, CJeI0BATENbHO, NPU JHHEHHOM Mpe-
00pa3oBaHUM MePEHIyT B BEKTOPBI, KOMIIOHEHTBl KOTOPBHIX TaKxke
onMHaKoBbl. MTak, Mbl mosydyaem

[Ipennoxenue 6. [lpu auneilHom npeobpasosanuu pas-
Hble BeKmopbl nepexodsm 8 pasHwie sekmopsl. Komnowenmot
of, ab obpasa sekmopa 8vlpaXaromcs wepes e2o KOMNOHEeHMbL
a1, g opmyramu

aj = ar1aq + biag,
Cv; = asaq + boas.

(10)

Ecau 6bITh TOUHBIM, FOBOPUTH 00 06pase BeKTOpa MpH Npeod-
pasoBaHuH f He paBUJIbHO: peoOpa3oBaHUe OTOOpaXKaeT TOUKH,
a He BeKTOpPBl. TouHee Obl0 OBl CKa3aThb, uTo f Mopoxknaer mpeoo-
pasoBanue f MHOXKecTBa BekTOpoB. Ho HHMIKe MBI, TeM He MeHee,
OyLeM TpUAEPKUBATbCS HE COBCEM TOYHOH, HO GoJsiee yIOGHOH U
OOLIENPUHATOH TEPMHUHOJOTMH — TOBOPUTh, UTO NpeoOpa3oBaHue
f nepeBonMT BeKTOP & B BeKTOp a* U 0603HAYaTh MOCAETHUN Uepes
f(a).

13 dopmyn (10) BbiTeKaet, 4To AJis JHUHEHHOTO MpeoOpasoBa-
Hug f npu mo0bX BekTOopax a ¥ b u mo6om yucie A

f(a+b) =f(a) + f(b),
f(Aa) = M(a). (1)
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JloKaxkeM, Hampumep, MepBoe U3 3THX paBeHCTB. [lycTb 77 1
~4 — KommoHeHTHl BekTopa f(a + b). Torza

71 = a1(ar + f1) +bi(ae + B2), 75 = az(ar + P1) + b2 + B2),
roe g, ag U f1, B2 — KOMIIOHEHTH BeKTOpoB a U b. Otciona

71 = (a1o1 + braz) + (a181 + b1f2) = af + 7,
75 = (agan + baaz) + (a2B1 + b2f2) = a5 + 3.

DTo — KOOpIMHATHAs 3aMKCh J0Ka3blBAEMOro paBeHCTBa. Bropoe
u3 paBeHCTB (11) HOKasbIBaeTCs aHAJOTHYHO.

W3 paeencts (11) csenyer, 4To mpu JHMHEHHOM MpeoGpaso-
BaHUM f JIMHEHHO 3aBUCHMble BEKTODPBI MEPEXOAAT B JMHEHHO
3aBucuMble. JleficTBUTeIbHO, KaK Jerko Buuetb, f(0) = 0. To-
raa Jioboe cooTHolleHHe Buaa Aa + pub = 0 BieyeT 3a co6oH
M(a) + pf(b) = 0.

Ecnu npeo6pasoBanune — adpuHHOE, TO JTHHEHHO HE3aBHUCH-
Mble BEKTOPbI NIePEXOAAT B IHHEHHO He3aBUCHMble. B camom zede,
B IPOTHBHOM cJjiyuae u3 paseHctBa Mf(a)+uf(b) = 0, A2+pu? # 0
npy o6paTHOM Npeobpa3oBaHUU Mbl MOJAYUHIH Obl Aa + ub = 0.

Crenywoliee MNpeasoKeHHe YCTAHABIHBAET TeOMETPHUYECKHH
CMBICST KO9(D(PHULHEHTOB B (POpMy/axX, 3aJalOLIUX JHUHEHHOEe IIpe-
o6pasoBaHHe.

[Ipennoxenune 7. [lycmo npeobpasosanue f zanucarno 8
cucmenme koopouram O, ey, es opmyranu (3). Toeda ¢ u co —
koopounamor mouku f(0), a (a1, az) u (b1, ba) — Komnouermol
sexmopos f(e1) u f(ez) 8 cucmeme koopdunam O, e1, es.

Jlns nokasartesibCTBa MOACTABUM B (hOpMYJbl (3) 3HAUEHUS & =
= 0 uy = 0 koopauHaT O ¥ yBHAUM, uTO KoopauHathl f(O)
PaBHBI €] U Ca.

[ToncraBum B dopmydsl (10) KoopmuHaTEl BeKTOpa e1: oy = 1,
as = 0 v HalimeM of = ay, o = az. CienoBatesibHO, f(e1) HMeeT
KOMIIOHEHTHl @1 MU az. Tak »Ke NO0Ka3blBaeTcsi, UTO KOMIIOHEHTHI
f(ez) paBHbl by U bs.

[Ipennoxenue 8. Kakosol 6vr Hu Oviau mpu mouku L,
M, N, He aexcaujue Ha o0HOU npamoil, u mpu mouku L*, M*
u N*, cywecmsyem eduncmeennoe Auxelroe npeobpazosarue
f maxoe, umo L* = f(L), M* = f(M) u N* = f(N). 3mo
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npeobpasosarnue — aggunroe mozda u moaivko moeda, Koeda
mouxku L*, M* u N* maxoace He sexcam Ha 00HOLU NPAMOLL.

—
HokaszatenbcTBO. Bexktopel LM u LN He KOJIJIMHEAPHBI.

CanenoBarenbho, L, LM, LN — nekaproBa cucTeMa KOOPAMHAT.
[lyets ¢, co — koopouHatel L*, a ay, ag ¥ by, by — KOMIIOHEHTBI

BeKkTOpoB L*M™ 1 L*N™ B 9TOl cucTeMe KoopauHaT. Popmysbl
t=amz+bhytea, Yy =ar+bytce

OTIpeNeNilOT JNHHEeHHOe mpeobpa3oBaHue f, KoTopoe, Kak Jerko
BUJIETh, oOsanaer TpebyeMbiM cBokcTBOM. [Ipn 3TOM, corsacHo
npelJoKeHHIo 7, Ko3(pULIUeHTbl B GopMyJax OLHO3HAYHO OIpe-
JIeJIeHbI.

Ycnosue (4), paBHOCHJIbHOE a@UHHOCTH MpeobpasoBaHus,
HeoOXOMMMO M JOCTAaTOUHO MJIs TOro, 4ToObl BeKTOpnl L*M™ n
W ObIIM He KOJJIMHeapHBl, TO ecTb L*, M* nu N* He jexa/u
Ha ofHOH npsimoii. IlpenJsioxkenue noxkasaHo.

3ameTHM, YTO B TOM cJydae, Korna npeobpasosanue f — ag-
¢unHoe, Touka f(O) u Bektopsl f(e1) U f(ez) MOryT GBITH HCIIOJb-
30BaHbl Kak CHCTeMa KoopauHaT. [ljis 3TOH CHUCTEMbl KOOPAHWHAT
HUMeeT MecTo

[Ipennoxenue 9. llpu agpdpunnom npeobpasosanuu f 06-
pas M* mouku M & cucmeme koopdurnam f(O), f(er), f(e2)
umeem me dxce Koopduramol, umo u mouka M 8 cucmeme Koop-
ounam O, eq, es.

—)

HokasaTteabcTBo. PaBeHcTBo OM = xej+ye, 03HaUaerT,
4yTo x, y — KoopauHaThl M B cucteme koopauHat O, e, es.
[TopeiicTBoBaB npeo6pa3oBaHueM f Ha 06e UACTH 3TOTO PAaBEHCTBA,
mel iostydaem f(O)f (M) = zf(e1)+yf(ez), KoTopoe 03HauaeT, 4To
x 1y — KoopauHathl M* B cucteme koopauHat f(O), f(ey), f(ez).

YIIPA2KHEHHWSA

1. deastorea au addUHHBIME MpeoOpa3oBaHus, 3a1aBaeMble (OPMy-
JlaMH
* = —_ 1 * = —_ — 1
a) ac* xr+y 6) *x r—vy
y=r—y+1, Yy =—c+y+17
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2. Haiinure o6pas npsiMoit @ — y = 2 npu npeoGpasoBaHuu (a) U3
3ajmaud 1.

3. Hoxaxure, He mpuberast K QopmysaMm (2), 4To OpPTOrOHaJbHOe
npeo6pa3oBaHye B3aUMHO OIHO3HAUHO.

4. Touka A HasblBaeTcsl HenoOdsuscHol moukoti npeobpasosanus f,
ecan f(A) = A. Haiinurte HemoiBHXKHBIE TOUKH mpeoGpasoBaHusi (a) u3
3anaqu 1.

5. JlokaxkuTe, UTO JIMHEHHOe npeofpa3oBaHue, He SBJSIOLIEECs TOX-
JIeCTBEHHBIM, MO0 HMeeT OfIHY eMHCTBEHHYIO HEelOABHKHYIO TOUKY, JIH-
60 MMeeT NPsIMy10, COCTOSILLYIO U3 HEMOABHKHBIX TOYEK, JHOO He HMeeT
UX COBCEM.

6. Kak usmensatcs (opmyJibl, 3afailiie JHHelHHOe npeoOpa3oBaHue,
ecJIM Hayaslo KOOPJHMHAT IepPeHeCTH B HEMOABHMKHYI TOYKY, He MeHss
6a3MCHBIX BEKTOPOB?

7. JluneitHoe npeoGpasoBaHue B cucreme O, €1, €2 3a1aHo popmyJa-
mu (3). Kakumu ¢opmynamu oHO 3ajgaercs B cucTeMe KoopauHat a) O,
€2, e, 6) O, el, 262?

8. Jlokaxxute, 4yTO JMHEHHOe Npeobpa3oBaHue, 3ajaBaeMoe B 1eKap-
TOBOW NPAMOYTOJBHOH CHCTeMe KOOPAMHAT (POPMYJ/IaMH

2" =xcosp+ysing, y =zsing—ycosp

— oceBas cuMMetpus. Hafinure ypaBHeHHe OCH CHMMETPHH.
9. MoxeT /i1 CAYyYHTBCS, YTO TPOU3BE/IeHNe IBYX JHHEHHBIX Mpeos-
pasoBaHuil — auHHOE, €CM OHO U3 HUX — He adpduHHOe?

10. [lyctb adduHHOE MpeoGpa3oBaHKe B 1eKAPTOBOH MPSMOYTOJNbHOM
cUcTeMe KOOPAMHAT 3a/laHo (hopMyJIaMH

" =x+by+c, Yy =ax-+co.

Halinute BekTOpBl, OPTOroOHa/bHbBIE UX 00pa3aMm.

11. Hokaxwure, 4To npeobpa3oBaHHe U3 3ajayk 8 ecTb NMPOU3BeJeHHe
0CeBOH CHMMeTpUH f OTHOCHTENBHO OCH abCLMCC W TOBOPOTA g HA YroJ
( BOKpYT Hauaja koopauHat. Kakoe npeoGpasoBaHue moaydutcs, ecau f
U g MepPeMHOXKHTb B IPYroM MOpsiiKe?

12. Tlyctb ad¢unHOe mpeobpa3oBaHHe HMeeT ONHY €IUHCTBEHHYIO
HEMOABHKHYIO TOUuKy. JlOKa)KHMTe, UTO B 3TOM CJydae Kaxiaas MHBapH-
aHTHas mpsiMas (ec/H Takue MPsiMble eCTb) POXOAUT Uepe3 3Ty TOUKY.
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§ 3. AdddHUHHBIE MPEOBPA3OBAHMS

1. O6pa3 npsmoii auHUU. B 3ToM naparpace Mbl U3yYUM
reoMeTpuyeckue cBoHCTBa aUHHBIX NpeobpasoBaHuil. Huxke f
00603HavaeT aduHHOe Npeodpa3oBaHue, 3aMKCbIBAEMOe B JleKap-
TOBOH cucTeMe KoopiauHat O, ej, ez hopMyIaMu

Tt =aar+bhiyte, y=ar+by+ e (1)
NPH YCJIOBUH
aq b1
|20 (2)

PaccMoTpuM Ha MJIOCKOCTH TNPAMYI0 JIHHHUIO C ypaBHEHHEM
r=rg+at u Haiigem ee oGpa3 mpu mpeobpaszosanuu f. (Ilox
o6pa3oM MpsIMOM MOHHWMAaeTcss MHOXKECTBO 00pa3oB ee TOUeK.)
Panuyc-Bextop o6paza M* mpou3BosbHOH TOYKH M MOXKHO BBHI-
YUCJUTD TaK:

OM* = Of(O) +f(O)M* = ¢ +f(r).

31ecb ¢ — MOCTOSIHHBIH BEKTOP Of(O;, a r — paguyc-BEKTOp
touku M. CornacHo (11) § 2 Mbl mosnyyaem

OM* = ¢ + f(ro) + f(a)t. 3)

Tak xak f — addunHoe npeobpazoBanue U a # 0, To a nepeil-
net B Bektop f(a) # 0, u ypaBHeHue (3) siBJsieTCsl ypaBHEHHeM
NpsSIMOH JIMHUHK C PauyCc-BEKTOPOM HauajbHOH TOUKH € + f(rg) u
HanpasJsiolnM BekTopoM f(a). Mrak, 06passl Bcex ToYek npsiMoi
r =rg + at Jexar Ha npsamMo# (3).

Bosiee Toro, mpeo6pasoBanue f ompenesnser B3aUMHO OLHO-
3Ha4YHOe oToOpaXkeHHWe ONHOW MNPSMOH Ha ApPYyrylo, TaK Kak IpH
C/leJJaHHOM 37leCb BbIOOpE HauaJbHBIX TOYEK M HaMpaBJISIOLIHX
BEKTOPOB TOuka M™* uMeeT Ha mpsiMOH (3) TO Ke 3HAUeHHe Ma-
pametpa t, yto W Touka M Ha ucxomHoH mpsimoi. OTcioma Mbl
noJjy4aem

[Ipennoxenue 1. Ilpu agppurnrom npeobpasosarui:

® NPAMAA AUHUSL Nepexooum 8 NPAMYr AUHLIO,

® ompe3ox nepexodum 6 ompe3ox,

® napainenvrble npamovle nepexodim 8 napasievHble.
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Jlast moKasaTesbCTBA BTOPOTO YTBEPXKIEHHs HOCTATOUHO 3a-
METHTb, YTO OTPE30K MPSMOH COCTOUT W3 TAKHUX TOYEK, y KO-
TOPBIX 3HAYeHWUs] MapameTpa YIOBJETBOPSIIOT HEPaBEHCTBY BUIA
t1 < t < ty. Tpetbe yTBepxKIeHHe cjaefyeT M3 TOro, 4TO MPHU
apuHHOM Mpeobpa3oBaHUU KOJIHHeapHble BEKTOPLI [EPEXOAST B
KostuHeapHble (cm. (11) § 2).

[Ipennoxenue 2. [lpu agppurnrom npeobpasosanuu om-
HOweHue OAUN NAPAALCAbHbLY OMPE3KO8 He USMEeHSemCs.

HokasatenabctBo. [lyctbh orpe3ku AB u C'D napasnenb-
Hbl. DTO 3HAUWT, YTO CYIIECTBYeT Takoe 4ucjao A, uto AB =
= A@. O6pasbl BekTopoB AB u C'D cBsi3aHbl TOH K€ 3aBHUCH-

MocTbio: A*B* = A\C*D*. Orcroa BbITeKaeT, 4YTo

|AB| |4 B _ 1Al
cD| |¢DY|

CnencrtBue. Ecau mouxka C' deaum ompesok AB 8 HeKko-
mopom omHouwenuu A, mo ee obpaz C* desum obpas A*B*
ompeska AB 8 mom jce omHouleHuu .

2. N3meneHne miomaneid npu ad¢guHHOM mnpeobGpas3osa-
HuU. Jlns Hadyana pacCMOTPUM OPHEHTHPOBAHHBIM MapaJJiesio-
rpamM. BriGepem ofmyio nekapToBy cuctemy koopauHat O, e,
€2 U 0003HauUM uepe3 (p1, p2) U (q1, g2) KOMIIOHEHTbl BEKTOPOB
P ¥ g, Ha KOTOPBHIX OH mocTpoeH. [lyouanp napasesorpaMma Mbl
MOYKEM BBIUHCJIHTb, MOIb3YsiCh hopmymoi (22) § 5 ra. I

St = S5+(p, q) = (P1g2 — p2g1)S+(e1, e2).

[Tyctb adpunHOE mpeobpaszoBaHue f 3amucbiBaeTcst B BHIOpaHHOM
cucreme Koopaunat popmyaamu (1). U3z dopmya (11) § 2 crenyer,
yto BekTopel f(p) u f(q) umeror B Gasuce f(ey), f(ez) Te ke
KOMIOHEHTH! (p1, p2) ¥ (g1, g2), UTO U BEKTOPBl P H g B Gasuce
e1, ey. O6pas mapaJejorpaMma MocTpoeH Ha Bektopax f(p) u
f(q), 1 nowanb ero paBHa

S1 = S+(f(p), f(a)) = (P1g2 — p2q1)S=(f(e1), f(ez)).

Berancnum nocnennu# MHokutesb. [lo npensoxenuio 7 § 2 Ko-
opauHathl BeKTopoB f(eq) 1 f(ez) paBHbI COOTBETCTBEHHO (a1, as2)
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¥ (b1, ba). Ilostomy Sy (f(e1), f(e2)) = (a1ba—azb1)S+(e1, e2) u
ST = (p1g2 — p2q1)(arbe — azb1)S+(e1, e2).

Otcrona MBI BUAMM, UTO OTHOILEHHE TJIOMaAH o6pasa OpHeHTHPO-
BAHHOIO I1apaJjijejorpaMma K ILIOLafMd 3TOro MNapasJjesnorpaMmma
OIMHAKOBO /151 BCEX MapaJljielorpaMMOB U PaBHO

5 _
Sy

ay b1
ag b2

(4)

Takum o6pazom, neTepMUHAHT a1by — azby He 3aBUCHT OT BhIOOpa
CHCTEeMBl KOOP/IMHAT, B KOTOPOH 3amucaHo mpeoOdpa3oBaHHUe, XOTs
OH W BBIUHCJsAETCS MO KO3(P(HUIHUEHTAM, 3aBUCSAILINM OT CHCTEMBbI
KOOpIMHAT. JTa BeJMUYMHA — MHBAapUAHT, BbIPaXKaIOLUIUH reomer-
pUUEeCcKOe CBOHCTBO MpeoOpas3oBaHus.

W3 dopmyasl (4) BUAOHO, YTO OTHOIIEHHe MJolIagd obpasa
HEeOPHEHTHPOBAHHOTO NapajijieorpaMmMa K ero Miaolail paBHO

S*/S: |a1b2—a2b1|. (5)

Ecau a1bs —agby > 0, TO opUeHTALMK BCeX OPUEHTHPOBAHHBIX
napaJie/JorpaMMOB COXPAHSIIOTCH TIPHU TpeoOpa3oBaHUM, a ec/u
a1by —agby < 0, TO IS KaXKAOTO OPHEHTHPOBAHHOTO MapaJjesno-
rpaMma opHveHTanus o6pasa MPOTHBOIOJOXKHA €ro OPHEHTALNH.

3aiiMeMcsl Tenepb mJowanaMu Apyrux ¢uryp. Kaxnaei# tpe-
YTOJIbHUK MOXKET ObITh JOMOJHEH [0 MapaJjJesorpaMmma, miolanb
KOTOPOT'0 paBHA YABOEHHOH MNolanu TpeyroabHuka. [lostomy or-
HOLLEeHHe MJIoLWaAnd o0pa3a TPeYroJbHUKA K MJIOLAAH ITOrO Tpe-
YTOJIbHUKA YIOBJIETBOPSIET PaBEHCTBY (D).

Kazknpiii MHOrOyro/bHUK MOXKeT ObITh Pa3OUT Ha TPeyroJbHHU-
ku. CyenoBatesibHO, opmyda (5) crpaBeninBa U /sl IPOU3BOJIb-
HBIX MHOTOYTOJIbHHKOB.

Mbl He OyzneM 37ecb KacaTbCsl ONpeneseHHs MJOLagH Mpo-
W3BOJIbHOH KPUBOJIMHEHHOU (urypel. Cka)keM JHllb, UTO B TeX
clydasx, Korga 3Tta IJIOLaib OIpejesieHa, OHA paBHa mpeje-
JIy TJIolanedl HeKOTOpol NocJe10BaTebHOCTH MHOIOYTOJIbHUKOB,
BIMCAHHBIX B paccMmarpuBaemyio ¢urypy. M3 teopuu mnpenesios
M3BECTHO CJIeLYyIOlLlee MPeNJIOKEeHHe: eCJH IMOC/eLI0BaTENbHOCTD
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S, cTpemuTcs K mpenenay S, TO MOCJAEIOBATENbHOCTb 05, TIe
0 — TIOCTOSIHHOE, CTpeMHUTCS K Tpeneny 0.5. Ha ocHoBanuu sToro
TNpeNsIo’KeHNsT MBI 3aKJjiodaeM, 4yTo (opmysa (D) crpaBeasnnBa B
camMoM oOlleM cJaydae.

B xauecTBe npumepa HaijeM BbIpaKeHHe MJIOLIAAH SJJHINCA
yepe3 ero nosyocd. B § 2 ro. II MBI noKasasu, 4TO 3JJIMIC C
MONYyOCSMH @ ¥ b MOXKeT OBbITb MOJIyueH CXKaTHEM OKPYKHOCTH
paguyca a K MpsiMoH, poxoasiiied uepes ee ueHTp. Koapduunent
cxkatus paBeH b/a. B mpumepe 4 § 2 MBI OJTyUHIH KOOPIUHATHYIO
3anuch cXKatug K npsMod: z* = z, y* = A\y. [lerepMHHaHT U3
K03(h(ULHUEHTOB B 3TUX (OpMyJaax paBeH A, TO €CTb B HalleM
caydae b/a. Takum 00pa3oM, OTHOLIEHHE IUIOLIALHM JIHICA K

b
nJoaad Kpyra paBHo b/a, ¥ 3Ta mJomanb paBHa S = —ma?.
a

OKoHYaTe/JbHO UMeeM
S = mab.

3. O6Gpasbl JuHMUI BTOpPOro nopsaka. Mol Buje/d, 4To Nps-
Mas JIMHUS [ePexofUT B NpAMYl0. DTO YaCTHBIH caydall caenylo-
LLIETO MPEAJIOKEHUS.

[Ilpennoxenue 3. Appurnoe npeobpasosarue nepeso-
dum areebpauueckyro AUHUIO 8 AAceOPaUUecKYt0 AUHUIO MO0
Jce nopadka.

B camom nene, mycTb JivHUS L B JeKapTOBOH CHCTeEMe KOOp-
nuHat O, ej, ey HMeeT ajrebpadueckoe ypaBHEHHE MOPSAKA p.
CorsacHo npemyioxkeHuto 9 § 2 o6pasel Bcex TOUueK JUHUM L Tipu
addunHoM npeobpasoBanun f nmeroT B cucteMe KoopauHar f(O),
f(e1), f(ez2) Te e KOOPAMHATHI, UTO W MX MPOOOPa3bl B CHCTe-
Me kKoopauHat O, ep, ey. CienoBaTesbHO, KOOPAHHATH 00pasoB
B cucreMme f(O), f(e1), f(ez) cBs3aHB TeM ke ajreGpaHyecKUM
ypaBHEHHUEM MOPSAAKA p. DTOrO AOCTATOYHO, YTOOBI CAeJNaTh HYX-
HOe HaM 3akKJIloYeHHe.

W3 npensoxkeHns 3, B HaCTHOCTH, CJIELyeT, YTO JHHHS BTOPO-
ro rnopsiika npu ap@GuHHOM NMpeoOpa3oBaHUM MepeHieT B JMHHUIO
BTOpOro mnopsigka. Mbel nokaxkeM ©GoJsiee CHJIBHOE YTBEpXKIEHHE.
Hwmenno, B Teopeme 1 § 1 ra. III suHum BTOpOro mopsinka OblLau
pasfiesieHbl Ha ceMb KJaccoB. MBI YBHAHM, UTO KJacC JIMHUH CO-
xpaHsiercst npy adrHHOM npeobpasoBaHur. Ha 3TOM 0CHOBaHUH,
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KJlacChl JIMHUH, Nepeurc/eHHble B yKa3aHHOH TeopeMe, Ha3bIBalOT-
csl agppunnoimu Kraccamu. VITak, mokaxkem

[Ipennoxenue 4. Jlunus emopoeo nopadka, npuradie-
Hawas K 00HOMY U3 aPPUHHLLX KAACCO8, npu A0O0M apdun-
HOM npeobpa3osanul. Moxcem neperimu moAbKO 8 AUHUI MO-
2o ace kaacca. Kaxodyro aunuro emopoeo nopadxka nooxoodsuium
apdunnoim npeobpaszosaruem MoXHO nepesecmu 8 11006y Opy-
eYro AUHUI0 moeo Jce agpurHo2o Kaiacca.

JlokazateabcTBO. JIMHHIO MBI Ha30BeM O2paHuU4eHHOU,
€CJIM OHA JIe)KUT BHYTPHU HEKOTOpOro mnapaJsenorpamma. Jlerko
BUIETb, UTO NMpU ad(HUHHOM NpPeoOpa3oBaHUM OTPaHHUUEHHAS JH-
HUS [OJ’)KHA TepeHTH B OrpPaHUUYEHHYI, a HeorpaHU4yeHHas —
B HEOI'DaHUYEHHYIO.

1) Dnnunc — orpaHudeHHas JTUHUS BTOpPOro nopsiika. Kpome
3JJIMIICOB OrPaHHYEHbl TOJNbKO JUHHH, COCTOSLIME U3 OfHOH TOY-
KH, TO €CTb Napbl MHUMBIX NepeceKaloluxcs npsmbix. [TockombKy
3JIMIIC OFPaHUYEH U COCTOMUT OOJbllle, YeM H3 ONHOH TOYKH, OH
MOKET MepPeHTH TOJIBbKO B 3JIJIHIIC.

2) 'mnepboJia COCTOUT U3 IBYX OTAEJbHBIX BeTBeH. DTO CBOH-
CTBO MOXKHO C(POPMYJIUPOBATh TaK, 4TO OyHeT fiCHA €ro HeU3MeH-
HOCTb npu ad@uHHBIX NpeobpasoBaHusX. VIMeHHO, CyliecTByeT
npsiMasi JIMHUsA, He Mepecekarolias runep6osy, HO Mepecekarorias
HEKOTOpble ee XOpJbI.

V3 Bcex JIMHUE BTOPOTO MOpPSiKA TOJNBKO THIEPOOJbl U Maphl
napaJie/bHbIX MPSIMbIX 00/1aJaI0T STUM CBOHCTBOM. ¥ THIEPOOJIbI
BETBU — He MNpsIMble JIUHHUH, U TIOTOMY MpU apPUHHOM Mpeodpa-
30BaHHH OHA MOXKET MepPeHTH TOJbKO B THIeposy.

3) Ilapabosia — HeorpaHWYeHHAs JIHHUSI BTOPOTO MOPSIAKA, CO-
CTOSAILAS M3 OLHOTO HENMpPsSMOJHMHEHHOro KycKa. DTUM CBOHCTBOM
He 00/121aI0T HUKAKKWEe OPYTHe JUHUH BTOPOro MOPSAKA, U NOTOMY
napaboJ/ia MOXKeT MepeldTH TOJbKO B MapadoJy.

4) Ecnu qMHMs BTOPOTO MOpsiAKa MPeAcTaBJsieT cOG0H TOUKY
(mapy MHUMBIX TlepeceKaroluxcs MpsMBIX), MpsMylo (mapy cos-
MaBLIMX MPSIMBIX), Mapy TepeceKaroluxcs WK Mapy napasielb-
HBIX NPSIMBIX, TO M3 JIOKA3aHHBIX paHee CBOWCTB a((PUHHBIX Mpe-
00pa3oBaHUi CJIeNyeT, YTO 3TA JHUHUS He MOXKET NePeUTH B JIMHHUIO
HHMKaKOTro IPYyroro kJjacca.
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Jlokaxkem BTOpY1o uacThb npeasnoxenus. B teopeme 1 § 1 ru. 111
KaHOHHWYECKHE YDABHEHHsI JIMHUH BTOPOTO MOPsiKA HAMKCaHBI B
JIEKapPTOBOH MPSIMOYTOJIbHOH CHCTEME KOOPAMHAT M COlepXKaT Ia-
pameTpsl a, b, . ... Ecain Mbl 0TKaxeMcst OT HOPMHPOBKH 6a3UCHBIX
BEKTOPOB, TO CMOXKEM [POU3BECTH JajbHeHIlHe YIPOLIeHUsT Ka-
HOHHUYECKHUX YPaBHEHHH U MPHUBECTH UX K BHIY, HE COMlepKalleMy
napametpoB. Hamnpumep, 3ameHa koopauHar @’ = x/a, y' = y/b
nepeBonMT ypaBHenue saaunca z2/a? + y?/b? = 1 B ypaBHeHHe
2% 4 "2 = 1, kaxkoBbl 66l HU Obiu a W b. (TTocaenHee ypas-
HeHHe He eCTb ypaBHEeHHe OKPYKHOCTH, TaK KaK HOBas CHCTeMa
KOOpAMHAT He [eKapToBa MpsiMoyroJbHas.) UuraTenab 6e3 Tpyna
MOKAXKET, YTO KAaHOHMYECKHE YPaBHEHUs JUHUH BTOPOTO MOPsiIKa
MePexoioM K MOIXOASIIEH CHCTeMe KOOPAHUHAT MOTYT OBITh Tpe-
00pa3oBaHbl B ypaBHEHHs

Da*+y*=1, 2)a>+y*=0, 3)2°> -y’ =1,
4) 2> —y? =0, 5)y° =2z, 6) y> —1=0,
7) y? =0.

Takyro cucrtemy KoopauHaT Mbl Ha3oBeM a@@uHHOl KaHOHuue-
CKOUl CHCTEMOH KOODAMHAT.

U3 npensnoxenuss 9 § 2 caenyer, 4to adpuHHOE npeodpaso-
BaHMe, KOTOpOe coBMellaeT a(p@pHUHHble KaHOHUYECKHE CHUCTEMb
KOOpAMHAT JBYX JIMHHUH OfHOrO a(p(pMHHOTO KJacca, CoBMelllaeT U
3TH JUHUU. DTO 3aKaHYMBAET J0KAa3aTesNbCTBO.

4. PasnoxeHue opTOroHaJbHOr0 Npeodpa3oBaHus.

Teopewma l. Kasooe opmoeorarvroe npeobpasosarue pac-
Kaaodvleaemcsa 8 npoussederue napasLesbHoeo neperoca, noso-
poma u, 603MONHCHO, OCEBOLL CUMMEMPUL.

HokasatenabctBo. Ilycts f — oproronanbHoe npeo6paso-
BaHue, U AABC — paBHOOEePEHHBIH NPAMOYTOJNbHBIH TPeyroJb-
HUK ¢ mpsmbIM yriaoM A. [lpu npeo6pasoBanuu f oH mepeiimer
B paBHBIA eMy TpeyroJbHUK AA*B*C* ¢ npsiMbIM YIJoM MpH
BepiinHe A*. Teopema Oyner nokasaHa, ec/H, MPOHU3BOAS MOCJe-
LOBaTeJIbHO MapaliiebHbli MepeHoc p, TMOBOPOT q U (B cjayuae
HeO0OXOIUMOCTH) OCEBYID CHMMETPHUIO r, Mbl CMOXKEM COBMECTHTD
tpeyroibHUKH ABC u A*B*C*. JlefiCTBUTENBHO, TIPOU3BElIeHHE
rgp — adduHHOe nmpeobpa3oBaHue Takxke, Kak U f, a apdunnoe
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npeoGpa3oBaHKe ONHO3HAUHO OmMpejessieTcss o6pasaMHu TpPeX To-
Yek, He JieXallux Ha ofiHoH npsmoii. [losatomy rqp coBmanaer c f.

Urak, nepeBenem A B A* napaJiiebHbIM IEPEHOCOM p Ha BeK-
Top AA* (eciu A = A*, To p — TOXKIECTBEHHOe Mpeobpa3oBa-
Hue). 3aTeM MOBOPOTOM q BOKPYT ToukKu A* coBmectum p(B) ¢ B*
(BO3MOXKHO, M 3TO MpeoOpa3oBaHUe OKaXKETCsl TOXKIECTBEHHBIM).
Touka q(p(C)) smbo coBnamaer ¢ C*, 16O CUMMETPHUHA €fl OT-
HOCHUTeJIbHO NpsiMoil A*B*. B nepBoM cJjyyae 1esib yXKe HTOCTHT-
HYyTa, a BO BTOPOM MOTpebyeTcsl 0ceBasi CHMMETPHST OTHOCHTEJIBHO
yKasaHHOH mpsiMoi. Teopema nokasaHa.

Crnenyetr UMeTb B BHAY, UTO MOJYYEHHOE pa3JjOXKeHHe OpPTO-
rOHaJIbHOTO Mpeobpa3oBaHus He OHO3HAYHO. BoJiee TOro, MOXHO
MOBOPOT HWJIM MapaJjesbHbBIH MepeHoC pasokKHTb B MPOU3Beje-
HHUEe OCeBbIX CUMMETPHH, POU3BENEHHE Mapas/esbHOro epeHoca
U TIOBOPOTA MpPENCTaBUTb KaK ONWH TOBOPOT W T.H. Mbl He Oy-
JleM YTOUHSITb, KaK 3TO CIeJaTh, a BHISCHUM CJelylollee obliee
CBOMCTBO BCEX TAKHUX Pa3JIOKEHHUH.

[Ipennoxenue d. [pu a1060m paszroxceHuu opmosoHaLy-
Ho2o npeobpasosarus 8 npoussedexue 1100020 4uUCLQ NAPAA-
NeNbHbLX NepeHocos8, NOBOPOMOS U O0Ce8blLX CUMMempull uem-
HOCMb YUCAQ O0CEBbLX CUMMEMpPULl, 8X00AUUX 8 pPa3AOKHCEHUe,
o0Ha U ma dxHe.

Jlns joxKasaTesbCTBAa PACCMOTPUM Ha IJIOCKOCTH MPOHM3BOJIb-
Hblfl 6asuc W MPOCJAENNM 332 H3MEHEHHEM €ro OpHeHTalWH (Ha-
TNpaB/eHUs KpaT4aHllero noBopoTa OT €; K €g) MPH OCYIIeCTB/Is-
eMBIX NTpeofpa3oBaHUsX. 3aMeTHM, UTO MOBOPOT M NapaJJie/bHEIH
TMepeHoC He MEHSI0T OPHeHTAlHI0 HU OfHOro 0asuca, a oceBas
CUMMeTpPHsl MeHsleT opHeHTauuio Joboro 6asuca. [lostomy, eciu
IaHHOE OpTOrOHaJbHOe MPeodpa3oBaHye MeHseT OpPHEHTalHI0 Oa-
3uca, TO B J11000e €ro passoKeHHe IOJKHO BXOILHWTb HeYeTHOe
YHCJIO OCEeBHIX CHMMeTpHH. Ecin e opueHTainus 6asuca He Me-
HSIeTCSsI, TO YHUCJIO OCEBBIX CHMMETPHH, BXOISIINX B PassOKeHHe,
MOKeT OBITb TOJBKO YETHBIM.

Onpenenenue. OproroHanpHble Npeo6pa3oBaHUs, KOTO-
pble MOTYT ObITb pa3J/ioKeHbl B MPOU3BEeHHE MapaJsyebHOro
nepeHoca W [OBOPOTA,  HA3bIBAOTCS  OPTOTOHAJbHBIMH
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npeo6pa3oBaHUAMHU 1nepg8oeo poda, a oCTajbHble — OPTOrOHAJb-
HBIMH [1pe00pa3oBaHUSIMU 8MOpoeo pooa.

OproroHajsbHoe npeobpas3oBaHue B J1eKapTOBOH MPSMOYILOJb-
HOH CcHCTeMe KOOpAMHAT 3amnuchiBaeTcst gpopmyiamu (2) § 2. [pu
BEPXHHUX 3HaKax KO3((HULHUEHTOB Yy B 3TUX (POPMy/IaxX AETEPMH-
HaHT, COCTaBJIEHHBIH U3 KO3(P(ULHUEHTOB, paBeH +1, a NpU HUXK-
HUX 3HaKax oH paBeH —1. Otciona u u3 dopmyn (4) crenyer

[Ipennoxenune 6. Opmozonarvroe npeobpaszosarue nep-
8020 poda 3anuceleaemcs 8 0eKapmosol NpPAMOYeOAbHOU CU-
cmeme Koopounam gopmyramu (2) § 2 ¢ sepxHumu 3nakamu
Yy Koappuuuenmos npu y, a Opmo2OHALbHOE Npeodbpas3osaHue
8Mopoeo poda — ¢ HUNCHUMU 3HAKAMU.

5. Pasnoxenue a¢punHOrOo nmpeobpasosanusa. Mbl BuU-
JeJI1, HAcKoJbKo ad@uHHOe npeoOpa3oBaHHe MOXKeT H3MEHHTb
IJIOCKOCTb: OKPY2KHOCTb MOXKET MepedTH B 3JJIMUIIC, NPaBUJbHBIH
TPeYroJbHHK — B COBepILLUEHHO NPOMU3BOMbHBIH. Kasanoch 6bl, HHU-
KakHle YIJIbl IPH 3TOM COXPaHUThCS He MoryT. OIHaKoO HMeeT Me-
CTO CJenylollee

[Ilpennoxenue 7. [[as kandoeo aggunroeo npeobpaso-
8aHUA Ccywecmayrom 08e 83AUMHO NepneHouKyAapHule npamole,
Komopbvle nepexo0am 80 83AUMHO NepnerouUKyAapHbLe NPAMbBLE.

Jlis mokasaresibcTBAa PacCMOTPHUM KaKyl0-J1HOO OKPYXKHOCTb.
[Ipu nanHom addrHHOM NpeobpasoBaHUK OHA NepeieT B JIIHUIIC.
Kaxxpass ocb 3s/unca — MHOXKECTBO CepelMH XOpA, NapasJelib-
HbeIx apyro# ocu. [Ipu apcdrHHOM mpeobpaszoBaHUU XopAa Mepei-
IeT B XOpAy, NapaJ/eqbHOCTb HOJKHA COXPAHUTbCS, a CEpeirHa
OTpe3Ka MepexoouT B cepequHy ero obpasa. [lostomy npoobpa-
3bl OcCell 3/uIca — OTpe3KH, obJajalolide TeM Ke CBOHCTBOM:
KaXKJbll U3 HUX €CTb MHOXECTBO CepelMH XODPA OKPY2KHOCTH, MNa-
paJlieIbHBIX IPYTOMY OTpesKy. Takue oTpe3KH HelpeMeHHO SBJs-
I0TCSl IBYMSI B3aUMHO IEPHEHAHKYJASPHBIMU AHAMETPAMH OKPYXK-
HOCTH. DTO TO, UTO HaM TPeOOBa/NOCh: CYLIECTBYIOT ABa B3aHMHO
NepreHUKY/ISAPHbIX JUaMeTpa OKPYXKHOCTH, KOTOpble NepexofsiT
BO B3aUMHO IepIeHIUKY/sIpHble OTPE3KH — OCH 3JLIHIICA.

CTOUT OTMETHUTh OOMH OCOOBIH CJydail: OKPYKHOCTb Tpu ad-
(uHHOM npeoOpa3oBaHUU MOXKeT IepeHTH B OKPY>KHOCTb. B 3TOM
cjlyyae TO K€ pacCyKIeHHe MPOXOAUT C JIOObIMHU ABYMS B3aHM-
HO MepreHIUKY/IAPHBIMH AHaMeTpaMH OKpyxKHOCTH-o6pasa. Oue-
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BUJHO, 4TO INPH 3TOM J0Oble [Ba B3aMMHO MepleHAUKYJspHble
HaIpaBJIeHHs] 0CTAIOTCS TePIEeHIUKYISPHBIMH.

Onpepenenue.  JIBa B3aUMHO MNeplIeHIUKY/SAPHBIX Ha-
TNIpaBJIeHNs] HA3bIBAIOTCS 2AQBHbIMU WU CUHSYAAPHbIMI HATIPAB-
JeHUsMH adpruHHOrO mpeobpazoBanus f, ecan OHU MePexXoisT BO
B3aMMHO NepreHAUKYJsIpHble HarpaBaeHHsI.

Teopema 2. Kaxodoe agpgunroe npeobpasosarue packia-
dvisaemcs 6 npoussederie Opmo20HANbHO20 nPeobpa3o8anus u
0syx cocamuli K 08Ym 83aAUMHO NepneHOUKYAIPHOIM NPAMbIM.

JloxasaTesbCTBO aHAJNOTHYHO JOKa3aTeJbCTBY TeopeMbl .
Paccmorpum apunnoe npeobpasosanue f u BolOepeM paBHOOe]-
PEHHBIH TPSMOYTroJbHBIH TpeyrodbHHK AABC Tak, uToOH €ero
kateTol AB u AC' Oblnu HampaBJeHBl BIOJb [VIaBHBIX HalpabJe-
HUi npeo6pasoBanus f. O6osHauuM yepe3s A*, B* u C* o6pasbl
ero BepiuH. CleslaeM Takoe OPTOrOHaJbHOE Mpeodpas3oBaHUe g,
npu kotopoM g(A) = A*, a touku g(B) u g(C) snexar cooTser-
CTBEHHO Ha Jjydax A*B* u A*C*. (9Toro Jjierko H0OUTbCS, Kak
U B TeopeMe 1, mapasjiesbHBIM NePEHOCOM, NIOBOPOTOM M OCEBOH
CHUMMeTpHed.)

[Tycts A = |A*B*|/|A*g(B)|, a p = |A*C*|/|A*g(C)|. Torna
cKaTHe pp K npsaMoidl A*C* B oTHoweHHM A nepeseneT g(B) B
p1(g(B)) = B* u He caBuner Touek A* u g(C). Anasnoruuso,
cKaTHe py K npsmoi A*B* nepesenet g(C) B p2(g(C)) = C*, u
He CIIBUHET TOuekK mpsmMod A* B*.

DTo 03HayaeT, UTO MPOU3BENEHHE PaP1g MEPEBOTUT TOUKH A,
B u C B touku A*, B* u C* takxe, KaK U 3aJaHHOe HaM Tpe-
obpasoBanue f. CornacHo npensoxenuio 8 § 2 umeem pop1g = f,
KaK ¥ TpeboBaJsoCh.

YIIPA2KHEHHWSA

1. HafiguTe mjomanb TpeyronbHHKA, €CJIHM €ro CTOPOHBI JexKaT Ha
NPSMBIX C YPaBHeHUSIMH T +y = 1, 2 —y = =1 u 2x+y = 2 B
J€KapTOBOH NPSIMOYTOJIBHOH CHCTEMe KOOPAHHAT.

2. Ilycere npu addunHOM npeobpasoBanud Toukn A, B u C' mnepe-
uu B Toukn A®, B* u C*. Jlokaxute, 4To TOUKa [epeceyeHns: MeHaH
AABC nepefiieT B TOUKy IepeceueHus: Mennan AA*B*C”.
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3. Ilau tpeyrosbHUK ¢ BepnHamu A(1, 0), B(—%7 1) " C(—%, —1).
Ha#inure nuHeliHoe mpeobGpa3oBaHue, MepeBoasiiiee KaXKAylo BEPIIMHY B
CeperHY MPOTHBONOJIOKHOH CTOPOHBI.

4. Bynem roBoputb, uto aduHHOE NpeoOpa3oBaHHe pacTArUBaeT
BEKTOp a B « pas3, ecau |a*| = «lal. [Las npeoGpasoBaHusi, 3agaHHO-
ro B 1€KapTOBOH MpPSIMOYTO/bHOM CHCTeMe KOOPAHHAT (popMy/IaMu

2t =dx+Ty, y =8z +uy,

HaliIuTe BEKTOPBI, /IS KOTOPBIX PACTs’KeHHe a) MaKCHUMaJsbHO, 0) MHHHU-
MaJIbHO.

5. [ycTb npsiMas Kacaercsl JIMHHM BTOpOro nopsiaka. Jlokaxure, 4To
TPH NPOU3BOJILHOM ap@UHHOM Npeobpa3oBaHUU 00pa3 MPSIMOH KacaeTcs
o6pasa JUHHHU.

6. JlokaxuTe, 4TO BepPLIMHBI poMOa, ONUCAHHOI'O OKOJI0 3JLIMIICA, Je-
JKaT Ha ero ocsiX CHMMeTPHH.

7. TlpencraBbTe Kak NpoH3BeleHHe IBYX OCEBBIX CHMMETPHH a) ma-
paJliesIbHBI MTepeHoC Ha BEKTOp a, 6) MOBOPOT Ha yros ¢ BOKPYT TOU-
ku O.

8. IlpencraBbTe cxKaTWe K OCH abCLMCC JIE€KapPTOBOH MPSMOYTOJib-
HOH CHCTeMbl KOODIHMHAT KaK NIPOU3BeleHHe NapaJlje/bHOro NepeHoca Ha
a(0, a) u ckatus K APyro# mpsiMo.

9. MoxerT /11 IpOH3BeIeHHe IBYX II0OBOPOTOB MJIOCKOCTH OBITh Tapai-
JIeJIbHBIM [I€PEHOCOM?



Irasa V

MATPHLLbI
U CUCTEMbI JIMHEMHbBIX
YPABHEHMMH

§ 1. MATPULLbI

1. Onpenenenue. Mbl OyneM HasblBaTh mampuyeti pasmepos
M X1 COBOKYIHOCTb mn UHCeJ], PACIOJN0KEHHBIX B BUAE TaOIHLBI
U3 M CTPOK U M CTOJIOLOB!

1 1 1
a% a% e ag
aiy a3 ... ap

m m m
al® ay* ... ap

Uucasa, coctas/siolide MaTpPULy, Mbl OyleM Ha3blBaTb dAeMeHMma-
mu MaTpuubl. Eciy uMcso cTPoK B MaTpule paBHO YHC/IY CTOJNO-
L0B, TO MaTpUlla Ha3blBaeTCsl K8aAOpaAmMHOLL, a YUCJI0 CTPOK — ee
nopsaoxkom. OcTasbHble MaTpULBl HOCAT HA3BaHUE NPAMOYe0Ab-
HbLX.

MoxHo naTh U Takoe onpeleseHre MaTpuLbl. PaccMoTpuM aBa
MHOXKecTBa Heqbix uncen I = {1,2,..., m}u J={1,2,...,n}.
Yepes I x J 0603HaYMM MHOXKECTBO BCex map Buna (i,7), rue i €
€I, aj € J. Marpulell Ha3blBaeTcsl Unc/a0Bask (PyHKUUSA Ha [ X J,
TO eCTb 3aKOH, CONOCTABJSIOIINE KaxIoH mape (i,j) HeKOTOpoe
yHCIo af.

Jnst yuTaress, 3HaKOMOro ¢ NPOrpaMMHPOBAHHEM, 3aMeTHM,
YTO MaTpHlla — 3TO B TOYHOCTH TO e, UTO U JByMepHbIH MacCHB.

JIBe MaTpHLbl Ha3bIBAIOTCSA PABHbIMU, €CJIU OHU UMEIOT OJ1Ha-
KOBblE Pa3Mepbl, U pPaBHbl UX 3JIeMEHTHl, CTOSILIIHE HA OJMHAKOBBIX
MecTax.
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PaccmatpuBasi npor3BoJIbHEIE MATPULEL, Mbl OyeM 0003Ha4aTh
UX 3JeMeHTbl OyKBaMM C ABYMSl uMHIekcaMu. Ecan o6a uHIexca
pacroJioxKeHbl BHU3Y, TO NepBbIH U3 HUX 0003HayaeT HOMep CTPO-
KM, a BTOPOH — HoMep cToJ0La; ecld OfMH M3 UHIEKCOB pacIo-
JIO’KEH CBEPXY, KaK B HAallUCAHHOH Bbllle MAaTpULE, TO 3TOT HHAEKC
o603HauyaeT HoMep cTpokH. He caenyer mytaTb BepxXHHE HHIAEKCHI
C [0Ka3aTeJssIMU CTeleHH.

Matpuuy pasmepoB 1 X n, cOCTOALLYIO U3 OIHOH CTPOKH, MbI
OyLeM Has3blBaTb CMPOKOL OAUHbL T UK NIPOCTO CTpoKo#. Marpu-
1y pasMepoB m X 1 Ha3bIBAIOT CMOABGYOM BbLCOMbL T UJIH MPOCTO
cronbuom. CTonbUbl U CTPOKH MBI OyfieM 0603HAuaTh MOJYKHUP-
HbIMH OyKBaMH.

YacTto ObiBaeT ynoOHO 3alMChbIBAaTb MATPULY Kak CToJ0eL U3
CTPOK WJIM KakK CTPOKY M3 cTonbuoB. IlycTb

aj ay a,
2 2 2
aj as a,
a; = . , A2 = . y seey Ap =
ay® ay’' ap'

Torna HallMCaHHYIO B HayaJie MaTpPUIly MOXKHO 3alucaTb B BHIE
H a; a2 ... QaAp H .

Ananoruuto, ecn al = ||a} .. al|,...,a™ = [laf ...al||, TO
Ta JKe MaTpHIla 3aM1ChIBAETCS B BHJIe

al

am

PaccmoTtpum matpuny A pasmepoB m X m 1 BbiOepeM Kakue-
HUOyOb 7 HOMEPOB CTPOK ii,...,i, W S HOMEPOB CTOJOLOB
Jis---,Js, IpuueM OyneM MpeanoJaraTb, 4TO HOMepa BBEIOpaHHI
B MOPSAKe BO3PACTAHUSA: 1] < dg < -+ < ip U J1 < Jo < -+ < Js.
Martpuiy A’ pasmepoB r X s, COCTABJIEHHYIO H3 3J€MEHTOB A,
CTOSIIIUX Ha TepeceyeHUH BBIOPAHHBIX CTPOK M CTOJOLOB, Mbl



§ 1. Mampuuo 161

Ha3oBeM nodmampuuyeti Matpuunsl A. Uraxk,

il il
W a5, aj,
i i
a5, aj,
Ecan MaTpula KBaJpaTHas, TO MHOXKECTBO TE€X €€ 3JIEMEHTOB
al, y KOTOPBIX HOMEp CTPOKH PaBeH HOMepy CTOJOLa, Ha3bIBAETC s
2AAB8HOL OUACOHANLIO WU MNPOCTO AMAroHaJ/bio MaTpPUILbL.

2. TpancnoHupoBaHue Matpun. PaccMOTpUM MaTpUlly

aiq a12 e A1n
A— a1 a922 . agn
Am1 Am2 oo Qmn

U3 m CTPOK U n cTonbuoB. Eff MOXKHO comocTaBUTh MaTtpuuy B
M3 1 CTPOK U m CTOJNOLOB MO0 CJIELYIONEMY MPaBUIY. DleMeHTH
KaXKJ0H CTPOKH MaTpUIbl A 3aMHCBIBAIOTCS B TOM JKe TOPSIKe
B CTOJIOUB MaTpPHLbl [, MpUueM HOMep cToJOLUA paBeH HOMeEpY
CTPOKH. DTy MaTpHLy

aip a1 ... Qami
B:

A1p  A2n oo Qmn

Ha3bIBAIOT MPAHCNOHUPOBAHHOL TI0 OTHOIIEHHIO K A U 0603Haua-
or AT Tlepexon ot A k AT nasbiBaloT mpancnonuposanuem.
BuaHo, 4To i-51 cTpoKa B COCTOUT U3 TeX K€ 3JIEMEHTOB B TOM
JKe Mopsiike, 4To U i-U crtosbenr A. fIcHO TakKe, UTO (AT)T = A.
OnpeneneHne TPaHCIOHUPOBAHHON MAaTPULBI MOXKHO 3aMUCATh
B BHJE MmN PAaBEHCTB, CBS3bIBAIOLIMX JEMEeHThl MaTpull A u B:

bij:aﬂ, (i=1,...,m,j:1,...,n).

3. Hekotopsie Buapl MaTpurl. Bpenem onpepesneHHs HeKO-
TOPBIX YaCTO yNOoTpebssieMbiX BULOB MaTpHll. Bce mMaTpuibl npep-
NoJ1aralTcs KBaapaTHBIMH.

1. Martpuua A Ha3blBaeTCs CUMMEMPUUHOL WU CUMMempPu-
yeckoti, eciu AT = A. Jlns Takoi MaTpPHULEBl a;; = Gj; TIPH BCeX
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1 U j — 2JIeMeHTHIl, PACloJOKeHHble CHMMETPUYHO OTHOCHTEJBHO
rJIaBHOHM OMaroHasH, paBHBI.

2. Marpuua A HasblBaeTCsl KOCOCUMMEMPUUHOL WU QHMU-
cummempuunoil, ecnn AT = —A. Jlns rakoil MaTpULBL a;; = —aj;
NpH BCeX ¢ U j — 3JIEMEHTHI, pacroJioXKeHHble CUMMETPUYHO OTHO-
CUTeJIbHO TVIaBHOH UaroHa/M, OTJIHYalTcs 3HakoM. JluaroHasb-
HBIE 3JIEMEHTBl PAaBHBI HYJIO.

3. Marpuua A HasblBaeTCs 8epxHell mpeyeonrvHoLl, ecd Bee
ee 3JeMeHTbl, PacroyoKeHHble HHKe TVIAaBHOH JHAaroHaJsu, paBHBI
HYJ10: a;; = 0 1pu ¢ > j. AHaJOrHYHO ONpeNesIsIeTCs HUNHAS
mpeyeonrvras Matpuua: a;; = 0 npu i < j.

4. Marpuua A HazeiBaeTcsi 0UA20HAAbHOL, €CNA Y Hee PaBHBI
HYJII0 BCE HeJlMaroHa/jbHble 3JeMeHTbl: a;; = 0 npu 7 # j. Haa
JMarOHaJbHOH MaTPHUIBl C AHArOHAJbHBIMU 3JIEMEHTAMH C1, . . ., Cp
npuHsiTo o6o3Hadenune A = diag(cy, ..., cn).

Jlpyrue yacTHble BHAbl MaTpull OyfeM ONpenessiTh 110 Mepe
HeoOXONUMOCTH.

4. CioxeHne U yMHOXKeHHe Ha uyuciao. Ilyctb A u B —
MaTpHLBl Pa3MepoB m X n. Mbl MOKEM COMOCTaBUTb UM TPETHIO
maTpuily C' pasmMepoB m X 7, 3JeMeHThl KOTOPOH ¢;j CBSI3aHBI C
3/IeMeHTaMH a;; 1 b;; MaTpull A 1 B paBeHCTBaMH

cij = a5 + by (Z':l,...,m;j:l,...,n). (1)

Onpenenenue. Marpuna C, onpenensiemasi o A u B
dopmynoit (1), HasbiBaeTcss UX cymmoil u ob6o3Hayaercss A + B.

Onpepenenune. Marpuua C, 3/1eMeHTH KOTOPOH ¢;; PaBHBI
TNPOU3BEJEHUSM JIEMEHTOB @;; MaTPHLBl A Ha YHCIO (v, HAa3bIBa-
etcs npoussedenuem A na o u obo3HadaeTcss aA. Mbl umeeM

Cij = Qj; (i=1,....m; j=1,...,n). (2)

M3 CBOUCTB CJIOKEHHS] ¥ YMHOXKEHHS UHCEJ JIETKO BbITEKAeT
[Ipennoxenune l. [aa awboix mampuy A, B,C u a1106bix
yuces o u 3 8vLnoAHeHbL pageHcmaa

A+ B=B+A, (A+B)+C=A+(B+0),
a(A+ B) =aA+ aB, (a4 B)A = aA + BA,
(aB)A = a(BA).
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Martpuia, Bce 3/eMeHTbl KOTOPOH paBHBI HYMIO, Ha3blBaeTCs
nyaesoti mampuyeti. Ecniu O — HyneBasi MaTpuLia pa3MepoB m X
X M, TO AJIs1 I0OOH MaTpULBl TeX Ke pa3MepoB

A+0=A.

Marpuny (—1)A Ha3bIBAOT NPOMUBONOAONHCHOU MaTpule A H
o6o3HauvaoT —A. Ona o6safaer TeM CBOHCTBOM, 4TO

A+ (=A)=0.

Cymma matpul, B U —A HasblBaeTcs pasnocmoio Matpul B u A
u o6o3Hauaercs B — A.

Mbl BUIUM, 4TO c(OPMY/NHPOBaHHbIE Bblle CBOHCTBA JHUHEH-
HBIX ONepaLluil ¢ MaTpULlAMH COBMNAJAIOT CO CBOMCTBAMH JIMHEH-
HBIX ONepaluil ¢ BEKTOPAMH, MePEUHCIeHHbIMH B MpeasoXeHuu |
§lrn L

Hcnosnb3ys snuHelHble omepalyd, Mbl MOXKEM COCTaBJATb U3
MaTpHul, OLMHAKOBBIX pasmMepoB Ai, ..., Ar U 4HCea Ay, ..., () BbI-
paXkeHHsl BUIA

a1 Al + .+ apAg.

Takue BeIpaXKeHH s HA3BIBAIOTCS AUHECLUHbIMU KOMOUHQUUAMU MAT-
put. Ecau kakasi-To MaTpulia IpeicTaBjeHa Kak JHHeHHas KOM-
OUHaLKs APYTUX MATPULL, TO FOBOPSIT, YTO OHA 10 HUM Pa3JloXKeHa.

I[Ipumep 1. Ilycth p1,...,Px — CTOJOLBI ONUHAKOBOH BbI-
cotel n. Toraa crosbel q TOH Ke BBICOTHI [0 HUM Pa3J/I0XKeH, eC/IH
IIPH HEKOTOPBIX KO3 (HUIHUEHTAX (1, ..., O

q=aip1 + ... + axPps

uJu, B 6osiee MoapoOHON 3aMmucH,

q! p pi
— al E + P + ak
q" Y Py

B cuny onpenenenns MMHEHHBIX OTepallvil 3TO MAaTPUUYHOE PaBEH-
CTBO PAaBHOCHMJIBHO 1 UHUCJIOBBIM PaBEHCTBAM:
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1_ 1 1
q = aipy + ...+ agpy,
q" = o1pl + ... + appyp.

5. JluHeiiHas 3aBUCHMMOCTb MaTpull. KaxoBa Obl HM Oblia
cucTeMa MaTpULL (PUKCUPOBAHHBIX PAa3MepOB m X m, HyJeBas Mart-
pHUlla TeX )Ke pa3MepoB pacKJ/ablBaeTcs MO TUM MaTPULAM B JIH-
HeHHYI0 KOMOMHALMIO C HYy/leBBIMU KO3(PpUIHeHTaMU. TaKkyto Ju-
HEHHYI0 KOMOWHAIWIO HasblBalOT mpusuasvroil. Kak u s Bek-
TOPOB, BBejleM CJ/efylollee

Onpenenenue. Cucrema wmarpuu Aj, ..., Ax auneino

He3asucuma, ecau HyJeBasgd MaTpulla pacKJaablBaeTCsa I10 Hel
OJJHO3HA4YHO, TO €CTb M3

OélAl —|——|—OékAk :O (3)

crenyer o = ... = aj = 0. B mpoTtuBHOM cayyae, xorma cy-
IECTBYIOT k YHCEN v, ..., (v);, OMHOBPEMEHHO He PaBHBIX HYJIO U
TaKHX, UTO BBIMOJIHEHO PaBEHCTBO (3), CHCTeMa MaTpHl Ha3biBa-
eTCsl AUHELHO 3a8UCUMOU.

[Tpumep 2. Cronbubl

1 0 0
0 1 ;
€] = . ) €y = . yeee s € = i (4)
: : 0
0 0 1

(B cTOs161IE €; Ha i-M MecTe CTOUT 1, a ocTa/bHbIe 3JIeMEHTHI paB-
HBl HYJIO) SIBASIIOTCS JIMHEHHO HE3aBUCUMBIMU. JlefiCTBUTENBHO,
paBeHCTBO «je; + -+ + ape, = 0 MOXKHO 3amucaTh MOApPoOHee
TaK:

1 0 0 a1 0
0 1 : Qg 0
L P e PO e (1l N
0 0 1 fo 0
OTCIO[La BUIOHO, UTO (¥ = (\g = *+* = Uy, = 0.

ITO paBEHCTBO MOKA3blBAeT TaKXKe, UTO MPOU3BOJbHBIA CTOJ-
6ell BBICOTBI 72 MOXKET ObITb passoXKeH 0 CTOJOLAM €1, ...,€E,.
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JlelicTBUTENbHO, B KauecTBe KO3(P(HULUHUEHTOB JUHEHHOH KOMOU-
HalMM HY’KHO B35Tb 3JIEMEHTHl PacKJ/aiblBaeMoro ctTosouna.

Onpenenenne. KampatHas marpuua nopsiika n, COCTOsI-
asi U3 cToJ0610B (4)

1 0 0
0 1 0

E= :
0 0 ... 1

Ha3bIBaeTCsl euHUYHOL mampuyell TOpsAKa n WU NPOCTO eu-
HUYHOH MaTpHLEH, ecy MopsIoK U3BECTEeH.

CTpoKM eIMHHYHOH MaTpHULibl OTIMYAIOTCS OT €ee CTOJOLOB
TosbKO (hopMo#i 3anucu. Mrak, Mbl MOxKeM C(OpPMYJTHPOBATh

[Ipennoxenue 2. Cmoabuv. (cmpoku) eOuHuuHOL mam-
pULbL AUKELHO He3asucumbl u 0baiadarom mem C80UCMBOM, 4MO
KaxOvitl cmoabey (cmpoka) ¢ mem e 4UCAOM dNEMEHMO8 pac-
KaaOvl8aemesa no HuM.

YKaxKeM HEeCKOJIbKO CBOHMCTB JIMHEHHO 3aBUCHMBIX U JHMHEHHO
He3aBUCHMbIX CHCTEM MAaTPHIl. DTH CBOHCTBA ObLIM NOKAa3aHbl B
§ 1 1. I nst BEeKTOPOB, M 0Ka3aTeJbCTBA COBMANANHU C IPUBOAH-
MBIMH HHXKe.

[Ipennoxenue 3. Cucmema u3 k > 1 mampuy auneiro
3asucuma moeda u moAbkOo moeda, Koeda xoms 6b. 00HQ U3
Mampuy, ecmo AUHEUHAs KOMOUHALUSL OCMALbHBLX.

B camom nese, mycTh cuctema JuHeHHO 3aBucuMa. [lo ompe-
JIeJIEHUIO BBIMIOJTHEHO PaBeHCTBO Buja (3), rae XoTs Obl OfMH KO-
3(ppUUUEHT oTaHYeH OT Hynas. JomycTUM AJs ONpeneseHHOCTH,
4TO 3TO 1. Torna Mbel MOXeM IMpPEACTABUTh NMEPBYI0 MAaTPHILY Kak
JIMHEHHYI0 KOMOUHALUIO

g

Q2
Ay =——Ay — - — LA
aq aq

O6patHo, ecay OHA M3 MaTpHLl Pa3joKeHa 10 OCTaJbHBIM, TO
3TO pa3foKeHHe mpeodpasyercs K BHAY (3), TIe OOMH M3 KO3(-
¢uLHeHTOB paseH .
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[Ipennoxenue 4. Ecau Hekomopoie u3 mampuy, Aq, ..., Ay
cocmasaarom camu no cebe AUHErHO 3Aa8UCUMYIO CUCMEMY, MO
scs cucmema Ay, ..., A AuHelHO 3a8UCUMA.

ﬂeﬁCTBHTeJ’IbHO, OyCTb CyIIeCTBYET HEeTPHBUAJIbHAA JUHeHHas
KOM6I/IH8LII/IH HEKOTOPbIX W3 MAaTPUIl CHUCTEMBbI, paBHasd HyJ'IeBOI:I
MaTpuue. Ecau mbl JlO6aBI/IM K HeH ocCTaJbHbIe MaTpULbl C HYyJIE-
BbIMU KO3(D(DUIIMEHTAMH, TO MOJYUYUTCS paBHAsi HYJEBOH MaTpuile
HeTpHUBHAJIbHAsS THHEHHast KOMOWHAIIMS BCEX MATPHIL.

B uactHOCTH, ecau 6 cucmemy mampuy 8X00um Hyiesas
MAMPUUQ, MO CUCMEMA AUHELLHO 3A8UCUMA.

[Ipennoxenue d. Jobas cucmema mampuuy, 8xo003uas 8
AUHELIHO He308UCUMYIO CUCMeMY, CaMA AUHEILHO He3asucuma.

B camom neJsie, B IPOTUBHOM CJiyuae Mbl MPHIIIN Obl K MPOTH-
BOPEYMIO HAa OCHOBAHHM TPEIbIAYIIETO MPENIOKEHHUS.

[Ipennoxenue 6. Ecau mampuya B packaadvisaemcs no
AUHELIHO He3a8UcuMOll cucmeme mampuy, Ay, . .., Ar, mo Koagp-
Puyuenmol pasioncerus onpedeserv. 00HO3HAUHO.

JleficTBUTENbHO, YCTh Mbl HMEEM [BA PA3JIOKEHHS

B:Oqu-i--”—I—OékAk U B:ﬁlAl—i——I—ﬁkAk
BbI‘-H/ITaH OOHO pa3JIO)KeHI/Ie nu3 ]lpyFOFO, MbI [TOoJy4aeM

O=(o1—P1)A1+ -+ (o — Bi)Ax.

Marpuunl Ay, ..., A; JUHEHHO HE3aBUCUMBI, 3HAYUT a; — B; = 0
aas Beex ¢ = 1,..., k. Mrak, KoapduiueHTs 000X pas3J/okeHUH
COBIIAJAIOT.

YIIPAJKHEHN A

1. Jlana matpuna

a) BuinumuTe mogMatpHIly, pacrosoKeHHYI B cTpokax 1 U 3 u cTos6-
nax 1 u 3. 6) CkobKO KBafpaTHBIX MOAMATpPHIL BTOPOTO MOPsiKa HMeeT
naHHas marpuua? B) CKOJBKO BCero MOAMATpHIL OHA UMeeT?
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2. JlaHbl MaTpPHIIbI

2
1 2 3
=i i) e

N ©ow

MoxHo siu coxuTh MaTpulnsl a) A u B, 6) AT u B, 8) Au BT, r) AT
u BT?

3. JlaHbl MaTpuUlbl

2 1

11
St I (L I

Bolunciure matpuny 24 + 3B — C.
4. C kakuMH K03(P(hHULHEHTaMK PaCKJ/aiblBaeTCsi MaTpUILa

il

D:H4 5

no matpuuaM A u B u C' 13 npensiayiied sagauu?

5. MOXHO /1 pas3/iokKHUTb MaTpPHUILy no mMatpuiam a) A u

7 9
B u3 zagauu 3, 6) Au B u C u3 sanauu 3?
6. SIBASIIOTCS JIM JTHHEHHO HE3aBUCHMBIMU CTPOKH

a=|1 2 3 4|, b=|2 3 4 5|,
c=|3 4 5 6|

§ 2. YMHOXXEHHME MATPHL],

1. CumBoa X. [Ilpexne, yem aBUraThbCcsl AaJiblile, OCTAHO-
BUMCS Ha o603HaueHHsX. B MaTemaTHKe 4acTo MPUXOAMUTCS pac-
CMaTpHUBaThb CyMMBbI GOJBIIOTO YHCJ/A ClaraeMblX, UMeIOMUX CXO/-
HBIH BUJ U OTJIMYAIOLIUXCS TOJAbKO UHIeKcaMU. /151 TaKUX CyMM

n
NpUHATO chenyioiiee o6o3HadeHrne. CHMBO Y, TOCJE KOTOPOTO
k=1
CTOUT HEKOTOpOe BbIpaXKeHHe, COeprKallee HHIEKC k, 0603HAUaeT
CYMMY TaKHX BBIpaXKeHHH /51 BCeX 3HaYeHWH MHAeKca oT | 1o n,
Harpumep,

n n
Zak:a1—|—a2+~-~+an; Zakﬂk:alﬁl‘i‘---anﬁn-
k=1 k=1
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Wuneke k HasbiBaeTcss MHIEKCOM CyMMHpoBaHus. Pagymeercs, B
KayecTBe MHJEKCAa CYMMHPOBaHHS MOXeT ObITh yroTpebJeHa Jio-
Gast npyras 6ykBa. Ha ykaszaHHBIE CUMBOJ U CJIeNYIOLIEe 38 HUM
BbIpaKeHHEe MOXKHO CMOTPeTh KakK Ha CKOOKY, COLEpKalllylo n Of-
HOTHITHBIX CJIaraeMblX.

Crenytoire QopMyJbl SABAAIOTCSA APYroi 3aMUCbio BbIHECEHHUS
MHOXHTeJs1 38 CKOOKY W IPYNIHPOBKH CJlaraeMblX:

ZOZPk:O{ZPk, (1)
k=1 k=1

n n n
g (P +Qr) = g P+ § Qr (2)

1 =1 =1
Eciu vMeeTcs BbipaKeHHe, 3aBHCsllee OT ABYX HHIEKCOB,
NPUHUMAKOIMX 3Hadenus 1,....m W 1,...,m, Mbl MOXKEM IpO-

CYMMHpPOBaTh CHauaja 1o OJHOMY W3 HUX, a 3aTeM TOJydYeHHbIe
CYyMMbl — IO JAPYyTOMY:

> ZPm

i=1

(CkoOKH 0OBIUHO He MUIIYTCs.) DTa ABOHHAS CyMMa COIEPMKHT
cJlaraeMble, COOTBETCTBYIOLIHE BCEBO3MOXKHBLIM IapaM 3HAueHHH
uHIeKcoB. Ecim Mbl 3anumem Pj; ajasd Bcex @ = 1,...,n H
j=1,...,m B BUIe MaTpHlbl, TO CyMMa B CKOOKax paBHa CyM-
Me 3JIEMEHTOB ¢-¥ CTPOKHM, a BO BHELIHeH CyMMe CKJ/aAblBalTCH
pesyJsbTaThl AJS BCeX CTPOK.

To ke camoe 4UMC/IO MBI, KOHEYHO, MOJY4YHUM, €CJH CHauazaa
CJIO’KMM 3JIEMEHTHl 10 CToJ0LAM, a 3aTeM MPOCyMMHpyeM IMoJy-
YeHHBble CYMMBI 1151 BceX cTos1610B. [loaTomy

m n

iiﬂjzzzpiy 3)

i=1 j=1 j=11i=1

2. Onpenenenue u npumMepbl. PaccMOTpUM CHadasa CTPOKY
a ¢ sjemeHTamu a; (i = 1,...,m) u cToaben b ¢ sjemMeHTaMu
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b; (j=1,...,n). CymecTBeHHO, 4TO B @ U B b 4HCJI0 371€eMeHTOB
onvHakoBo. [IponsBeneHnemM a Ha b HasbiBaeTcs 4HCJIO, paBHOE
CyMMe NpOM3BeNEHHUH 3/eMEHTOB C OfHHAKOBEIMH HOMEPaMH, TO
ecTb

ab =a1by + -+ a,b,.

[Iycte Tenepr nana marpuua A pasmMepoB m X n ¥ MaTpHlia
B pasmepoB n X p. MaTpHLbl TaKoOBbl, UTO JJHHA CTPOKH (4HcC-
JI0 CTOJIOLOB) MepBO MaTPULBI paBHA BHICOTE CTOJIOLA (YHCTY
CTPOK) BTOPOH. YMHOXKHUM Ka)KAyi0 CTPOKY A Ha KaxKAbli cTOJ-
6ew, B. [lonyueHHble mp Npou3BeleHUH 3aMulleM B BHAE MaTpH-
uel C' pasmepoB m x p. FMimenHo, xaxneiii ctosnbenr C' cocTaBUM
U3 TIPOM3BEJIEHUH BCeX CTPOK A Ha COOTBETCTBYIOLUIMH CTOJOeI
Marpuubl B. Jlio6as ctpoka C' COCTOUT U3 NPOU3BEeHUI CTPOKU
A, uMelollel TOT 2Ke HOMep, Ha Bce ctosbubl B. Takum o6pasom,
s7eMeHTbl MaTpulel C' st Bcex i =1,...,nu j=1,...,p paBHbl

Cij = Z aixbr;j (4)
=1

Onpenenenue. Marpuuy C, ajeMeHTB KOTOPOH BbIpazKa-
I0TCS Uepe3 3yeMeHThl MaTpul, A u B no ¢opmynam (4), HazoBeM
npoussederuem A Ha B u 0603HauuM AB.

Onpenenenve npousBeneHUs MaTpull Gopmynnpyercs 6oJee
CJI0OJKHO W BBITJIIAUT MEHEee eCTeCTBEHHO, YeM OlpefieleHHe CyM-
Mbl. OfHAaKO M3 JNajibHeHIIero uuTate b YBUAUT, YTO UMEHHO Ta-
Koe omnpejieleHHe 0Ka3blBAETCS M10JIe3HBIM B LI€JIOM Psilie BOIIPOCOB.
YKazaHue Ha OHO U3 ero NMPUMeHEHHH CONEpXKUTCH B ylpaxkHe-
HuH 1.

Kak /sierko samMeTuTh, ecau MaTpuiy B 3amucaTb KaK CTPOKY
U3 cToJOLOB, TO NpousBefieHHe AB 3anuiiercss Kak CTpPoOKa U3
CTOJIOLOB TaK:

AB=A| by ... b, | =] 4b1 ... Ab, ||. ()

ﬂeﬁCTBHTeJ’IbHO, IJ1s1 TOJTYHYEHHU S j-l"O CTOJI6LL3 NPpOU3BEeNEHUSA Mbl
YMHO2Ka€eM IOCJAeI0BATE/JbHO BCE CTPOKHU A Ha cTosberr bj.
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Awnanoruuno, ctpok AB — NpOU3BeleHHst CTPOK A Ha MaT-
puny B:
a a1 B
AB=| ! ||[B= : : (6)
am a,, B
[IpuBenemM HeCKOJIbKO MPUMEPOB.

[Ipumep 1. Marpuna A pasmepoB m X n YMHOXaeTcsi Ha
cToJibel X BBICOTH 7

1 1 1 1.1 1.,.n
aj a,, T aixs +---+a,x

A — ai ... a2 22 || || afzt+---+ada"
m m n m .1 m.n
ay a, T e’z - ta,x

ITo — cTosbel BEICOTH m. B o6paTHOM NOpsaKe 3TH MaTPHILbI
npu m # 1 MepeMHOXKUTb Hesb3sl: pousBefieHne xA He ompene-
JIEHO.

[IpaByto yacTb mocseHero paBeHCTBa MOXKHO 3aMKcaTh TaKxke
¥ Kak JIHHeHHYI0 KOMOMHALHUIO CT0/1610B MaTpuubel A (npumep 1
§1). dro nokasbiBaet, 4To cronbel Ax eCcTb JHHeHHass KOMOMHA-
0us cTos1610B MaTpHLbl A ¢ Kos(uureHTaM1, PaBHBIMH 3JeMeH-
Tam cro/bua X:

AX = za) + -+ + zpa,. (7)

[Tpumep 2. [IpousBeneHue CTPOKU y NJMHBL M Ha MaTpULLy
B pasmepoB m x n Oy#eT CTPOKOH HJIMHBL 7:

bi bé
o b
yB=lly oy [l T =
G
=‘ Sl .o Y bl H
=1 i=1

DTa CTPOKa MpeACTaBJseT cO00H CyMMY CTPOK

YB = |lyib ... yibl |-
i=1
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[Ipu Bcex ¢ 3/eMeHTH ¢-TO C/araeMoro MMewT OOIIHMH MHOXH-
TeJb Y; W, CJeNOBATeJ]bHO, 3TO CJaraeMoe MOXKHO NPENCTaBUTb
KaK MPOM3BeJIeHNe UUCTa y; Ha i-10 CTPOKy B. Mbl nonydaem

yB = yillbi. ..ty = yb'.
i=1 =1

I[Tpumep 3. IlpousBenenue crojbua BHICOTBl M Ha CTPOKY
IJIMHBl 7 €CTh MaTpHLIA Pa3MepoB m X n:

xt zlay  zlas ... zla,

22 z2a1  z?as ... Z3a,
H ai ... ap H =

™ zma; x™as ... x™a,

I[Tpumep 4. Ilyctb A — marpuua pasmepoB m X n, a €;
M e; — -0 U j-# cTOOLB eIMHHUYHBIX MaTpPHIL TMOPSLKOB 7 H
n cootsercTBenHo. Torna e! Ae; — marpuua pasmepo 1 x 1 ¢
3JIEMEHTOM ;5

0
a11 ... Qin

el de;=[l0 .. 1 o[ o B 1| =y,
Wt e |||

[Ipennoxenue l. j-ti cmorbey mampuysvt AB ecmo au-
Helinas KombuHnayus cmoaby08 mampuust A ¢ Koagpuuuenma-
MU PABHOLMU NeMEHMAM J-20 cmoabya mamputsl B.

i-a cmpoka mampuyv. AB ecmv aunetinas KomOuHayus
cmpok mampuyel B ¢ koagguyuenmamu, pasHolmu aremenman
i-il cmpoku mamputpl A.

Jlokakem nepBoe yTBepxKaeHHe. Mbl BUje/d, 4To j-# cToJbel
Npou3BefeHUs ecTh NpousBefeHne A Ha j-i cronbeu B (dhopmy-
aa (5)). Ho mpousBenenue mMaTpuiibl A Ha CTOJ6E — 3TO CTOJ-
Gell, paBHbIH JNHHEHHOH KOMOMHAUMM cTONOLOB A c 3jeMeHTa-
MU BTOPOTO COMHOXKHUTEJIS B KauecTBe Koa(ppuunueHToB (popmyna

(7).
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AHasiornuro, B cuny Qopmynsl (6) i-f cTpoKa NMpOU3BeIeHHs
AB — 3T0 TNpoH3BefieHNe - CTPOKH MaTpHLEl A Ha MaTpuly B.
Kak Mbl Buzenn B mpumepe 2, Mpou3BeleHHE CTPOKH Ha MaTpH-
1y — JHMHeHHas KOMOMHALUS CTPOK MaTPHULBl ¢ KOd((HULHEHTa-
MM, PaBHBIMH 3JeMeHTaM 3TOH CTPOKH. DTO AOKa3blBaeT BTOpPOe
yTBepKIEeHHE.

3. CpoiicTBa YMHOMKEHUS MaTpull. YMHOXEHHe MaTpHLl He
KOMMyTaTHBHO. Ecmu A — wmartpuua pasmepoB m X n, To 06a
npoussefieHnss AB u BA onpejesieHsl TONBKO B TOM CJIydae, KOTa
B uMeeT pasmepbl n X m, To ecTb Takue xe, kak AT Ilpu stom
AB — kBajpaTHas Mmarpuua nopsaka m, a BA — mnopsuaka n.
Hrak, o paBenctBe AB = BA MoXeT UATH pedb, TOJbKO €CJH
A v B — KBajpaTHble MaTpulbl ofHOro nopsinka. Ho u B aTom
cJydae paBeHCTBO BHIMIOJHEHO faseKo He Bcerpa. Hampuwmep,

L 1floof 11

0 offfft 1" flo ol
a

oofll1 1] _Jlo o

1 1fllo o~ |1 1|

Ecau kakue-HuOynb nBe mMaTpuubl A ¥ B yooBreTBOPSIOT pa-
BeHCTBY AB = BA, TO OHM Ha3bIBAIOTCS NepecmarOB80YHbIMU.
[lepecTtaHoBOYHBIE MaTpHLbl CYLIeCTBYIOT. Hanpumep, ennnnunas
MaTpulla MOpsiiKa n MepPecTaHOBOUHA C JII0OOH KBaApaTHOH Mat-
pHLIEH TOrO Ke MOopsIKa:

AE = FA = A. (8)
Boo6iue, ecau onpenenens npoussenenuss BE u EC, To
BE=B u FEC=C.

[pefocTaBUM YUTATEIIO CAMOCTOSATENBHO NPOBEPUTL 3TO B Kaue-
CTBe yMpa)KHeHHs Ha yMHOXKEHHe MaTpPHIL.

Papenctea (8) BbIpaxkaloT BaXKHOE CBOKCTBO €IMHMYHOH MaT-
DHILBI, KOTOPOMY OHa 00si3aHa CBOMM HaszBaHueM. Ecau Obl Kakas-
Hubyb apyras Matpuua F’ o6/anaia 3THM CBOKCTBOM, Mbl UMEJIH
6ol E'E=FE u E'E = F’, otkyna caenosano 6s1 F = F'.
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OueBupHO, 4YTO MpOU3BeleHHe HyJeBoH MaTpuibl O (crmpasa
WJIM CJieBa) Ha MOy IPYTyl0 MaTpUIy PaBHO HYJEBOH MaTpHlle
COOTBETCTBYIOIIUX Pa3MepOB:

AO=0', OB=0".

[Ipennoxenune 2. Yuuoxenue mampuy, accouuamusHo,
m. e. ecau onpedenenvi npoussedenuss AB u (AB)C, mo onpede-
senvt BC u A(BC) u suinoaneno paserncmso (AB)C = A(BC).

JleficTBUTENbHO, MYCTb pasMmepbl MaTpul A, B u C cooTBert-
CTBEHHO PaBHbl M4 X N4, Mp X np U mc X ng. Ecain AB onpe-
NIeJIEHO, TO N4 = mp, U MaTpula AB uMeeT pa3Mephl my X ng.
[Toatomy, ecau onpenesero (AB)C, 10 np = mc.

Janee U3 np = me Chaenyet, 4TO ONpeleseHo MPOU3BeeHHe
BC, u ero pa3Mepsl mp X ng, a U3 ng = mp — 4TO ONPEALTEHO
A(BQC).

Marpuua AB cOCTOUT U3 3/1eMEHTOB

na
Zaikbkl (i=1,...,ma; l=1,...,np)
k=1

H, cyenoBatenbHo, sneMeHThl (AB)C UMeoT BULI

np

na
Z Zaikbkl as (i=1,....ma; s=1,...,n¢). 9)
k=1

I=1 \k=

[lockonbky np = mg, onpeneneHo npoussenenve BC. Ero age-
MEHTBI

np
Zbklcls (k:].,...,mB; S:].,...,nc').
=1

Tak kak ny = mp, onpenenero npousseneHue A(BC) ¢ snemeH-
TaMHu

na np
Zaik Zbklcls (i=1,...,mA; s:l,...,nc). (10)
k=1 =1
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B cuny dopmya (1) u (3) Beipaxenus (9) u (10) coBmapaior, u
Halle yTBepKAeHHE N0Ka3aHo.

[Ipennoxenue 3. ¥muoxenue mampuy oucmpubymusHo
N0 OMHOULEHUIO K CAOJNCEHUID: eCAU UMeem CMbICA BblpaxceHue
AB + C), mo A(B+ C) = AB + AC, ecau umeem cmoicA
sowpacerue (B+ C)A, mo (B+ C)A=BA+ CA.

OGe uacT mNpeJio’KeHUs [0Ka3blBAIOTCs OfHMHaKoBO. [loka-
x)eM nepByto u3 Hux. OueBnaHo, uto B u C' IOMKHBI UMETb OIH-
HaKOBBlE pa3Mepsl m X n, a A — pasmepsl p X m (p MoxKeT OBITb
J06bIM). Beimuinem snementsr MaTpuiibl A(B + C') depes seMeH-
o A, BuCcC:

m
Zaez(bu“l‘czy) (Szlavpvjzlvan)
i=1

PackpoeM cKOOKH B KaxK/IOM CJlaraeMoM M CTPyIIHpyeM UJeHbl:

m m
E as;bij + g Qi Cij-
i=1 i=1

OTW CyMMBl paBHBl 3djJeMeHTaM Mmarpuly AB u AC, crosuuM B
CTPOKE C HOMEPOM § U B CTOJOLE C HOMEPOM j. YTBepxKJAeHHe
JIOKAa3aHo.
U3 dopmyinl (1) cienyeT Takoe CBOUCTBO YMHOMKEHH ST MATPHULL:
[Ipennoxenue 4. Ecau npoussedenue AB onpedeirero,
mo npu ar06om ducie o

a(AB) = («A)B = A(aB).
[Ipennoxenue 5. Ecau onpedenerno npoussedenue AB,

mo onpedeseno u npoussedenue BT AT, u swnoameno pasen-
cmeo

(AB)T = BT AT,
HoxaszartenbctBo. [lycth MaTpuusl A U B HUMeOT, COOT-

BETCTBEHHO, padMepsl m X n U n x p. B marpuue AB Ha nepece-
YeHUHU 4-i CTPOKU U j-TO CTO/IOLA CTOUT 3JEMEHT

n
Zaikbkj (izl,...,m;jzl,...,p). (11)
k=1
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j-a ctpoka Matpuubl BT cocTouT M3 sjeMeHTOB bij,...,bnj, a
1-# cTos0el, MaTpHULbl AT — 43 971€MeHTOB a1, . . ., Gip. I103TOMY
npoussenenne BT AT onpeneneno, u B HeM Ha mepecedeHuH j-i
CTPOKH U i-TO CTOJOA CTOUT

n
Zb,ﬁaik G=1,...,p; i=1,...,m).
k=1

OH coBnanaer ¢ snemMeHToM (11), @ UHAEKCH ¢ U j NPUHUMAIOT B
0601X BBIPasKEHUSIX OJHU U Te K€ 3HAUeHHUsl. DTUM INpesoKeHHe
JI0Ka3aHo.

M3 Hero nJis Tpex Marpul cilefyeT

(ABC)" = CcT(AB)T = 0T BT AT.

[TocnenoBaTesibHO TIPUMEHSIS JOKa3aHHYI0 (QOPMYJY, Mbl [TOJYUHUM
s jaroodoro k

(AjAg .. Ap)T = AT . AT AT

4. dnemMeHTapHble IpeoOpa3oBaHusd. ieMeHTapHble MaT-
punpbl. B 3TOM nyHKTe BrepBble MOAB/SIOTCS 3JeMeHTapHbIE Mpe-
o6pasoBanus Matpul. OHU UrpaioT GOMBLIYIO POJb B TEOPUU MaT-
PHIL U IIHPOKO HCIMOJb3YIOTCS B BEIYUCAEHHUSX.

Onpepnenenue. Mbl HAa30BEM dLeMeHmMapHbiMU Npeobpa-
308aHUAMU CMPOK MATPULBI CJeayIoLl1e peodpa3oBaHHUs:

1) yMHOXKeHHe CTPOKH Ha UHCJIO, OTJIMYHOE OT HYJIS;

2) npubaByeHHe OJHOH CTPOKH K OPYTOH CTPOKE.

AHaJorn4HO ONpeeNIoTCs AeMeHMAapHble NPeodpa308aHUs
cmoabyos MaTpuubl. Bce, ckazaHHoe HMKe 00 3J€MEHTapHBIX
npeo6pa3oBaHUAX CTPOK, NMEPEHOCHTCS Ha 3JeMeHTapHble Mpeod-
pas3oBaHMs CTOJOLOB.

Crenytomre 06oJiee CJI0XKHblE MPe0OPa3OBAHUS TIOJNYYAOTCS
MOC/IeIOBATE/NbHbIM TIPUMEHEHHEM HECKOJbKUX 3JeMeHTapHBIX
npeoGpa3oBaHuii: a) mpubaBJeHHe K ONHOH CTPOKe APYro# CcTpo-
KW, YMHOXKeHHOH Ha YMCJIO, B YACTHOCTH, BBIUUTAHHE OJHOU CTpO-
KW M3 Ipyroi; 6) mepecTaHOBKa ABYX CTPOK.

[ToxaxkeM, Kak 3TH mpeoOpPa30OBaHUS CBOASATCS K 3JeMEHTap-
HBIM Ha [pUMepe MaTPHLbl, COCTOSIIEd M3 IBYX CTPOK a U b.



176 Inasa V. Mampuypt u cucmemol AUHELUHbIX YPABHEHULL

Ecau B MaTpulle ecTb ellle CTPOKH, He Y4YacTBYIOLIHe B Mpeodpa-
30BaHHUSIX, OHHU MEPENUCHIBAIOTCS 6e3 U3MEHEHHSI.

) a N aa N aa R a
a b b b+ aa b+aa ||
a a+b a+b
HE S RSt b
6)
il B B B b
= — — .
—a —a a

OTH 1Ba TUNa npeoOpa3oBaHUH TakXkKe YacTO OTHOCAT K UHCHY
s/7eMeHTapHbIX. [Ipy onMcaHMM NJIMHHBIX MOCJEN0BAaTENbHOCTEH
3JleMeHTapHbIX NpeoOpa3oBaHUil Mbl OyleM BKJ/IO4YaTb B MOCJ/eI0-
BaTe/JbHOCTb NpeoOpa3oBaHMs 3THUX IBYX THUIIOB, HE pasJjaras UX
Ha 3J1eMeHTapHble.

[Tocsie BbINOJIHEHUS [10C/1€A0BATEBHOCTH 3J1€MEHTapHbIX IIpe-
06pa3oBaHKi CTPOK MaTpullbl A Mbl nosydaem matpuuy A’, crpo-
KW KOTOPOH — JIMHEHHble KOMOWHALUK CTPOK A.

B03M0OXKHOCTE BBIUMTATb OfHY CTPOKY M3 IPYroil M OTJIHUHe
YUCJIOBOTO MHOXKUTEJSI OT HYJsl UMEIT cJefylollee NPUHLUIIN-
aJIbHOe 3HaUeHHe: 3JIeMeHTapHbIe Tpe0Opa3oBaHUsl 0O6pAaTHMBL. ITO
3HAYMT, 4TO Mepelfs oT marpuubl A K marpuue B mnocienosa-
TeJIbHOCTBIO 3JIeMeHTapHBIX NpeoOpa3oBaHUil, C MOMOILBIO APYroH
10CJ/Ie10BaTeJNbHOCTH MBI CMOXKEM BEPHYTbCs OT B K A.

Kaxnoe anemeHTapHoe mpeoGpa3oBaHHe CTPOK MaTpuubl A
pa3aMepoB m X n PABHOCHJIBHO YMHOXKEHHIO A cjleBa Ha HEKOTOPYIO
KBajipaTHyI0 Matpuuy S nopsinka m. [Ipn atom S He 3aBUCHUT OT
A, a NOJIHOCTBIO OMNpenessieTcss MpeodpasoBaHUeM, KOTOPOe OHa
OCYILECTBJISIET.

JleficTBUTENBHO, MTYCTb Mbl XOTHM Npeo6pa3oBaTh -0 CTPOKY
A, ocTaBUB OCTaJibHble CTPOKH HEU3MeHHBIMU. s 3TOrO B CH-
JIy TIpefJioxkeHHsl | Hy»KHO, 4yTOObl BCe CTPOKH MaTpHLbl S OblJIH
CTPOKAMH €IHHUYHOH MaTpPHLbl C COOTBETCTBYIOLIUMU HOMEPAMH,
TO ecTh YTOOHl .S OT/IMYa/Iach OT eJMHUYHON MATPHULBl TOJBKO i-1
CTpoKO#. A i-s cTpoKa S HOJKHA COCTOSATh M3 KO3(D(HLHEHTOB
TOU JINHEHHOW KOMOWHALMU CTPOK MaTpuilbl A, Ha KOTOPYIO Mb
XOTHM 3aMEHHUTb i-10 CTPOKY A.
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B yacTHOCTH, ecii MBI IPOCTO XOTUM YMHOXHTb ¢-10 CTPOKY
A Ha yncno « # 0, To -5 cTpoka S JHOJKHA COCTOSATh M3 HyJeH
3a MCKJ/IOUYEHHEM 3JIEMeHTa S;; = (v Ha [VIABHOH JHaroHaJu.

Ecnn 2xe Mbl XOTHM NpUGaBUTH K i-i CTpoKe A ee j-10 CTPOKY,
TO B - CTPOKe S HOJIKHO OBITh TOJIBKO B HEHYJEBBIX 3/1€MEHTa
Sij = Sis = 1.

O6paTtrM BHMMaHHEe Ha TO, UTO MaTpula S MOJy4YaeTcss H3
eIMHUYHOM MaTpULl TeM ke NpeoOpa3oBaHUeM, KOTOPOMY MbI
XOTHUM TOJBEPrHYTb MaTpuly A.

[Tpumep 5.
10 a b | a b |.
0 A c df | A M|’
10 a b a b
11 c d| || cta d+b |’

Te mMarpulbl, yMHOXKEHHE Ha KOTOPble OCYLLECTBJISET dJEMEeH-
TapHble IPeoO0pa3OBaHMs, HA3LIBAIOTCA 24EMEHMAPHbIMU MAMPU-
yamu.

[locnenoBaTesnibHOe BBIMOJHEHHE HECKOJbKHX 3J€MeHTapHBIX
npeoO6pa3oBaHUH CTPOK OCYLIECTB/SAETCS YMHOXKEHHEeM CJeBa Ha
NpoU3BeleHHe COOTBETCTBYIOLIMX 3/J€MEeHTAapPHBIX MAaTPHLL, pHUUeM
MHOXKHTeJNb, KOTOPbIH COOTBETCTBYeT IpeoOpa3oBaHMIO, CliesaH-
HOMY T103Ke, CTOUT JIeBee.

UroObl HalTH MaTpPULY S, YMHOXKEHHE Ha KOTOPYIO MPOU3BO-
IUT 3aJaHHYIO [10C/1e[0BaTe/IbHOCTD 3JleMeHTapHbIX Npeobpasosa-
HUH CTPOK, HYXXHO OCYILIECTBHTb 3Ty IOCJeN0BATEJbHOCTD 3Jie-
MeHTapHBIX peo6pa3oBaHUH HaJl eNUHUUHON MaTpuled. DTo BUL-
HO U3 paBeHcTBa SE = S.

dneMeHTapHble MPpeobpa3oBaHUst CTOJOLOB CBOAATCS K YMHO-
JKEHUIO0 MaTpHLL aHaJIOrMUHO. PagHulla COCTOUT B TOM, YTO MHOXKH-
TeJIM IIOMeLIAI0TCsl CIIpaBa, a He cjleBa OT NpeobpasyeMoil MaTpH-
IBl, 1 3TH MHOXXHTEJH MOJYy4aroTCs U3 eANHUYHON MaTpHULBI T01-
XOJISILLEro Mopsifika 3/74eMeHTapHbIMHU Npeobpa3oBaHUAMHU ee CToJ10-
0B, a He cTpok. [Ipu noc/nenoBaTesbHOM BBITOJHEHHH HECKOJIb-
KHMX 3JIeMeHTapHbIX NMpeoOpa3oBaHUH CTOJOLOB MHOXKHUTEJH, CO-
OTBETCTBYIOLIME MOCJAeLYOLUM I1peobpa3oBaHUsM, L100aBJSOTCS
CrpaBa.
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5. BeIpoK/JeHHbIe U HeBBIPOXKIeHHbIE MaTPHULBL. KBajnpar-
Hasi MaTpHULA Ha3bIBAETCS BbIPONCOEHHOLL, eC/IH ee CTPOKH JIHHEH-
HO 3aBHCHMbI. BbIpoXKieHHOH Oyner, HanmpruMmep, MaTpulia, UMerw-
mas HyJeByl0 CTPOKY, MJIM MaTpHLla, UMelollas ABe OJMHAaKOBBIX
ctpoku. [IpumepoM HesbipocOerHol MaTPULBl ABJISETCS €IUHUY-
Hast MmaTpuua (npensoxenue 2 § 1).

Jlune#inyio KoMOHHALKIO CTPOK MaTpuIsl A ¢ Ko puiHeHTa-
MH Y1, ...,7Ym MOXKHO 3anMCaTb KakK |71, .., Vml||A. [losTomy

Martpuua A BbIpoXKAeHa TOrAa U TOJNBKO TOTAA, KOraa
CYLIECTBYeT CTPOKA C # o Takas, 4to cA = o.

Orcrona cienyer

[Ipennoxenue 6. [lycmo A u B — keadpamHole mam-
puybl nopsdka n. Ecau A eviposcdena, mo npoussederue AB
mootce 8ulpoHOeHO.

JeiictBuTeNbHO, nycTh ¢ # o U ¢A = o. Torna c(AB) =
= (cA)B =o.

[Ipennoxenue 7. dremenmaprole npeobpasosamus CMpox
nepesoosm AUHEUHO He3a8ucumble CMPOKU 8 AUHEUHO He3a8U-
cumole, a AUHEUHO 3asucumMble — 8 AUHeUHO 3asucumole. TouHO
MaK gce npu 3LeMeHmapHblX npeobpas3o8anusx cmoabuyos co-
XPAHAIOMCS AUHEUHAS 3A8UCUMOCTMb U HE3A8UCUMOCTb CMOAD-
1408.

JlokaxkeM 3TO mpejJioxkKeHHe A5 CTPOK. [IycTh cTpoKH aj, ag,
...,a, JUHeHHO HEe3aBUCHMbI, ¥ Mbl MNPUOABHIH, NOMYCTHUM,
MePBYI0O CTPOKY KO BTOpoH. PaccMOTpUM MpPOU3BOJIBHYIO JIMHEH-
HYI0 KOMOWHALMIO MOJyUeHHbIX CTPOK, PABHYIO HYJIEBOH CTPOKE:

ara; +a(a; +ag) + -+ apa, =

= (a1 + a)a; + asas + - - - + aya, = o.

Tak kKax ncxonHble CTPOKH JMHEHHO HE3aBUCHUMBI, ap +ae = 0,
as =0,...,a, = 0. Orclona cjenyer, 4To o TaKkxe HYJb, U CH-
CTeMa CTPOK, MoJyyeHHas IpubaBJeHHeM OfLHOH CTPOKH K APYroi,
JUHEHHO He3aBUcuMa. CoxpaHeHHe JIMHEHHOH HEe3aBUCUMOCTH CH-
CTEMBI CTPOK MPH YMHOXKEHMH i-i CTPOKH Ha 4yucjo A # 0 moka-
3bIBaeTCS aHAJOTUYHO.
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[TycTb Temepb CTPOKM JMHEHHO 3aBUCUMBL. BcromHuM, 4TO
10CJ/Ie/10BaTeJbHOCTH 3J1eMEeHTAPHBIX [1pe00pa3oBaHUil 0OpPaTHMBI.
Ecny MBI U3 THHEHHO 3aBUCHUMOH CHCTEMBI CTPOK C TTIOMOLIBIO 3JIe-
MEHTapHbIX NpeoOpa3oBaHUN MOJTYUYHUJIH JHHEHHO He3aBUCHMYIO,
TO 0OpaTHBIH Mepexon HOJIKEH MepeBONUTb JHUHEHHO He3aBHUCH-
MYIO CUCTEMY B JIMHEHHO 3aBHCUMYIO, YTO HEBO3MOXKHO.

JlokasaTesbCTBO MPEAJIOKEHUS AJISI CTOJNOLOB He OTIHYAETCH
OT NPHUBEAEHHOTO.

[Ipennoxenune 8. [lpu aremenmapHolx npeobpados8anusx
cmoabLY08 COXPAHAIOMCA AUHELHbLE 3a8UCUMOCTMU MeHDY CMPO-
Kamu, a AUHELHO He3asucumble CMPOKU OCMAIOMCH AUHEUHO
He3a8UCUMbIMU.

Ilpu aremenmaprolx npeobpa308aHUALX CIMPOK COXPAHAIOM-
€ AUHElHble 3A8UCUMOCMU MEHOYy CcmoAbyamu, a AUHELHO
He3asucumble cMOABUbL OCMAOMC AUHEUHO He3A8UCUMbIMU.

JoxasartenbcTBo. JIMHEeHHYI0 3aBUCHMOCTb CTPOK MaT-
pulbl A Mbl MOXKEM 3alHcaTb Kak paBeHCTBO cA = o, rlie ¢ HeHy-
JieBast cTpoka KosduureHTtoB. Marpuna A nocje 3jeMeHTapHO-
ro npeo6pa3oBaHUsl CTOJOLOB, 3a1aBA€MOr0 3/JeMeHTapHOH Mart-
puuedl S, nepexonut B mMarpuuy AS. Iss 3ToH MaTpulbl UMeeM
c(AS) = (cA)S = o. Takum 06pasom, CTPOKH MPeodpa3oBaHHOH
MaTpPHULbl JUHEHHO 3aBUCHMBI C TOH Ke CTPOKOH KO3(P(PHUIHEHTOB.

AHasiornuHo, HeTPUBHAJBHYIO JIMHEHHYI0 KOMOUHALIMIO CTOJO-
OB MaTpulibl A Mbl MOxKeM mnpezactaButh B Buuge Ad, rme d —
HeHyJ1eBoH crosber. [Ipu asemeHTapHOM MpeoOpa3oBaHUU CTPOK
marpuua A nepexomur B Mmarpuumy SA. M Kaxmo# JuHelHOH
3aBucuMoctTd Ad = o0 COOTBeTCTByeT JHMHeHHas 3aBUCHMOCTb
SAd = o cTon610B npeo6pa3oBaHHON MAaTPHILBL.

Ecnu 6bl Kakas-nub0 JHHEHHO He3aBUCHMasi CHCTEMa CTPOK
(nan cTosBLOB) Mepelia B JTHHEHHO 3aBUCHMYIO, TO TIpH 06paT-
HOH INOCJ/el0BaTeNbHOCTH 3/1€MEHTAPHBIX NPe00pa3oBaHUi Mbl U3
JIUHEHHO 3aBUCHMOH CHCTEMbl MOJYYHUJIH Obl JTHHEHHO He3aBUCHU-
My10. DTO IPOTUBOPEUHUT TOJIbKO YTO JOKA3aHHBIM YTBEPKAECHUSM.

W3 npensioxkeHuit 7 v 8§ Mbl mosyuaem

[Ipennoxenune9. nemenmaproLie npeobpasosarus cmpox
U cmoaby08 nepesooam HesovlpONOEHHY MAMPULY 8 HEeBbLPOMN -
O0eHHYI0, a BbIPONOCHHYIO MAMPULY — 8 BbLPOHCOCHHYIO.
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Teopewma 1. Kawdas wHeswvipoxcOennas mampuuya ¢ hno-
MOULbIO dNeMeHmapHbuLx npeobpasosanuli cmpox mosxcem Oovimo
npespauiena 8 eOUHUUHYI0 MAmpPUuyy.

HokaszatenbcTBo. [lycTh naHa HeBBIPOXKIEHHAs! KBaaparT-
Hast Mmatpuua A nopsiaka n. B ee mepBoll cTpoke o0si3aTesbHO
€CTb 3JeMeHT, OTJIMYHBIH OT HYyJ/s, TaK Kak B MPOTHBHOM CJydae
MaTpula uMesa Obl CTPOKY M3 HYJeH U Obl1a Obl BBIPOKIEHHOM.
[TycTb 2TOT 3/1eMeHT UMeEeT HOMED S1, TO €CTh PACIOJIOXKEH B S1-M
cTosible. PasnesauM mepBylo CTPOKY Ha 3TOT 3JeMeHT. B npeo6-
pa3oBaHHOH MaTpulie 3jMeMeHT B no3uuuu (1,sy) Oyner paBeH 1.
[Tocse sTOrO 17151 BCEX ¢ = 2,...,n BbIUTEM M3 i-H CTPOKHU IEPBYIO
CTPOKY, YMHOXKEHHYIO0 Ha Qjs,. 1aK NpeoOpa3soBaHHYI0 MaTpHUILy
o603naunM A, Ee s;-if cTonbel — 3To mepBHI cTOMGEl efy-
HUYHOH MaTpHLbl: BCE €ro 3JeMEeHThl PaBHBI HYJIO, 32 HCKJ/loye-
HMEeM IepBOro 3/eMeHTa, paBHoro 1.

C KaxXIOH M3 OCTAJbHBIX CTPOK OyfeM NOCTyNaTb TAaKUM XKe
o6pasom. [lycte mocse odepenHoro mnpeoOpa3oBaHHUs MOJSyUyeHA
matpuna A*), y KoTopoi cToBLB ¢ HOMepPaMH 51, . . ., 5 — TMep-
Bble k CTOJIOLOB €IMHUYHON MaTpULBl. k + 1-1 CTPOKa MaTpHILbl
A®) ornmuuna or myns, tak kak A monydyena snemeHTapHBIMU
npeo6pasoBaHusAMU U3 A H, cjenoBaresbHO, HeBbIpoxkAeHa. [Ipu
3TOM 3JIeMeHThl CTPOKHU C HOMEPaMHU Si, ..., S, — HYJIH, a 3HAUHUT,
He paBeH HYJ/IO Apyro# sjemeHT. IlycTb ero Homep Sk1. Henum
CTPOKY Ha Hero u BBIUHTAEM €€ C MOAXOASIIMMH MHOXHTEJSIMH
U3 OCTaJIbHBIX TaK, UTOOBl MPEBPATUThb Sj4+1-H cTosbel B k + 1-i
cTonber eMHUYHOM MaTpHlbl. [lomyyaercs marpuna AF+D),

[Tocne Toro, kak OyneT MpoM3BeleHa I[0CJEI0BATEIbHOCTD
npeobpa3oBaHuil ¢ m-H CTPOKOH, Bce CTOJOLBI MOJYyUeHHOU MaT-
puttel AT GynyT pasnMUHBIME CTONGHAMY eIMHUYHOH MaTPHIIbL.
OnHoBpeMeHHO CTPoKH A(™) ABIAIOTCA PA3NTUUHBLIMM CTPOKAMH
eNUHUYHON MaTpulbl (MPH BCeX ¢ B i-H CTPOKe Ha S;-M MeCTe
CTOWUT eIMHMLA, a OCTajbHble 3JeMeHThl paBHBl HyJw0). [lepe-
CTaBJsAs CTPOKH, Mbl MOXKEM PACIIOJIOKHUTb HX B €CTECTBEHHOM
nopsiike. DTO 3aKOHYUT MpeoOpa3oBaHUe UCXONHONH MaTpulbl A B
eIMHUYHYIO IIPY MOMOLIY 3JeMeHTapHbIX I1peoOpa3oBaHUN CTPOK.

MeTon npeoGpa3oBaHus MaTpULbl, IPUMEHEHHbIH NPU J0Ka3a-
TeJIbCTBe, Ha3biBaeTcs memodom [aycca, Tounee <meTonoM [ayc-
ca—-2KopnmaHa ¢ BbIOOPOM BeIYIIEro 3JeMeHTa 0 CTpoke». Pas-
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JIMUHble BapHaHThl MeToja laycca IIMPOKO MPUMEHSIOTCS B BBbI-
YUCJUTEBHON MPAKTHKE.

[Ipennoxenune 10. Mampuya Hesvposxcdena moeda u
moabKo moeda, xoeda oHMa packiadeieaemcs 8 npous3sedeHue
INeMEeHMAPHbLX MAMPUL,.

HokaszateabctBo. Ilyctb matpuna A HeBbIpoXKjeHa.
B cuny Teopembl 1 HalimyTcs Takue 3JieMeHTapHble MaTpHLIbl
Ty, ..., Ty, uTO

Tar...ThA = E. (12)

Tak Kak mMocjefoBaTENbHOCTH 3JE€MEHTAPHBIX MpeoOpa3oBaHUH
00paTHUMBI, CYIIECTBYIOT 3//eMeHTapHble MaTPULBL ST, . .., SN, AJd
KOTOpBIX S152...SyE = A. OtbpacbiBass MHOXKUTeJb F, Mbl 1O-
JydaeM TpebyeMoe pasJioKeHHUe.

O6patHo, Mpor3BeaeHHe deMeHTAPHBIX MaTpuL S192 ... SNy =
= 515y ... Sy FE nonyyaercs ajeMeHTapHBIMHU TPe0OPA30BAHUSAIMHU
CTPOK M3 e€IMHUUYHOH MaTpHIlbl, KOTOpasi HeBbIpoKIeHa. [loaTomy
COTJIACHO MPEJIOKEHHIO 9 OHO HEBBIPOKIEHO.

[Ipennoxenue 11. Mampuya A wesoviposcderna moeda
U moavko mozda, Koeda HesulpoxNcOeHa ee MPAHCNOHUPOBAH-
nas AT,

JleficTBUTENBHO, MYCTb A HeBbIpOXKAeHa. Tora oHa packKJjabl-
BaeTcsl B NPOU3BEEHME 3JeMeHTapHbIX MaTpul A = 5155 ... SN,
a ee TpaHcrnonupoBanHas B npoussenenne AT = ST . ST Ho
TPAHCIIOHUPYS JEeMEHTapHYI0 MaTpPHUILy, Mbl CHOBA MOJy4aeM 3Je-
MeHTapHylo MaTpuiy. [lostomy marpuua A’ packnanwiBaercs B
NPOU3BE/IeHHE 3JEMEHTApHbIX MAaTpUll M, CJeI0BaTeJbHO, HEBBI-
poxnena. O6partno, nycts AT newpoxmena. Torna (AT)T = A
M0 TOKA3aHHOMY TaKxKe HeBBIPOXKJEHA.

Huaue npennoxenue 11 MoxxHO chopmMynnpoBaTh Tak

CnenctBue. Cmoabuvl K8adpamHoil mampuubl AUHELIHO
He3asucumb. moz20a u moAbKO moeda, Koeoa Mampuua Hesvl-
pOsOeHa.

6. O6paTHasa maTpuna. Baenem

Onpenenenue. Marpuua X HasbiBaercs obpamrotl 15
marpubl A, eciu XA = F u AX = E, rne £ — envHuuHas
MaTpuua.
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BcrnomHMM, UTO ABe MaTpPHULBl MOTYT OBITh MepecTaHOBOUHEI
TOJIBKO B TOM CJlyudae, eCJIM OHH 00e KBaJApaTHble MAaTPHIIBI OHOTO
U Toro ke mopsinka. [loaToMy MMeTb 00paTHYIO MOXKET TOJBKO
KBaJpaTHasi MaTpULa.

[Ipennoxenue 12. Ecau y mampuuo. A cywecmsyem
obpamras, mo oHa eOUHCMBEHHA.

JleficTBUTENbHO, B IPOTHBHOM CJydyae UX HaHIeTCs MO MeHb-
weil Mepe nBe: X7 u Xo. Torna X; = X5(4Xs) = (X14)X, =
= Xy, 1 06e MaTpUllbl 00513aTebHO PaBHbI.

[Ipennoxenune 13. Mampuua umeem obpammyro moeda u
MoAbKO moeda, Koeda oHa HesblpoxdeHa.

JloxaszatenbcTBO. BepHemes k opmysne (12) u o6benu-
HUM B HeH BCe 3JjeMeHTapHble MAaTPHLLI B OJHH MHOXKHUTEJb
X. Mbl MoXeM yTBep:KAaTb TakUM 00pasoM, 4TO .AJs J1000H
HeBBIPOXKIEHHOH MaTpulbl A cyllecTByeT mMaTpuua X Takas, uTo
XA = FE. [lokaxeM, uto X YLOBJETBOPSET TaK:Ke ¥ BTOPOMY pa-
BEHCTBY B OMNpeeNeHnH 00paTHOH MaTpHubl. L5 3TOro 3ameTum,
yTo X HEBBIPOXKIEHa KaK MPOU3BELEHHE 3JeMeHTapHBIX MaTpHILL,
U NOTOMY JJIS Hee CYLIeCTByeT Takas martpuua Y, uto Y.X = E.
Paccmotpum mpoussenenue Y (X A) = Y. Ilpu npyroit paccra-
HOBKe CKOGOK MBI BUAMM, 4TO (Y X)A = A. [lostomy Y = A, u
paBeHCcTBO Y X = F mnepenucbiBaercs kak AX = FE.

Hawm ocrasnoch nokasartb, 4TO BbIpOXKJAEHHAs MaTpHlla He UMe-
et obpaTHo#. [leiicTBUTeNbHO, eci A BbIpOXKJEHA, TO, KaKoBa
Obl HU Oblja MaTpulla X, COIIacHO MPeJIoKeHHI 6 mpousBene-
Hue AX BBIPOXKJAEHO U HE MOXKET PaBHSITbCA €IMHUYHON MaTpHLe.
IT0 3aKaHYMBAET J0Ka3aTebCTBO.

[TycTb HaM HY»XHO MpPOBEPHUTH, SIBJASETCS JIH HEKOTOpasi Mart-
puua X obpaTHo# mJs KBangpaTHOH Mmatpuubl A. M3 npuseneHHo-
ro /I0Ka3aTeJqbCTBA BHUAHO, YTO AJISI 3TOTO JOCTATOUHO MPOBEPHUTH
Kakoe-HUOY/b OHO U3 PABEHCTB, BXOAAIIUX B ONpeleseHue.

OGpatnywo K matpuue A npuHato o6osHadats A~'. Ha cuwm-
BoJ <—1> B 0003Ha4eHHWH O0OPAaTHOH MaTpHIbl MOXKHO CMOTpPEThb
KaK Ha MokasaTesb creneHH. s KBajpaTHOH Matpuubl A Le-
Jas noJoxuTenbHas crenednb AF ompesesnsiercsa Kak mpoussese-
Hue matpuubl A camoll Ha cebs k pas. [losokuTesbHas cTeneHb
(A~H* marpuubsl A~! cuurtaetcs ompuyameavHoli cmenenvro
A~F marpunnt A. Tlo onpenenenuio Hyiegoli cmenervro Mo60i
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KBaJpaTHOH MaTpHLbl Ha3blBaeTCs eJMHMYHAs MaTpUla TOro Xe
nopsiika. Ilpu 3ToM onpenesieHUH 1J18 HeBBIPOXKAEHHON MaTpHLbl
Ak Al = AR kakoBbl Gb HU GblIH Lesble k U L.

[Tosryunm ocHoOBHble CBOHCTBA 0OPaTHON MaTPHLIBL.

e U3 onpenenenus npsaMo BUaHO, 4to (A71)~1 = A,

e (AB)™' = B71A7!, rak kak (AB)(B~1A7!) =
— A(BB—1)AL.

e Tpaucnouupys A~'A = E, nonyuaem AT (A~HT = E. Tlo-
stomy (A7)t = (A=HT.

OnwuiremM crnoco6 BelYMCJAEHHsT 00paTHOH MaTpuibl. MMeHHO,
eCJIM 3JIeMEeHTapHBIMHM TpeoOpa3oBaHUSIMU CTPOK Mbl 0OpATHM
MaTpully A B eIHHUUHYIO, TO Te Ke NpeoOpa3oBaHUs MepeBe-
NYT eIMHHYHYI0 MaTpully B MaTpuuy A~!, Tak Kak /s COOT-
BETCTBYIOIIUX 3JeMEHTAapHBIX MaTpHll U3 (opmynasl (12) umeem
Ty .. TWE =Ty ... Ty =A"1

DTU BBIUUCIEHHS] MOTYT OBbITh 0()OPMJIEHBI TaK: COCTABUM Mart-
puny D = ||A|E| pasmepoB n X 2n, mpumndcaB K martpuue A
CrpaBa eUHUUYHYI0 MaTpUIly. DJeMeHTapHbIMU Mpeobpa3oBaHUs-
MU CTPOK npeo6pasyeM D Tak, 4ToObl 0OPaTUTDb ee JIeBYIO MOJOBU-
HY B eIMHUYHYIO MaTpully. Torna mpaBasi MOJOBHHA MPEBPATUTCS
B MatTpuiy A~L

Teopema 2. [lycmo A — HeBbipoOKNCOEHHASE MAMPUUA NO-
padka n. Toeda awboil cmoabey 8vicomobl n packiadvl8aemcs
no cmoibyam A, npuuem xodppuluermol pasioxHcerus 00HO-
3HAUHO onpedeneno.

JokaszatenbcTBO. JlelcTBUTENbHO, ecad Marpuna A
HEBBIPOXKJIEHA, TO y Hee CYlLIecTByeT obOpaTHasi, ¥ MBI MOXKEM
Hanucath paBeHcTBO b = (AA~1)b = A(A~'b). U3 Hero BuaHO,
yTo cTosibell b mosyuaercss ymMHOKeHHeM MaTpullbl A Ha cTosbel
x = A~ 'b u, cienoBaTesbHO, SIBASETCS JHUHEHHOH KOMOWHAIHeH
ee CTOJIOLOB.

Jlnst nokasaTesbCTBA MOCJEIHEr0 YTBEPXKAEHHUS A0CTaTOYHO
BCIIOMHHTb, UTO CTOJOIB HEBBIPOXKAECHHOH MATPHIbl JHUHEHHO
HEe3aBHUCHUMBI, U COCAThCsl HA mpejsoxeHue 6 § 1.
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[TpumeHnsisi TeopeMy 2 K TPaHCIOHHPOBAHHOM MaTpHLE, MBI [0-
JydaeM

CnencrtBue. [lycmv A — Hesvlposcdennas mampuya no-
padka n. Toeda arobas cmpoxka Oaunbl M packAadbl8aemcs no
cmpokam A, nputem Koagduyuenmol pasioneruss 0OHOZHAUHO
onpedeneHul.

YIIPA2KHEHHA

1. Tlycts addrnuble npeodpasoBanus f U g B HEKOTOPOH cHCTeMe
KOODJMHAT 3alllCaHbl, COOTBETCTBEHHO, (hopMynaMH

{ " = a1z + by " { " =cix+diy

y" = asx + bay y* =cox + doy

JloxaxkuTe, 4To mpousBefieHHe f - g 3anmuileTcss TAKUMHU 2Ke (OpPMyJaMH,
npuyeM MaTpuua Kod(p@ULHeHTOB OyIeT paBHa

al bl C1 dl
a2 bQ C2 d2 ’
2. Iycrs ||2|| — marpuua pasmepos 1 x 1 ¢ ssmemeHToM 2. BepHo i,
410
1 2 1 2
a) [l21l]| 2 |[=|| 4|, O 2]|l2=]|4]7?
3 6 3 6
3. yctb ai, ..., a, — cTo6Us MaTpuiel A, a bl ..., b" — cTpoku

matpuuel B. Y6enurech, 4To

AB = iaibi.
=1

4. BepHo s, uto nss JMOOBIX ABYX KBaApaTHBIX MaTpHUL[ OFHOTO H
TOTO 2Ke TOopsIKa

a) (A+ B)?> = A2 + 2AB + B?,

6) (A+ B)?> + (A — B)? =2(A + B?)?

5. PaccmotpuM MaTpuuHoe ypasHeHnue X2 + E = O. a) IIposepsre,
4TO MaTpuua
-1
0
YIOBJIETBOPSIET 3TOMY YpaBHeHHI0. Kak 0OBACHUTb 9TO B TepMHUHAX 3a/a-
yn 1? 6) Halinure Bce pelleHHsl 9TOr0 ypaBHEHHsl CPelr BelleCTBEHHBIX
MaTpHLL BTOPOTO NOPsAKa.

0
=]
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6. ComocTaBUM KaxXIOMy KOMIIEKCHOMY YHCIY 2z = a + bi MaTpuiy

afb‘

b a
[TpoBepbTe, uto BbiMOMHEHB paBeHcTBa A(z1) + A(z2) = A(z1 + 22);
AGR) = AT(2); A=)A(z) = Almiz) A=Y = A7\ (2); |4 =
= det A.
7. Halinute o6paTHYIO A/ MaTPULbL

1 0 0
1 1 2
1 1 3

8. Paszsioxure Matpuily M3 ynpakKHeHHs 7 B NMPOU3BeleHHE 3jeMeH-
TapHbIX.

§ 3. PAHI MATPMLbI

1. Onpenenenne. Bpenem

Onpenenenue. IlycTb B MaTpulle A CyLIeCTByeT JHHEHHO
He3aBUCHMas CUCTeMa M3 T CTPOK, U HeT JIMHEHHO He3aBHCUMOH
cucTeMbl U3 GoJbluero yucaa cTpok. Torna Mel GyneM rOBOPHTH,
qT0 cmpounbili pare Matpuubl A paBeH r. HyneBas marpuua He
COZIeP?KUT HUKAKOH JINHEHHO HEe3aBUCHMOM CHCTEMBl CTPOK, U ee
CTPOYHBIH PaHT IO ONpeJeseHHI0 PaBeH HYJIIO.

CrpouHblil paHr MaTpuubl A 6yneM 0603Ha4yath 71(A).

JluHe#iHO He3aBUCHMYIO cucTeMy U3 r1(A) CTPOK Ha3oBeM 6a-
3ucHOL, a CTPOKH, B Hee BXoasilue, — 6asucHoimu. OCHOBaHUEM
IJ151 9TOTO CJIY2KHUT

[lpennoxenue 1. Jlwbas cmpoka mampuysl packiadot-
saemcs 8 AUHEelHY KOMOUHAUUIO OA3UCHbLX CMPOK.

JleficTBUTENIbHO, KaXKAast U3 OA3UCHBIX CTPOK PACKJ/ALblBAETCH
1o 0a3HCHBIM: HYXKHO B3siTb ee ¢ Koa(pduuueHToM 1, a ocrasb-
Hble ¢ KO3(hULHeHTaMU, paBHBIMU HyJ10. PaccMoTpuM Hebaswuc-
Hyl0 cTpoKy. [IprucoennnuB ee K 6a3UCHBIM CTPOKAM, Mbl MTOJYyUHUM
JIMHEHHO 3aBUCHMYIO CUCTEMY CTPOK. B HyseByI0 JIHHEHHYI0 KOM-
OUHALMIO CTPOK ITOH CUCTEMbl Hallla CTPOKA BXOAUT C HEHYJIEBBIM
Koa(duireHTOM (HMHaue Ga3UCHble CTPOKH OKa3aJjnCh Obl JHHEH-
HO 3aBUCHMbIMH). OTcloma cienyer, uTo BbiOpaHHas HebGasucHas
CTPOKA pacKJaibiBaeTcs M0 6a3HUCHBIM.
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AHaJOTHYHO CTPOUHOMY OMpeleNsieTcss CmoaAbyo8bll paHe
Matpuibl. ByneMm o603HauaTh ero ro. CTOJOLOBBIH paHT MATPHUILbI
A paBeH 12(A), ecnu B Matpule A eCTb JMHEHHO He3aBHCHMAas
cuctema U3 72(A) cTONOLOB U HeT JHHEHHO He3aBHCUMOH CHCTe-
Mbl K3 GoJiblliero uyucsaa croJbioB. CToJOLOBBIH paHT HyJeBOH
MaTpHIbl 110 OTPeIeNeHNI0 PABEH HYJIIO.

JlunefiHO HesaBHcHMasi cucTeMa U3 ro(A) CcTO/6LOB Ha3bBa-
eTcst 6Q3UCHOL, U KaXKIblH CTONGEl MAaTPULIBl PACKJIABIBAETCS 110
0a3HUCHBIM CTOJIOLAM.

OTMeTHM Cclleqyollye IPOCTble CBOUCTBA.

e CTpOuHbI#l U CTO/IOLOBLIH PAHTH MaTPHULbl He MEHSIOTCS IIPU
ee 3JleMeHTapHBIX NpeoOpa3oBaHUAX B CHJY MpPeLJOKeHUS

9) § 2.

e Crpounbiéi panr nogmarpuiisl A’ matpuuel A He GoJiblie
ctpounoro panra A, tak kak B Al mwo6ee p > ri(A)
CTPOK — OTPE3KH p CTPOK A U MOTOMY JIHHEHHO 3aBUCHMBI.
To e camoe BepPHO ¥ OTHOCHTEJbHO CTOJIOLOBOrO paHra.

2. OcHoBHbIe Teopembl. JloKaxkeM B HadaJje

[Ipennoxenue 2. Jwboe n+ 1 cmorbyos soicomol n Au-
Helino 3asucumol. JItobvie n+ 1 cmpok OauHbL 1 AUHELHO 308U-
cumbl.

HokazatenbctBo. [lycTh 3TO cTONOUB A1, ..., 8%, &nt1-
Ecnu nepBele n CTONOUOB JHHEHHO 3aBUCHMBI, TO yTBEPXKIEHHE
OYeBHJHO. B MpOTHBHOM cjiyuae OHHM COCTABJSIOT HEBBIPOXKIEH-
HYI0 MaTpuly Topsiika m, U 1o TeopeMe 2 § 2 crosbel a,4;
pacKJajaplBaeTcs Mo HAM. BTopas yacTb aToro mpensioxeHus 10-
Ka3bIBaeTCsl TOUHO TaK Ke.

Pasymeercsi, nuHeliHO 3aBHcHMa J00asg cHUCTeMa CTOJOLOB
(cTpok), ecaiv B Hell UHCJIO CTOJIOLOB (CTPOK) MPEBOCXOMUT UHCIIO
3JIEMEHTOB CTOJI01A (CTPOKH).

[Ipennoxenue 3. ¥ kaxodot mampuysl cmpounslli pare
paser cmoabuo8omy paray.

JdokasateabctBo. Paccmorpum matpuny A pasmepoB
m X n. B Hell uMmeercst cucrema u3 71 (A) < m Ga3UCHBIX CTPOK,
M0 KOTOPBIM PACKJIabIBAIOTCS BCE OCTAJbHBIE CTPOKH, ECJIH TaKHe
ecTb. BbluTeM W3 Ka)K[0oi HeGa3UCHOH CTPOKH TaKyH JIHHEHHYIO
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KOMOMHALNIO 6a3UCHBIX, KOTOpasi 0OpPaTUT ee B HYJNEBYIO CTPOKY.
Y npeoGpasoBanHoil matpuisl A’ panru te xe: ri(A’) =r1(4) n
ro(A") = ro(A). IlpeoGpazoBaHHble Ga3HCHbBIE CTOMOLBI OCTATHCEH
JIMHEHHO He3aBUCHMBIMU. DasUCHble CTPOKH, pasyMmeeTrcsi, He H3-
MeHSTCSl, He M3MEHHUTCs, B UaCTHOCTH, moaMatpuua D, pacmoso-
JKeHHast Ha MepeceyeHHH Ga3HUCHBIX CTPOK M GAa3MCHBIX CTOJNOLOB.
drto mMaTpuua pasmepos r1(A)xry(A). Ee cronbupl auHeliHO He3a-
BUCHMBI. JIefiCTBUTENBHO, B IPOTHUBHOM CJydae ¢ TeMH ke K03(h-
(unyeHTaMu ObLIM Obl JTMHEHHO 3aBUCHUMBI 3TH CTOJOLBI, AOMOJ-
HeHHble HYJsIMH, & 3T0 — 0as3ucHble CTOJNOLBI NPeodpa3oBaHHOM
mMaTpubl A’

[Tocmotpum Ha croabusl nogMatpuubl D. Ecau ux 6osblie,
ueM 71(A), TO MO MPENOKEHHIO 2 OHH JHHEHHO 3aBUCHMBI, 4TO,
KaK Mbl BHJeJH, He BepHO. Takum obpasom, ri(A) = ro(A) nas
MPOU3BOJILHON MaTpHLBl A.

D10 Xe HepaBeHCTBO BepHO M ans Matpuubl AT, To ecTb
r1(AT) > ro(AT). Ho 71 (AT) = ro(A) n ro(AT) = r1(A). TosTo-
My 72(A) = ri(A). Mbl BUAMM, YTO €AHHCTBEHHAs OCTAOLIAsCS
BO3MOXKHOCTb — PaBEHCTBO

r1(A) = r2(A),

KOTOpOe HaM TpeOOoBaJoCh A0Ka3aTh.

B CUJTy NOKA3aHHOTO MPenJiozKeHHs Mbl B ﬂaﬂbHeﬁ[HeM He 6y-
IeM pasjiMyaTbh CTPOUYHBIH U CTOJNOLOBBIN paHr, a OyleM rOBOPUTb
NpOCTO O paHre matpuubl. Panr matpuuel A o6o3Hauaetcs Rg A.

W3 npennoxeHus 3 npsiMo CJaenyet

[Ipennoxenune 4. Pane mampuyb. He mewsemcs npu
MPAHCNOHUPOBAHUL.

HefictButensro, Rg A = ri(A) = ry(AT) = Rg AT.

OnHOBpPeMEHHO ¢ MpeJIo’KeHHEM 3 Mbl 10Ka3aJu

CnencrtBue. [lepecewenue 6a3ucHolx cmpok u 6a3ucHbLX
cmoabyo8 mampuypbl A — HeBulpOHcOeHHAs KBAOPAMHAS MAM-
puya nopadka Rg A.

Takum ob6pasom, B Marpule paHra r > (0 00s13aTesJbHO €CTb
HeBBIPOXKJEHHAs MoAMATpuLa Mopsaka r. Jlerko BHOETh, YTO B
TaKOH MaTpHule He MOXKeT ObITb HEBBIPOKIEHHOH MOAMATPHLBI 10~
psaka p > r. JlefcTBUTeNbHO, pacCCMOTPUM KaKylo-Ja100 1oaMar-
puny nopsinka p. CTPOKH, B KOTOPBIX OHA PacIoJ/IoKeHa, JTHHEHHO



188 Tasa V. Mampuusl u cucmemvl AUHELIHOLX YpABHEHULL

3aBHUCHMBI, a 3HAYUT JIMHEHHO 3aBHUCHUMBI (¢ TeMH Ke Ko3(pduuu-
€HTaMH) U OTPe3KH CTPOK, cocTaBJsiomue nogmarpuny. Cienosa-
TeJIbHO, TIOAIMATPHUIla BEIPOXK/EHA.

Onpenenenue. B matpuue A pasmMmepoB m X n KBaapaTHas
nogMaTpula MopsiaKa r HasblBaeTcss 6a3uUCHOU, eCIW OHA HEBBI-
pOXKJIeHa, a BCce KBaJApaTHble MOAMATPHLbl 60JbLIEro NOopsifKa, ec-
JI1 OHU CYLIECTBYIOT, BBIPOXKAEHBDI.

B cuny sToro onpenesienusi, U3 aByx 6a3UCHBIX MOAMATPHULL HHU
OJlHA He MOXeT UMETb MOPSIIOK, GOJBbIIKE, ueM apyras. 3HauuT,
Bce 0a3UCHBIE MOAMATPHULIl UMEIOT OIHH U TOT K€ TOPSIOK.

Mbl BuauM, uTo nepecedeHHe 0a3UCHBIX CTPOK M 0a3HCHBIX
cTONIOOB — Ga3ucHasi MOAMAaTpUla, U CIpaBelWBa TeopeMa o
paree mampuybl:

Teopewma 1. Cmpounoii u cmoabyosolll pareu HeHyAe80L
Mampuyel pasHsl U pasHsl Nopaoky 6a3ucHol noomampuybl.

Ocraercsi HeBBISICHEHHBIM OIHMH BONpPOC: OyAyT JIH Ga3HCHBI-
MU CTPOKH M CTOJIOLBI, B KOTOPBIX PACIOJIOKeHA NpOou380LbHAA
6asucHas nopmarpuua. OTBeT naeT TeopeMa O 6A3UCHOM MUHO-
pe. (HazBanue 3to TpapuuuoHHoe. MUHOp — 3TO A€TEPMUHAHT
nogMatpuisl. O neTepMHHAHTaX peub OYAeT MATH B CJAEIYIOLIEM
naparpade.)

Teopema 2. Kawcdoili cmoabey mampuyor A packiadsisa-
emcs no cmoabyam, 8 KOMopwulX pacnoroxera 6asucHas noo-
mampuya. Kaxcdas cmpoka mampuuysvt A packaadvieaemcs no
CmMpoKam, 8 KOMOpbLX pacnoroxera 6asucHas noomampuua.

lokaxkem Teopemy ajsi cTpoK. Kak Mbl BUmenH, B r JHHeH-
HO 3aBHCHMBIX CTPOKAaxX BCE MOAMATPULBI MOPSIKA 7 BHIPOXKAEHBDI.
CrenoBatesbHO, CTPOKH, B KOTOPBIX pacIosioxkeHa 6asucHas Moj-
MaTpHLa, JUHeHHO He3aBHCHMBL. [1o Teopeme 1 UHC/IO 3THX CTPOK
pPaBHO PaHTy MaTpHLbl, U MOTOMY JioOble p > 7 CTPOK JIHHEH-
HO 3aBHCUMbl. DTO 03HAUYaeT, YTO CTPOKH, CofepkKaliie 6a3UCHYIO
nogMarpuuy, — 6asucHble. /g 3aBeplLIeHUs 10Ka3aTeJqbCTBa 10-
CTATOYHO COCJIATBCS Ha MpeisoxkeHue |

Crenyromas TeopeMa, HasblBaeMast TeopeMoit Kponexepa—Ka-
neaAu, WrpaeT, Kak Mbl YBUAUM B § 6, CyllecTBeHHYyIO poJib B
TEOPUU CUCTEM JIMHEHHBIX YpaBHEHHH.

Teopewma 3. llpunuceigarue cmorbya b k mampuuye A we
Mmensem ee parea moaoda u moavko moeda, Koeda b — aunelinan
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Komburnayus cmoabyos A. [Ipunuceigarue cmpoku K mampuye
He meHsem ee parea moeda u moAbKo moeoa, Koeda ama cmpo-
KQ — AUHEUHAss KOMOUHAQUUA CMPOK MAMPULbL.

JeficTButenbHo, nycTs Matpuua ||A|b| nonydena us A npu-
nuceiBaHreM crosbua b. Ecin b — nuHeiiHas komOuHauus cTos6-
1oB A, TO 3JeMeHTapHbIMH [Pe0OpPa3OBAHUSAMH CTOJOLOB MaT-
puubl ||A|b||, MbBl MoxeM BbUecTb M3 b Kak pas 3Ty JHHeH-
Hyl0 KoMOuHauo. Pesynpratom Gymer martpuua ||A|0||, mosyua-
emast U3 A npunuceiBaHWEM HyJeBoro crosobua. O4yeBUAHO, YTO
ra([[ADb])) = r2 (| AJ0]}) = ra(A).

ObparHo, ecau ro(||A|b||) = r2(A), To GasucHas cucrema
cronbuoB A siBasiercs 6asucHodl u B Matpuue || Alb|, a moro-
My b pack/aanbiBaeTcsl M0 3TOH CHCTeMe, a 3HAYUT U 110 BCEM
cronouam A. (HeGasucHble cTONOUB MOXKHO B3SITh C HYJIEBBIMU
KO3((pUIIEHTAMH. )

Bropasi yacTe TeopeMmbl N0OKa3blBaeTCsi MPUMEHEHHEM IepPBOH
YacTH K TPAHCIIOHHPOBAHHOH MaTpHLE.

3. Panr npoussenenus. Paccmorpum mMarpuusl A 1 B Takue,
4TO NpousBefieHHe AB onpeneseHo, U J0KaKeM

[Ipennoxenue 5. Pane npoussedenus 08yx mampuu He
npesocxo0um parneos COMHOMCUMeEeL.

Jns nokasartesbCTBa COCTaBUM MaTpuily [ M3 BCeX CTOJOLOB
marpun A u AB. Tak xak AB — nonmarpuua, Rg AB < Rg D.
[To npennoxenuto 1 § 2 cronbust AB — nuHeliHble KOMOUHALUU
crosi6uoB Marpuusl A. B cuay TeopeMel 3 oTciona ciaenyer, uTo
RgD = Rg A. Urak, RgAB < Rg A.

Awnagioruuno mokaswiBaercs, yto Rg AB < Rg B. [las atoro
HY>KHO COCTaBUTb Marpuiy D’ u3 Bcex cTpok MaTtpul B u AB.

[Ipennoxenune 6. Ecau mampuya A Hesviposxdena, U
onpedenenvt npoussederus AB u CA, mo RgAB = RgB u
RgCA =RgC.

Jlokakem mepBoe paBeHCTBO. JleHCTBUTENBbHO, MO MpemJo-
xeuuio 5 RgAB < RgB. Ho, ¢ apyroit cropons, RgB =
= Rg A~}(AB) < Rg AB. Bropoe paBeHCTBO [10Ka3biBaeTCs aHa-
JIOTHYHO.

4. HaxoxaeHue paHra MaTpuibl. Bsenem

Onpenenenne. Marpuua pasmMepoB m X n Ha3blBaeTCs
ynpowerroll (W1 UMeeT ynpoujerHolii 8ud), eClu HEKOTOPbIE T
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ee CTOJIOLOB SABMASAIOTCS EPBBIMHU 7 CTONOLAMH €IUHUYHON MaTpH-
bl NOpPSIAKA M U, B cjlydae m > r, ee NOCJeHHe M — " CTPOK —
HYJIEBBIE.

[Ipennoxenune 7. Kaxcoyro mampuuyy ¢ nOMOULbO d1eMeH-
mapHuLx npeobpasosarull CMpPoOK MOICHO npespamums 8 ynpo-
UWeHHYIO MAMPULY.

HokasatenbctTBo. Ecau maTpuua HyneBas, TO OHa yXke
ynpoienHas (r = 0). K HeHysneBoll Marpulie NPUMEHHM MeTOX
laycca. B Teopeme 1 § 2 Mbl mpeBpaTW/IM KBaapaTHYIO HeEBbI-
POXKJIEHHYIO MaTPHIy 3JeMeHTapHBIMU Mpeobpa3oBaHUSIMU CTPOK
B eJMHUYHYIO MaTpHLy. DTO — YaCTHBIH cJaydyad N0Ka3bIBaeMOro
npenjoxeHus. To 006CTOATENbCTBO, YTO MaTpPHULlA HEBBIPOXKAEHA,
MCII0/1b30BAJIOCh, KOIZAa Mbl B OYepefHOH CTpOKe NpeoOpa3oBaH-
HOH MaTpULbl HAXOAU/IHU HEHYJ/IEBOH 3JeMEHT.

B of1iem cayyae, HeHyJIeBOTO 3/1eMeHTa MOKET He HAUTUCh, TO
eCcTb oyepelqHasi CTPOKa OKaxkeTcs HyJeBoH. Bce Berpeuaronuecs
HyJIeBble CTPOKU OyleM NepecTaBJsATh Ha MOCJeHHE MecTa U Oy-
IeM TMPOAOJIKATb NMPeodpa3oBaHUsl TaK, KaK MPH J0KA3aTesbCTBE
teopemsl 1 § 2. [Ipu 3TOM He cyllecTBeHHO, KBaapaTHas MaTpulla
UJIY HeT.

[IpeoGpasoBanus 3akoHuarcsi, Korga OyLyT HCUYeplaHbl Bce
HeHyJieBble CTPOKH. KOHEuHO, MOXKeT CJYYUThCS, YTO HEKOTOPBIE
CTONIOIB! He OyIyT MpeBpalleHbl B CTOAOLbBl eAUHUUHON MaTPHILBL,
HO 3TO HaMm W He Tpebyercs. IlycTp Bcero B CTOJOUBI €IUHHUU-
HOM MaTpuLbl Ipeodpa3oBaHo r cTonOLOoB. Ecnu octanuch CTpoKU
HM2Ke 7-H, OHU HYyJIeBble, MHauye Npeo0pa3oBaHUsl MOXKHO MPOLOJI-
KUTb. [IpensoxeHue nokasaHo.

[IycTe MBI KakKHMH-TO 3J€MEHTAapPHBIMH MPE0OpPa30BAHHUSIMH
CTPOK NPUBeJNH MaTpuLy A K yIPOLIEHHOMY BHIY, U B YIIPOLIEH-
Hol MaTpule A’, cToI6Ub ¢ HOMepaMmu j; < - -+ < j, IPeBpalleHbl
B CTOJIOLBI €AIMHUYHON MaTPHLb €1, . . ., €,. [lepecTaHOBKOH CTPOK
MOXKHO NOOMTbCS TOTO, YTOObI &j, — € Mg Bcex k= 1,...,7.

PaccMotpum ympouienHywo matpuiy A’. B Hell ecTb efuHHU-
Has nogMarpuua nopsiaka r. HeBblpoxKAeHHBIX MOAMATPHL 60Jb-
1Iero mnopsiika, oueBUAHO, HeT. CjienoBaTe/ibHO, PAHI MaTpPHILbI
paBeH r, a MoAMaTpULa — Oa3UCHas.

U3 storo caenyer, yto Rg A = r, Tak Kak paHT He U3MEHMJICS
TIPY 3JIeMEeHTAPHBIX MPeobpa3oBaHusX. 3a 6a3UCHYIO MOAMATPHILY
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B A MOXKHO MpPUHATb MOAMATPHUILY, PACTIOJOXKEHHYIO B CTOJNOIAX
C HOME€paMH ji,...,J, U CTPOKAX, KOTOPbIE IIOCJE IepeCTaHOBOK
nornany Ha Mecta 1,...,7 B yNPOILIEHHOH MaTpule. DTO BUAHO U3
TOro, 4YTo, Mpeobpasdys MaTpully, Mbl He MPUOABJSAAN K CTPOKAM
9TOH NMOAMATPHULBI HUKAKUX CTPOK, KOTOpPble B Hee He BXOMAT.

Taxkum o6pasom, ecu Mbl He 3HaJIM paHra MaTpHULBl U ee Oa-
3UCHOIO MHHOpA, TO NPHUBEAs ee K YNPOLIEHHOMY BHIY, Mbl HX
onpeneanM. C 1pyrofl CTOPOHbI, NUMeET MeCTO

[Ipennoxenue 8. Kakosa 6v. Hu bvira 6asucHas nood-
mampuya mampuysbl A, dNeMEHMAPHbIML NPeodpPa308aHUIMU
CMPOK MOXMCHO npusecmu A K maxomy ynpoujenromy eudy, 8
Komopom ee cmoabubvl 6ydym nepsoimu cmorbyamu eOuHUUHOL
MampuubL.

JleficTBUTENbHO, HeOA3HUCHBIE CTPOKH MOXKHO OOpaTHTDb B HYyJle-
Bble, BBIUMTAs U3 HUX MOAXOJsIIINeE JTHHEHHble KOMOUHALUH Oa3uc-
HbIX, a 6a3uCHble CTPOKH NepecTaBHTh Ha mepBele Mecrta. [locse
3TOr0 MOXKHO MPeBPaTHTh 0a3HCHYIO MOAMATPULY B €IHHUYHYIO
TakK, KaK 310 OblJI0 cesnaHo B TeopeMe 1 § 2. (DnemeHTapHBIE MTpe-
00pa3oBaHUs MPOU3BOIAATCS, KOHEYHO, HAJl MOJHBIMH CTPOKAMH.)

YIIPAJKHEHNA

1. lana matpuua
1 2 3
A= 4 5 6
7 8 9

a) Haiinure ee panr u kakywo-1u6o 6asucHyto noamatpuiy. 6) Haiinure
KO3(P(PUIMEHTBl pa3JsoxKeHHs] He6Aa3UCHON CTPOKH MO GA3UCHBIM CTPOKAM
W He0a3HCHOro cToJj01a 1o 6asucHbIM croabuam. B) CKoJbKO Bcero 6a-
3HCHBIX TOAMATPHUL, B 3TOH MaTpuLe?

2. KBazparHast Matpulla NOpsiAiKa n UMeeT HyJIEBYIO MOIMATpHILLy I10-
psinka n — 1. OueHHUTe paHT MaTPULbL.

3. Marpuua A nopsiika n COfep:KHUT HyJeBYIO MOIMATPHLLy pa3MepoB
m X k, npuueMm m + k > n. Jlokaxunte, uto A BBIPOXK/EHA.



192 Tasa V. Mampuusl u cucmemvl AUHELIHOLX YpABHEHULL

4. a) Tlpu noMolIH 3/JIeMeHTapHBIX Pe00PA30BAHUH CTPOK MPHUBEAUTE
K YTIPOIEHHOMY BHIY MaTpHILy

1 2 3 4 5
3 4 5 6 7
5 6 7 8 9
6) Pasznoxurte msaTHI cToa6El 3TOH MaTPULBI 110 MEPBOMY W BTOPOMY
cToNbLAM.

5. [lyctb A — MaTpuLa ¢ 37eMeHTaMH aj, ¢ = 1,...,m;j=1,...,n
u Rg A = 1. JlokaxkuTte, 4TO HaHAyTCs YNUCIA A1, ...,Qm U P1,..., [ n,
He BCe paBHble HYJIO, TaKHe, 4TO aij = a;f3; 1Js BCEX @ U J.

6. [lokaxkute, 4To AJs MOOBIX MaTpull A ¥ B 01MHAKOBEIX pa3MepoB
paHT CyMMBI He GOJbllle CyMMbl PAHTOB.

§ 4. JETEPMHUHAHTbDI

1. Onpenenenue nerepmuHaHTa. Mbr 6yneM roBopuTh, 4TO
Ha MHOYKECTBE KBaJPAaTHBIX MATPHIl MOPsAKA n 3afaHa YUCJI0Bas
(YHKLMS, ecd KaxKA0H MaTpHlie U3 3TOI0 MHOXKECTBA CONOCTaB-
JIeHO HekoTopoe uucJgo. [IpyuMepaMu MOTYT CJIYyXHTb JBe 4acTo
ynotpebJsemMble HyHKLIHUU:

Caed maTpullbl — (YHKLHS, COMOCTABJSIOUIAS KaXKI0H KBaj-
paTHOHM MaTpulue CyMMy ee AMAarOHaJbHBIX 3JE€MEHTOB ajij + ...
+ Gnn.-

Esxkaudosa wopma matpuupl — (yHKLHS, CONOCTaBJSAIOLASA
KaXKI0M BeILeCTBEHHOH MaTpHlle KBaJpaTHbIH KOpeHb W3 CyMMbl
KBa/IpaTOB BCEX €€ 3JE€MEHTOB.

Bo MHorux Bompocax HEOOXOAMMO yMeTb OIpENEeNUThb, BBI-
poxK/eHa naHHas Matpuua uau Het. [Ipn 3TOM mosesHa Takas
(YHKLHMS OT MaTpHULBl, KOTOpash paBHa HYJIO AJS BbIPOXKAEHHBIX
MaTpHll, OTIIHYHA OT HYJS JAJiS HEBBIPOXKAEHHBIX U CPAaBHUTEJBHO
NpocTo Bbluucasiercs. JIs MaTpul BTOPOrO U TPETbEro Mnopsaka
TaKUMH (DYHKLUHSIMH SIBJASIOTCS UX JAETEPMHHAHTBI, yKe H3BeCT-
Hble HaM.

Onpepenenue. UucnoBas pyHKUUA f HA MHOXKECTBe BCeX
KBaJApaTHbIX MaTpHUL MOPsiiKa M HAa3blBaeTCs O0emepMuHarmom
(uru onpedeaumenem) nopsadka m, a ee 3HaUeHHe Ha MaTpHUlle
A — nerepmuHaHTOM A, ecjiu oHa 00/a/aeT CJAeIYIOUIUMH TPeMs
CBOWMCTBAMHU:
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1. Kakyio 6bl CTpoKy MaTpuilbl A Mbl HH B3sJM, 3HaYeHHE
(YyHKUMHM Ha MaTpulle A SIBJAsSETCS JHHEHHBIM OLHOPOAHBIM MHO-
TOUJIEHOM OT 3JIEMEHTOB 3TOH CTPOKH. JJ1s1 4-H CTPOKH 3TO 3HAUHT,
4yTO

f(A) = hiap + hoaio + -+ - + hpain, (1)
rie hi,...,h, — KO3(hOULHMEHTEH, He 3aBUCAIIME OT 3JeMeHTOB
i-H CTPOKHM @1, ..., Gin, HO 3aBHCSIIME OT OCTANbHBIX 3/eMEHTOB

MaTpHULBL.

2. 3HaueHMe QPYHKIMU Ha JIOOOH BBIPOXKIEHHOH MaTpHle paB-
HO HYJIIO.

3. 3HaueHue (YHKLHHU Ha €MHUYHOH MaTpule paBHO 1.

PekomeHnnyeMm uuTartesio MpPOBEPUThb, UTO M3BECTHBIE HaM [e-
TEPMHUHAHTBl BTOPOTO U TPETHETO TOPSIAKOB YAOBJIETBOPSIOT MpPHU-
BeJleHHOMY ompefeJsenuto. Jus mMaTpuubl nopsaka 1, cocrosied
U3 OJIHOIO 3JIeMeHTa, JAeTePMHUHAHTOM SIBJSETCS ITOT JEMEeHT.

Korpa onpenesnenne COCTOUT M3 YCJOBHH, KOTOPBIM JOJ2KEH
YIOBJIETBOPSITb ONpejensieMblii 00beKT, 3apaHee He SICHO, BBINOJI-
HUMBI JIH 9TH YCJIOBUS, TO €CTh CYLIeCTBYeT JId 00bEKT, UM yJIO-
BJeTBOpsAOLLMH. Kpome Toro, ecnu Takoil 06bEKT CyLLECTBYET, TO
He ICHO, OHO3HAYHO JIM OH OIpejeJseH 3TUMHU ycaoBusiMu. Huxe
Mbl JOKaxKeM CYyLLeCTBOBaHHEe W eJUHCTBEHHOCTb JeTepPMHUHAHTA.

Jerepmunant wmatpuubl A o6o3Hauaercss det A WM, ecau
HY?KHO BBHIIMCATb 3JIEeMEHTHl MaTPULBl, IPSMBIMH JHHUAMH 1O 60-
KaM MaTpHILIbL.

MBpl noKaxkeM Tak:ke, 4To AJIs1 JII0OOH HEBBIPOXKAEHHOH MaTpH-
bl IeTEPMHUHAHT OTJIHUeH OoT HyJs. OnHaKO cHadasa HeOOXOANMO
U3YUYUTb YCJIOBUS, ONpeleJsiIollte JeTePMUHAHT.

YcsoBue 1 BblpaxkaeT cg0UcmBo AuHeriHocmu NeTepPMUHAHTa
no cmpoke. Ero paBHOCH/IbHYIO (DOPMYJNHPOBKY JaeT CJjefyloliee

[Ipennoxenune 1. Qyuxyus f Ha mHoxiecmse Ksadpam-
HbLX mampuy, nopsadka n obaadaem C80UCMBOM AUHELHOCMU NO
cmpoke mozda u moavko moeda, Koeda O0As Kaxcdoi cmpoKu
npoussorvHoOl mampuysl A 8vinoaHeHo caedyroujee: ecau ama
cmpoka ecmo AuHelinas kombuHnayus ap + 5q, cmpok p u q,
mo

f(A) = Olf(Ap) + Bf(Aq)v (2)
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ede mampuuyor A, u Ay noayuensvr us A samenoil amoil cmpoxu
Ha P U q.

JoxasateanbctBo. 1° Ilycts ¢yHxuus f obaamaer cBOU-
cTBOM JHHekHocTH 1o cTpoke (1). Eciu i-51 cTpoka A ecTb JiuHe-
Hast KoMOUHauusi ap + 3q, To /11000 3/MeMeHT a;; ITOH CTPOKH
paBeH apy + Bqk, THE pr U ¢ — COOTBETCTBYIOLIME 3JEMEHTHI
cTpok p ¥ q. C/iefoBaTesbHO,

J(A) = hi(apy + Bq1) + - - + hu(apn + Ban)-

[pynnupys 4jieHbl, Mbl MOJYYHM
f(A) = a(hpr + - + happ) + B(haqy + -+ + hugy).
3nechb hi,...,h, He 3aBUCAT OT 3JEMEHTOB i-H CTPOKH, U MOTOMY
hapy+ -+ hnpn = f(Ap) 1 g+ -+ hngn = f(Ag).

TakuM 06pa3om, MoJyueHo paBeHCTBO (2).
2°. JlokaxeM oOpaTHoe. Bo3bMeM i-10 CTPOKY MaTpuilbl A H
pa3J/ioKUM ee B JHMHEHHYI KOMOMHALHIO CTPOK €IMHHUUYHOH MaTt-
PHIIBL:
aire1 + -+ ainen.

[TocnenoBaTesbHO NPpHUMEHsAs PaBEHCTBO (2), nmoJsydyaem OoTcCroaa
f(A) =anf(A1) + -+ ainf(An),

rae mMaTpuubl Aq, ..., A, noaydeHsl U3 A 3aMeHOH i-il CTPOKH Ha
COOTBETCTBYIOILYIO CTPOKY €AMHHUUHOH MaTpHulibl. OHU He 3aBUCAT
OT 3JIeMEHTOB i-H CTPOKH A, a motomy 3HadeHWs [ Ha JAHHBIX
MaTpUlax TakxKe He 3aBUCAT OT 3THX 3JeMeHTOB. [losydyeHHOe
Beipaxkerue f(A) cosmamaer ¢ (1), ecam mist Bcex i = 1,...,n

hi = f(Aq). 3)

CdhopMysIMpOBaHHOE B TpeNJIoKeHUH | CBOMCTBO TaKKe Ha3bl-
BAlOT CBOHCTBOM JIMHEHHOCTH 110 CTPOKE U YacTO (DOPMYJIHUPYIOT B
BUJe IBYX OTHEJbHBIX yTBEPKIEHHUH:

o MHnoocumenn, obujuil 015 8Cex nemenmos CMpoKu, MO-
scem Oblmb BbLHECeH 3Q 3HAK 0emepMUHAHmMA.
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e Ecau kaxkas-aubo u3 cmpok mampuuyv. A ecmov cymma
dsyx cmpok, mo det A pasen cymme OemepmurHarmos
mampuy, noiyuaemolx u3 A samenoll amoi cmpoku Ha
Kascooe us caaeaemolx.

Pasymeercsi, ecan cTpoKa MaTpHIbl MPeACTaBIeHa KaK JHHeHHas
KOMOWHALHUS a1P1 + - -+ + QsPs JIOOOT0 UHCIA S CTPOK, TO

det A =ajdet Ay + - + g det Ay, (4)
rie Aj,...As — MaTpuupl, nojgydaeMmble U3 A 3aMeHO# paccmar-
pHBaeMOH CTPOKH COOTBETCTBEHHO Ha Pi, ..., Ps-

[Ipennoxenune 2. Ecau kK HeKOmopoiu cmpoke mampuiol
npubasumo Opyeyro ee CMpPOKY, YMHONEHHYIO KA 4UCA0, MmO Oe-
MEePMUHAHM MAMPULbL HE USMEHUMCS.

HokaszateabcTBo. [lycTh B MaTpuue A MBI 3aMeHHJH
i-10 CTPOKY a; Ha CTPOKYy &; + Aa;, 4 # j. Torna mo cBoHcTBy
JIMHEHHOCTH JIETePMHHAHT MOJYUYeHHOH MaTpulibl A’ paBeH

det A" = det A+ \det A;,

roe Mmarpuua A; mosydaercst u3 A 3aMeHOH i-fi CTPOKH Ha
j-10. B oTy marpuuy cTpoka a; BXOAMT ABaX<[bl: Ha i-M H Ha
j-M Mecrax. [lostomy matpuua BeipoxieHHast, U det A; = 0.
Hrak, det A = det A’.

[TocieoBaTeIbHO IPUMEHSIS 3TO NIPEJOXKEHHe, Mbl yOeauMcs
B TOM, UTO

Lemepmunanm mampuypl He USMEHUMCS, eCAl K
HeKomopoii cmpoke mampuypl npubasumo AuHeli-
HYH KOMOUHAUUIO OCMALbHbLY CMPOK.

[ITpennoxenue 3. Ecau 06e cmpoKku mampuybl nOMEHAMb
mecmamu, mo ee Oemepmuranm ymuoxcumces Ha (—1).

NokasareabctBo. [Iycts matpuna A’ nosyudaercss us A
NepecTaHoBKOH - W j-U cTpok. BeimosHuMm cienyroulyo mo-
CJIe[IOBATE/NbHOCTh Npeobpa3oBaHUi MaTpulbl A, He MEHSIOIHX
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JETEPMHUHAHT B CUJY MNpPEAJOKEHHU A 2:

a; a; + a; a; + a;

A= — — =
aj aj aj —a; — aj
a; +a; a;
= —
a4 a4

JleTepMUHAHT MOCJeHeH MaTpULBl paBeH NeTepMUHAHTY A U oT-
JIMYAeTCsT TOJMbKO 3HAKOM OT JeTepMUHAHTa MaTpPHibl A’.

CBOHCTBO, BbIpaXKeHHOE TpeNJoXKeHHeM 3, HOCHT Ha3BaHHUE
anmucummempuy IeTepMUHaHTa MO CTpokaM. B nasbHefiem
HaM notpebyercs

[Ipennoxenue 4. [lycmo nekomopas ¢ynkyusa f Ha mHO-
ocecmee KeaopamHvlx MAMPUY AUHEUHA NO CMPOKAM, U OAA
mampuy, umeroujux 0ee 00UHAKO8bLe CMPOKU, ee 3HaueHue pas-
Ho Hyaro. Toeda na 8cex 8blPONCOEHHLLX MAMPUL,AX ee 3HaUeHle
PABHO HYAIO.

HoxkaszateabctBo. [Iycth A — npousBosibHAS BBIPOXKIEH-
Hasi Matpuua. Ecau cTpok GoJsblie OnHOH, U OHU JUHEHHO 3aBH-
CHMBI, TO OJIHA M3 CTPOK €CTb JIMHEHHAss KOMOMHALUS OCTAJIbHBIX.
JlonycTuM 1 OTpeleseHHOCTH, YTO CTPOKA a; pasJjoxkKeHa IO
ag,...,a, ¢ KOAQDULIUEHTAMH g, . . ., (v,. TOrIa MOC/eL0BATENb-
HO MpuMeHsist popmyay (2), moaydyaem

f(A) = a2 f(A2) + - + an f(An),

rje MatTpuubl Ag, ..., A, monydeHsl U3 A 3aMeHOH MepBOH CTPOKH
Ha ee 2-10,...,n-10 CTPOKU. Kaxknas U3 HHX HMeeT [Be OIMHa-
KOBBIX CTPOKH, M moromy f(A4;) = 0, ¢ = 2,...,n. Orciona
f(A) =0, xak u Tpe6oBaIoCh.

2. EDvHCTBEHHOCTh AeTepMHMHaHTa. HauHeMm ¢ TOro, 4ro
C TOMOLIbK H3BECTHBIX HaM CBOHCTB NETEPMHHAHTA BBIYHUCIHM
JETEPMHHAHTBI 3JIeMEHTaPHBIX MaTPHLL.
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Ecnin wmarpuua S; mosyueHa M3 eIMHUUHOH YMHOXEHHEM
KaKOH-1160 cTpoKH Ha 4ducao A # 0, to detS; = Adet £ = A,
COIJIaCHO CBOHCTBY JIMHEHHOCTH JeTepMMHaHTa o cTpoke. Ec-
JIU MaTpula S, MoJiyueHa W3 eIMHUYHOH MaTpullbl MpUOaBJIeHHU-
€M OJHOH CTPOKH K JPyroi, TO M3 MpeNJjoKeHHss 2 BUIHO, UTO
det Sy = det £ = 1. Takum o6pa3om, UMeeT MeCTo

[Ipennoxenue 5. Ecau cywecmsyrom 0se Qyukyuu dy u
ds, ydosaemeopsaroujue onpedeseHuro demepmurarwma, mo OAs
ar060ii anemenmaprol mampuysl di(S) = da(S).

Kpome Toro, ierko mpoBepUTh, YTO AJIs JIOOOH MaTpulbl A U
JIIOO0H 3€eMEHTapHOH MATPHUIB! S BHIOJHEHO PABEHCTBO

det(SA) = det S det A. (5)

JlelicTBUTENBHO, TOCTATOUHO BCIOMHUTh, 4TO SA mojydaeTcs u3
A TeM e 3JeMeHTapHbIM MpeobpasoBaHueM, uto u S u3 E. Or-
ciona ans Matpul nepsoro tuma det(S71A) = Adet A. [TockonbKy
det S1 = A, paBeHcTBO (D) crpaBensnuBo. ToyHO Tak ke, 1Js Mat-
puw Broporo tuna det(SzA) = det A u det Sy = 1.

Tenepb MoxKeT ObITH J0Ka3aHa

Teopewma 1. Ha mroxcecmse keadpamnolx mampuy nopsao-
Ka n e mosxcem Ovimo 6osee 00HOU pyHKyUU, YO0B8AEMBOPAIO-
ueil onpedenreruro demepmuranma.

JloxasateanbcTBO. [JlomycTHM MpOTHBHOE, MyCTb CyIle-
CTBYIOT ABe Takue GYyHKUUU dy U do. Torma di(A) = da(A) nas
060 KBagpatHoi mMatpuubl A. [lelicTBUTeNbHO, eciu A — BbI-
poxKIeHHasi MaTpuLa, To no onpenenernio di(A) = dz2(A) = 0.

Paccmotpum HeBbipoxaeHHyio Matpuiy A. Ilo npennoxkenuio
10 § 2 ona moxeT ObITb pasjokeHa B TPOU3BEJEHHE 3JeMeH-
tapHbiX Matpull. [locnenoBatenbHo mpuMeHsis Gopmyay (5), Mbl
nosyyaem

dy(A) = dy(Sy...Sn) = di(S1)d1(Sz...Sn) =...
o =d(S1)...dr(SN).

Ananoruuno, da(A) = d2(S1)...d2(Sn). Tenepb u3 mpensoxe-
Husi 5 canenyet dp(A) = da(A), KaKk U TPeGOBAIOCh.
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BmecTe ¢ 10Ka3aTesbCTBOM TEOpPeMbl, Mbl MOJYUYUJU BaXKHYIO
(bopMmyny: eciu HeBBIPOXKIEHHast MaTpulla A pasjioxeHa B MPOH3-
BeJleHHe 3JieMeHTapHbIX MaTpull A = 57 ... Sy, ToO

det A =detS;...det Sy (6)

OTMeTHM, UTO JeTePMHHAHT 3JeMEeHTapHOH MaTPHLb! K60 pa-
BeH uucay A # 0, 1160 paBeH eIMHHLE, TO €CTb B JIOOOM caydae
OT/IMUeH OT Hyns. M3 paBeHcTBa (6) Torna cjienyer, 4To JeTepPMH-
HaHT HEBBIPOXKIEHHOH MaTpULbl 00s3aTeNbHO OTJIHYEH OT HYJIS.
Mbl IpUXOIUM K CJENYIOLIEMY BaXKHOMY TMpeasOXKeHHO:

[Ipennoxenune 6. [as moeo, umobor mampuya boira 8ol-
poscderHotl, Heobxodumo 1 docmamouro, umobs. ee demepmul-
Haum Obln paser HYAr.

3. CymecTBoBaHue JeTepMUHaHTa. Pa3iioxkeHue MO CTOJIO-
y.

Onpenenenne. IlycTb a;; — 3/1eMeHT MaTpulbl A nopsa-
Ka m, pacroJioKeHHbIH B ¢-U cTpoke U j-M cTojbue. Hasosem
donoanumenvHotli noomampuyei 3Toro sjaeMeHta Matpuuy Dj;
nopsiika n — 1, mosydaemyio u3 A BHIUePKHUBAHHUEM i-i CTPOKH U
j-ro cronbua. [lonoanumenvHolm MUHOPOM DJIEMEHTA @;; Ha30BEM
yueso d;; = det Dj;.

Pasymeercsi, roBOPUTb O [OMOJHUTEJNbHOM MHHOpPE HMeeT
CMBICJI TOJIBKO B TOM CJlydyae, ec/i AeTepMHHAHT nopsaka n — 1
CYLIECTBYET.

Teopema 2. Ha mHoxncecmse Keadpamrolx mampuy npous-
801bH020 nopadka onpedener OemepmuUHaAHM.

JlokaxkeM 3TO MeTOLOM IOJHOM MHAYKLHH 10 MOPSAKY Mart-
puubl. Havano vHAyKUMM TPyoHOCTEH He BBI3bIBAET, TaK KaK Mbl
3HaeM, 4TO M3BeCTHble HaM NETEePMHHAHTbl BTOPOIO W TPETbEro
nopsiika 06/1a1al0T HYy>KHBIMH CBOHCTBaMHU.

[IpennosioKum Ternepb, UTO HAa MHOMKECTBE MATPHL TOPsAKa
n — 1 NeTepMMHAHT CYLIECTBYET, U MOCTPOMM Ha MHOXKECTBE Mart-
pHuL nopsinKa n GyHKLHIO cenyomuM oopasoMm. Puxcupyem mnpo-
M3BOJIbHO HOMep cTosbLa j U NMpoU3BOJIbHON MaTpule A nopsaka
7 COTMOCTABUM UHCJIO

Fi(A) =" ar (=1 dy, (7)
k=1
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rae dp; — JOMOJNHUTEJbHBIH MHHOD 3JeMeHTa ajj B MaTpHlie
A. JlonoJiHUTebHble MHHOPBI CYIIECTBYIOT B CHUJY MPENTIOJNOKE-
HUs UHAYKUMK. JJokaxeM, uTo pyHKUHUS (7) yIOBIETBOPSIET TPEM
YCJIOBUSIM, BXOASLIUM B ONpenesieHHe AeTepMHUHAHTa.

1. BoiGepeM Mpou3Bo/bHYO CTPOKY (MYCTb ee HOMEP %) U MoKa-
JKeM, 4TO BbIpaxKeHHe B MpaBoi dactu GopmyJbl (7) ecTb JHHEH-
HBI MHOTOUJIEH OTHOCHTEJIbHO 3J1eMEHTOB 3TOH CTPOKH. B camom
nese, npu k = i caaraemoe a;;(—1)"7d;; comepKuT 37eMeHT a;;
u3 i-# cTpoku. KoadhduuueHT npu HeM He 3aBUCHT OT 3J€MEHTOB
i-f CTPOKHM, TaK KakK 3Ta CTpOKa B NMoaMatpuuy D;; He BXOIHT.
B ocranbHbIX ciaraeMblx (IpH ¢ # k) MHOXHTeJNb aj; He NIPUHAL-
JIEXKHUT i-i CTpOKe, a dj; — JIMHEHHBIH MHOTOYJIEH OT 3JIeMEeHTOB
i-#1 cTpoku. Termepb CBOHCTBO JIMHEHHOCTH MO CTpoKe AJs (DyHK-
uuu f ciaenyeT M3 TOro, 4TO CyMMa JIMHEHHBIX MHOTOUJIEHOB —
JIMHEHHBI MHOTOUJIEH.

2. JlokaxkeMm, 4TO HJs BHIPOXKJEHHBIX MaTpuLl f; paBHa HY-
Jq0. B cuny npensoxenus 4 U yxke N0Ka3aHHOH JIMHEHHOCTH MO
CTPOKe JJIs1 3TOT0 JOCTATOYHO NPOBEPUTS, uTo f;(A) = 0 mas npo-
M3BOJIbHOH MaTpHIBl, UMeIOlIeH [Be ONMHAKOBBEIE CTPOKH. [lycTh
B MaTpulle A CTPOKH ¢ HOMepaMmH ¢ ¥ [ onuHakoBsl (I > 4). Torna
B cyMMe (7) MOryT OBbITb He paBHBI HYJIO TOJBKO [1BA CJaraeMbix,
Tak Kak npu k # ¢ u k # | nonosHuTenbHas mnoamatpuua Dy
COJEPXKHUT OfIMHAKOBBIE CTPOKH, U MIOTOMY MHHOD dj; PaBeH HYJIO.
Hrak,

fi(A) = (1) aydij + (-1) P ay;dy;.

queM, yTo az’j = a,lj BBI/Iﬂy COBIIaieHU A CTpOK. TOFﬂa
Fi(A) = (1Y ag((—1)"dij + (=1)'dy;). (8)

JlononuutenbHble nogMatpuuel D;; 1 Dj; COCTOAT M3 ONMHAKO-
BbIX 3/€MEHTOB, HO OTJHYAIOTCS MOPSAKOM CTPOK: B KaXKIOH M3
HHX 0CTaJach OfHA W3 [BYX OAHHAKOBbIX CTPOK, HO B Dj; OHa
CTOMT Ha i-M MecTe, a B D;; — Ha (I — 1)-m. [lepecTaBuM B Mart-
puue D;; cTpoky ¢ HoMepoM [ — 1 Ha i-e MecTo, He HapylIas
B3aMMHOe DAaClooKeHHe OCTaJbHBIX CTPOK. /i 9TOro MeHsieM
ee rocJsieioBaTesIbHO Mectamu ¢ (I — 2)-it, (I —3)-i1, ..., 4-.
Bcero wam (I — 1)-#i cTpokoit pacrosioxeHo [ — 2 CTPOK, U
MBI [OJIKHBI TIEPECTABHTH €€ CO BCEMH, KPOMe TeX i — 1 CTPOK,
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KOTOpbIe CTOAAT Bhllle i-#. Mrak, morpebyercs (I —2) — (i — 1) =
= |—i—1 nepecranosok. Otciona caenyer, uto d;; = (—1)'=""1dy;.
[ToncraBus 310 B paBencTBo (8), Mbl yBUAUM, uTO f;(A) = 0.

3. Paccmorpum f;(E), rne E — enuHHUYHAs MaTpHla MOpPsA-
Ka n. B aToM ciayuae B cymMe (7) TOJIBKO OAHO HeHY/eBOe cJiara-
emoe

Fi(B) = (=1)" dj;.
Ho D;; — ennHuuHas marpuua nopsigka n — 1, U ee J1eTepMH-
Haut paseH 1. Orciona f;(E) = 1, Kak u TpeGoBasoch. Teopema
J0Ka3aHa.

B cuny teopembl 1 GyHKUMH f; NpH BCeX j COBNAAAOT, U MBI
MOKEM Halucarhb:

det A = Zakj(—l)kJrjdkj. (9)
k=1

[IpaBasi yacTb 3T0# (hOpMyJibl — JIMHEHHBIH MHOTOYJIEH OT 3J1e-
MEHTOB j-TO CToJ0La, CJAeI0BaTENbHO, HMEET MECTO

[Ipennoxenune 7. [lemepmuranm obiadaem csoiicmeom
AuUHeHocmu no cmoabuam.

4. CpoiicTBa JeTepMUHAHTOB. JloKaxkeM

[Ipennoxenune 8. J[as awboli keadpamroti mampubl

det A = det A”.

Jlnst mokasatesibCTBa PacCMOTPUM (DYHKIIMIO OT MaTpulbl A,
onpenensiemyio paseHctBoM f(A) = det AT, Tlo npensnoxenuto 7
3Ta QyHKUMs JuHeiHa o croaduam AT, To ecTh mo cTpokam A.
Ecau maTpuna A BoipoxkjeHa, To Boipoxkaena u AT (npennoxxenne
11 § 2), u moromy f(A) = det AT = 0. Hakoneu, E7 = E, a
sHaunrt, f(E) =det ET = det £ = 1.

Taxkum o6pa3om, f yIOBJETBOPSIET BCEM YCJOBHUSIM B OIpefe-
JIEeHUW [eTEepPMHMHAHTa, YTO U 3aKaHUMBAaeT L0Ka3aTe/bCTBO.

W3 npepsoxenusi 8 cijenyer paBHONPABHOCTb CTPOK M CTOJO-
1oB. MiMeHHO, ec/iM cripaBefJIMBO KaKoe-1uO0 YTBEPKIEHHUE O Je-
TepPMHHAHTaX, Kacalolleecs CTPOK MaTpHll, TO BEPHO U aHAJIOTHU-
HOoe yTBepxKJeHHue, Kacamwlleecs cTon0L0B, U o6paTHO. [TosTomy
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M3BECTHble HaM CBOHCTBA NETEPMHUHAHTOB MOXKHO NepedopMyJu-
poBaThb JJIsl CTOJNOLOB.

[Ipennoxenue 9. Cmoabyo. mampulpl AUHELHO 3Q8UCU-
MbL moeda u MmoAabKO moeda, K020a MAmpuua BvlpoiOeHa U
demepmuranm ee paser HYyaio.

Ecau nepecmasumoe dsa cmoabya mampuysl, mo ee demep-
MUHQHM MEeHAem 3HaK.

Ecau 8 mampuye k o0nomy u3 cmoabyo8 npubasume opyeotl,
YMHOINCEHHBLIL HA YUCAO, MO 0eMePMUHAHM ee He USMEHUMCS.

Hcnonbayss ¢opmyny (9) pasnoxeHus HeTepMHHAHTa [0
CTOJIOIY, Mbl MOXKEeM Ha#TH Ko3(ppuLHeHTH B hopmyse (1).

[Ipennoxenue 10. Kakos 6or Hu Obin HOMEp CMpPOKU i,
demepmunanm mampuup, A nopsoka n sviuucisemcs no ¢op-
myare

det A = Zaij(—l)i+]dij, (10)
j=1

ede di; — 0ONOAHUMENbHOLL MUHOP 2NEMEHMA Gjj.
Ilns nokasatenbcTsa sanumeM det A xak det AT u pasnoxum
det AT no i-my cron6uy:

i

det A = det AT = Za;i(—l)i“d’~
j=1

rue a;-i — j-# sjemeHT i-ro cronbua matpuusl AT, a d;.i —
€ro JIOMOJHUTEJbHBI MHHOp, TO €CThb JEeTePMHUHAHT MOAMATpPH-
LBl D;-i matpuubsl AT monydaemoli BelYepKHBaHHEM i-TO CTO/NOLA
u j-# crpoku. Ho mo ompenesneHunio onepauyy TpaHCIIOHUPOBAHHUS
a;i = a;;. Kpome Toro, Kax J/1erko BHAETS, D}i = ng’., a 3HAuMuT,
d;i = d;;. Tloncrasnas 310 B pasnoxeHue det AT, MPUXOAUM K
passoxenuio (10).

3ameuanue. Crout o6paTUTb BHHMaHHe Ha TO, YTO 3Je-
MEeHT MaTpHLbl @;; BXOAUT KaK B pasJiokeHHe 10 j-My CTOJOLY,
TaK U B Pa3JjIoKeHHe I10 i-U CTPOKe C OJHUM U TeM ke Ko3(pdu-
uuentom (—1)"d,;.

[Ipennoxenune 11. [as awoboix dsyx keadpammuoix mam-
puy, 00Hoeo nopsodka det AB = det A det B.
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Iokasateabcto. [lycth marpuua A HeBbipoxaeHa. Pas-
JIOXKUM €€ B MPOU3BeJieHHe djieMeHTapHbix marpull. Torna AB =
= S1...SnyB. IocnenoatenbHo npuMeHsis Gopmyay (5), mosay-
4uM

det AB = det Sy ...det Sy det B.

Tenepb u3 hopmysbl (6) cienyer HyKHOe YTBEPKIEHHE.

Ecnn xe matpuua A BbIpOXKJ€HA, TO M3 NpeloxkeHus 6 § 2
caenyert, uto npousBenenne AB Takxe BeIpoxkaeHo U det AB pa-
BEH HYJIIO, TaK Ke Kak W npousBenenue det A det B.

3ameuyanue. I[lpennoxenue 11 mpu n = 2 umeer mpo-
cToe reoMeTpruieckoe oobsicHenure. [Ipu appuHHOM npeodpasoBa-
HUH NJIOCKOCTH KOMIIOHEHTH BEKTOPOB NpeodpasyroTcs no Gpopmy-
ge (10) § 2 ra. IV, KoTopasi B MaTpHUHBIX 0003HAUEHUSX MOXKET
6biTh 3anucaHa dopmyisol a* = Aa. OTcioga BUIHO, YTO MPOU3-
BeJleHHe Mpeo0pa3oBaHUil ¢ MaTpuuamMu A U B MMeeT MaTpuily
AB, v TIpy NIpOM3BelEeHUH MpPeoOpPa30BaHUE MJOIIALb OPUEHTHU-
POBaHHOTO MapaJesorpaMmma ymHoxkaetcss Ha det AB. C npyroit
CTOPOHBI, TIPU MOCJELOBATENLHOM BbIOJHEHUH NMpPeoOpa3oBaHUH
OHa CcHavasia yMHOXaetcsi Ha det B, a 3atem Ha det A.

5. JleTepMHMHAHT KJETOYHO TPEYroJbHOU MaTpuipbl. B ka-
YecTBe MpUMepa MPUMEHEHUs H3JI0XKEHHBIX CBOUCTB JeTepMHHAaH-
TOB TOJIyUUM OJMH IOJIE3HBIH Pe3y/NbTaT, KOTOPBIM y Hac OyjeT
cJlydyall BOCIOJIb30BAThCS.

[Ilycts U — KBajpaTHasi MaTpula MOpsAKa 7, U NPHU HEKO-
TopoM k ee ajeMeHThl u;; = 0, ecam @ > k, a j < k. Torna
U HasblBaeTcsl KAEmMOUHO-mpeyeovHol. To o3Hadaet, uto U —
00belMHEHHE YeThIPeX MOIMAaTpPHIL

A| B
U:H%W

npuuem A u C' — KBajipaTHble MaTpPHIbI MOPsiaKoB k U n — k, a
O — wuyJseBas matpuia pasmepos (n — k) X k.
Jloka»keM, 4To

; (11)

detU =det A -det C. (12)

Ecau A BblpoxaeHHas, TO ee CTOJOLBI JUHEHHO 3aBUCHMB,
JIMHEHHO 3aBHUCHMBI M COOTBETCTBYyIOLIME CTOJOUBI U. 3HA4wT,
det U =0, kak u det A, u popmyna (12) BepHa.
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[Tycts A HeBblpoXneHa. Jlokaxkem cHayasa, uyto U MOXKHO
pasJIoKHUTh B NTPOU3BENEHHE

-1
xaca i o N g mcas G

ofcC OE o] ¢©

[lepBoili coMHOXHTEMb 0603HaUuM P, a BTopoil — (. IlycTh MBI
YMHOXKaeM i-10 cTpoky P Ha j-i cronben Q, ui < k,a j > k. Ec-
JIM He CMOTPETb Ha cJiaraeMble, paBHbIE HYJIO, 3TO TPOU3BEIEHHUE
paBHO Mpou3BeieHHUI0 i-# cTpoku A Ha (j — k)-i cTosnbel mMaTpu-
usl A~ B, 1o ectb i, (j —k)-Mmy sementy matpuus AAT1B = B.
TouHO Tak e BBIUMCASIOTCS U OCTaJbHBIE 3J€MEHTHl POU3BeJie-
HHUS.

Hanee, det P MOKHO BBIUHUC/HUTD, MOCJAEI0BATEIBHO PACKJ/Ia/Ibl-
Basi M0 CTPOKaM, HayMHas ¢ nocaefHed. Mbl mpuaeM K paBeHCTBY
det P = det A. AnajoruuHo, packaanbiBast det () mocJjenoBaTesib-
HO 1o croabuamM, HauuHas ¢ nepsoro, noaydaem det QQ = det C.
OcraeTcsi BCIOMHHUTb, YeMy paBeH JAeTEePMHHAHT MpPOWU3BeIeHUS
MaTpHLI.

6. Popmysa MOJHOrO pas3jOMKEHHs. 371eCh Mbl MOJYYUM
popmyry noaHo20 pasroxeHrus NeTePMUHAHTA MOPSAKA 1, TIPel-
CTaBJSIOLLYI0 €ro KaK MHOTOUJIEH OT 3JIEMEHTOB MAaTPHIIbL.

BeeneM npenBapuTesibHO HEKOTOpPLIE omnpesesieHus. Mbl Gynem
Ha3bIBaTb NepecmaHosKol 4ucea 1,...,m 3TH 4HcJa, HalMCaH-
Hble B KaKoM-J1H00 onpeneseHHOM nopsake. Hanpumep, us yucen
1 u 2 ob6pasytorcs nBe nepecraHoBku: 1,2 u 2,1. IlepecTaHoBky
yucesa 1,...,n 0003HAYUM i1, ..., 0y.

Uunceno i, BHHOBHO B HapyuileHuu nopsaoka B TepecTaHOBKe
i1,...,0n, €CJIH OHO CTOHUT JieBee MeHblIero yucjaa: k < s, HO
ix > is. Hanpumep, npu n = 4 B nepectanoske 2, 4, 3, | uncna 2
U 3 BUHOBHBI Ka)KJioe B OJIHOM HapyllIeHHH TOpsiiKa, a Yucyao 4 —
B 1ByX. MTak, obliee unc/I0 HapylIeHHUH NOPsiJIKA B lIepecTaHOBKe
paBHO yeTbipeM. Uucsio BceXx HapylIeHHH NOpsiiKa B llepecTaHOBKe
i1y ..., 0n Ml 0603HAUUM N (i1, ..., 0p).

[lepectaHoBKa Ha3bIBaeTcsi 4emHol, €Cau N(z’l, ceyin) —
YeTHOe YHCJIO, U HeuemHoll B IPOTUBHOM CJy4Yae.
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JlokaxkeM (hopMyJTy MOJHOTO PaA3JIOKeHHS:

a11 AT
det|| ... ... ... ||l=

an1 ceo Qpn

= > (=D)NOay ag, g, (14)

(415eeeyin)

CyMMa B TpaBOil 4YacTH paBeHCTBA GepeTcs MO IMepecTaHOB-
KaM. DTO 03HauaeT, UTO KaXK[I0H MepecTaHOBKe yucen 1,...,n co-
OTBeTCTBYeT cnaraemoe. CjaraemMoe 1Jisl MEPECTAHOBKH i1, ..., 1,
COCTaBJISIIOT TaK: OepyT U3 1-# cTPOKH ¢1-U 3/1€MeHT, U3 2-# cTpo-
KN — i9-# 3JIeMeHT U T.J. U NepeMHOXKAOT UX. B pesysbraTe B
Npou3BeeHHe BXOAUT MO OIHOMY U TOJBKO IO OLHOMY 3JI€MEHTY
U3 KaXKIOU CTPOKH M Kaxkgoro croJbua. [lponsBeneHusi ckaambl-
BAIOTCS CO 3HAKAMH, OTpefie/IsieMbIMH YeTHOCTSIMH COOTBETCTBYIO-
X MepeCcTaHOBOK.

Dopmyny (14) mbl moKa)keM Mo WHAYKUMHK. [1ycTh npu n = 2
JaHa MaTpula ‘

JIBym mepecranoBkam 1,2 u 2,1 oTBeyarT, COOTBETCTBEHHO, CJa-
raempie (—1)N(1:2)g —1)NE@D U
11022 1 (—1) aisa21. VIX cymma paBHa

G11a922 — A12021, TO €CTb KaK pa3 AeTePMUHAHTY NaHHOU MaTpu-
I[BI.

Jomyctum, 4to hopmysa BepHa AJs MATPHUL mopsinka n — 1,
JIOKaKeM ee /sl TPOM3BOJIbHON MaTpulel A nopsinka n. Hanumewm
pasznoxenue det A 1o nepBoi CTpoOKe:

ailr a2
a21 Aa22

det A =" "(=1)"aypdyy. (15)
k=1

B k-e cnaraemoe 3TOro passoxkeHHus BXOOUT MHOXKHTENb dij, PaB-
HBIH JeTepMHUHAHTY ToaMaTpuiibl Diy. [lopsimok 3To# MaTpHIbI
n — 1 ¥ M0 MPeANoNOKEHHIO HHIYKIHH

dlk = det D1k = Z (—1)N(i1"“’i"*1)a2i1a3i2 N Y

(415eyin—1)
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3mech Bce HOMEPA i1, .. .,%n—1 OTJIMYHBI OT k, a MepBble HHIEKCHI
Yy COMHOXHTeJIEH paBHHl 2, ...,n, TaK KakK, COXpaHss cTapbie 060-
3Ha4YeHHs /ISl SJEMEHTOB MaTpHLbl A, Mbl 0/KHB Y4eCTb, UTO B
Dy, He BXOLAT mepBasi CTpPoKa U k-# crogber.

Tenepp B k-M ciaraemom popmyssl (15) MOXKHO BHECTH MHO-
xutenb (—1)*+laq, mox sHaK cyMMBbl M 3amMcaTh 3TO c/laraemMoe
TaK:

(=) aypdyy =

= E (—1)N(“""’z"—1)+k+1a1ka2i1a312 R

(31, —1)

Yucna k,ii,...,0,—1 00pa3yloT MepecTaHOBKY dyucesa 1,...,n,
npuyeM

N(kyi1, ... in—1) = N(i1, ... in-1) +k—1,

Tak Kak npasee k cTouT poBHO k — 1 uuces, MeHblux k. Cie-
nosarenbHo, N(k,i1,...,4,_1) HMEET Ty K€ YETHOCTb, YTO U
N(it,...,ip—1) +k+ 1, 1 MBIl UMeeM

(=) aypdyy =

= Z (_1)N(/€7i1,m,in—l)alkazilagi2 o ani, . (16)

(415eeesin—1)

B npaBoit yacTH 3TOro BBEIpa)KeHHs COOpaHBl BCe Te UJEHBI U3
cymMmbl (14), KOTOpble COOTBETCTBYIOT MePeCTaAHOBKAM, UMEIIUM
k na nepsom Mecte. B cymmy (15) BXoasiT caraembie aJis J0GOr0
k. Tlotromy mocJsie moacTaHOBKU Bbipaxkenust (16) B cymmy (15)
Mbl MOJYYUM BCe 4jeHbl cyMMbl (14) W, KOHeYHO, He MOJYYUM
HUKAKHUX JPYTHX YJIEeHOB. DTHM (opMyJa TOJHOTO PasJioKeHHs
JOKa3aHa.

[lo MHAYKLHUY JIerKO MpoBepsieTcss, 4To (hopMyJia MOJHOTO pas-
JIO’KEHHS IeTePMHUHAHTA TIOPSiKA 7. CONEPKHUT n! claraeMbix.
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YIIPA2KHEHHWSA

1. [lyctb A — kBajgpaTHasi MaTpula nopsinka m. Boipasute det aA
yepes det A.

2. Ilycts A — kBaspaTHasi MaTpuna nopsiaka 2n + 1 u AT = —A.
Jlokaxkure, uto det A = 0.

3. JlokaxuTe, 4TO A€TEPMHHAHT /000N TPEYroJbHOH MaTPHULbLl PaBeH
NPOM3BEEHHUIO ee NHArOHa/MbHbBIX 3/1eMEeHTOB.

4. Beluucaure

ol O = O
= O O
=W W =

1
1
2
1

5. K xaxkpoMy s/jeMeHTY MaTpHIbl MPUOABJIEHO ONHO U TO Ke YHCJIO
t. JlokaxkuTe, 4TO NETEPMHHAHT MOJNYYMBIIEHCH MaTpHLbl — JHHelHas
¢dyHkuus ot t. Halinnre koshduureHTs 3TOH QYHKLIHH.

6. Boiuncaure JETEPMHUHAHT MOPAAKA M.

2 1 1 1
-1 2 1
-1 -1 ... 2 1
-1 -1 ... -1 2

7. JlBa KBafpaTHBIX MHOTOUJEHA x> + bx + ¢ n ax’ + B + v UMeloT
o6uru# KopeHb. JlokaxKuTe, 4To

oQ o9
Q™o o
™2 o0
2 o0 O

8. lokaxuTe, uTo ypaBHeHHe X2+ FE = O He UMeeT pelleHUi cpeny
BeleCTBEHHbIX MAaTPHULl HEUETHOTO MOPSIAKA.

9. CkoJibKO HapylieHui nopsinka B nepecraHoske (5, 4, 3, 2, 1)?

10. Hokaxure hopmyay (12) npu nomorun GpopmyJibl MOJHOTO pasJsio-
JKEHHS.
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§ 5. CUCTEMbI JIMHEUHbIX YPABHEHUH
(OCHOBHOM CAYYAHM)
1. Nlocranoska 3agaun. Cucremy ypaBHeHHii BHAa
atr! +alz? + - +alam = 0!
ajxl +a3x? + -+ ala™ = b2 (1)
al'xl +afa? + -+ ala" ="

Mbl OyfeM HasblBaTh CUCMEMOU M AUHEUHbLX YPABHEHUl ¢ n

neusgecmromy b, . .. 2", KoshdUUMeHTbl 3TUX ypaBHEHHH Mbl
OyleM 3amuCchbiBaTh B BUJE MaTPHULbI
1 1 1
a;  az ... a,
A= e ,
m m m
ay a4 Qy,

Ha3blBaeMoU mampuyeti cucmemol. ducna, CTOSIIME B MPaBbIX ya-
CTSIX ypaBHeHHH, 00pasyioT cronbell b, Ha3biBaeMbIH cmoabyom
€c80600HbLX UNEHOB.

Marpuua cucrembl, JOMOJHEHHas ClpaBa CTOJOLOM CBOOOM-
HbIX 4JIEHOB, Ha3blBAETCS PACULUPEHHOL mampuuetl cCucmemsl U
B 3TOH ryiaBe o603HavyaeTcss A*:

1 1 11
a; az ... a, b
A = .
m m m m
a’  ay a’ b

Ecau cBoGonHbIE UJIeHBl BCEX YpaBHEHUH paBHbI HYJMIO, TO CH-
cTeMa HasblBaeTcss 00HOPOOHOLL.

Onpenenenne. COBOKYNHOCTb m 4Mcen al,...,a" Ha-
3biBaeTcs peuleruem cucteMbl (1), eclu Kaxuoe ypaBHeHHE CH-
CTeMbl 00palllaeTcsi B UUCJIOBOE PABEHCTBO MOCJ/E MOACTAHOBKH B
Hero uucea a',...,a" BMeCTO COOTBETCTBYIOLUIHX HeM3BECTHBIX
AR L

[Tonb3ysick ompeseneHHeM JHUHEHHBIX OMepanui co cTosbra-
MM, MBI MOXKeM 3anucatb cuctemy (1) B BHIe

ai al bt

N R |l

m bm

m
af a
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(mpumep 1 § 1) uau Kopoue
rla; + .-+ z"a, = Db,

roe aj,...,a, — CTOJOLbl MaTPULBl cUCTeMbl, a b — croabel
cBoOOHBIX usieHoB. OTcioa cpasy BBITEKaeT CJedyioliasi HHTep-
npeTalus pellleHUus] CUCTEMbl THHEHHBIX YpaBHEHHH.

[Ipennoxenue 1. Pewenue cucmemol AuHelHblX Yypas-
HeHuli — 3mo COBOKYNHOCMb KO3PHuyLeHmos, ¢ KOmopobimu
cmoabey, c80600HLIX UAEHO8 pacCKAQObIBAEMCs NO CMoAbUam
MaAmpuybl cucmemol.

C TakUM HCTOJKOBAaHHEM pelleHUs] CHCTeMbl JIMHEHHbIX ypaB-
HeHHUE Mbl BcTpedanuch B m. 8 § 5 . L.

[Tosb3ysicb yMHOXKEHUEM MaTpHIL, Mbl MOXKEM 3aMucaTh CUCTe-
My (1) emme Kopoue:

Ax=Db

(mpumep 1 § 2). Bribop o6Go3HaueHu# omnpenpessieTcsi pelaeMon
3ajauen.

Hama uenb cOCTOMT B HaX0XKIEHHH BCEX PELIEHUH CHCTEMBI
(1), mpuuem MBI He JesaeM 3apaHee HHUKAKHX IPEIIIOJNOKEHUH
OTHOCHUTEJ/IbHO KO3((MHULHUEHTOB U CBOOOAHBIX UJEHOB CUCTEMbl U
JaxKe OTHOCHUTEJIbHO 4McJ/a ypaBHeHUH W HersBecTHbIX. [TosTomy
MOT'YT NPeICTaBUTbCS pPas/jUyHble BO3MOXKHOCTH. CHCTeMa MOXKeT
BOOOILe He UMETb PelleHHs, KaK CHCTeMa

2t +a?=1
!+ 2?2 =0,

onpefensiolias ABe MapasjenbHble npsimble. CucreMa MOXeT
UMeTb OeCKOHEUHOe MHOXKECTBO pelleHHH, Kak cucrema (n = 2,
m = 1) 2 + 2% = 0, pelueHneMm KOTOpO# fABAsETCS M0Oast Mapa
yuceJs, PaBHBIX 110 MOAYJI0 M OTIHYaloLIMXcs 3HakoM. Ilpume-
pbl CHCTEM, UMEIOLIMX OfHO eIUHCTBEHHOE pelleHHe, B U300UIUH
BCTPEUAOTCs B ILIKOJBHOM KYpCe.

CucTeMbl, UMEIOLINE pelleHUs], HAa3blBAIOTCA COBMECMHMHbIMU, A
He MMeWolUINe PeUIeHUH — Hecoemecmmobimu.

Kak caenctBue npensoxkenust 1 u npepsoxenus 6 § 1 mul
nosyyaem



§ 5. Cucmemor aunetinvix ypasrenut (0CHOBHOL cAyHaLl) 209

[Tpennoxenue 2. Ecau cmoabuyv, mampuypl cucmemol Au-
HelHO He3a8UCUMbL, MO CUCMEeMa He MOoxcem umems 08YyX pas-
AUYHBLY PEULeHULL: OHQ UL HECOBMECMHQA, UL umeem eoum-
cmeeHHoe peulerue.

OCHOBHBIM CPEACTBOM HCCJ/IELOBAHUS W peLIeHUs CUCTEM JU-
HeHHBbIX ypaBHEHWH A/ Hac OyAyT 3/JeMeHTapHble NpeoOpas3oBa-
Hust Matpuu. [IppuuuHy 3Toro mokasbiBaer

[Ipennoxenue 3. Iremenmapuoim npeobpas308aHusIm
CMpoK pacuwuperroil mampuyst cucmemot (1) coomsemcmasyiom
npeobpas3osanus CUCmeMbl YPABHEeHUL, He MeHsroujue MHOdNce-
cmea ee peuleHull.

JleficTBUTENBHO, €CcJM CTpoKa MaTpuuel A* yMHOXKaercs Ha
yuceao A # 0, To mpeobpasoBaHHas marpuua B* sBasercs pac-
IIMPEHHON MaTpulied /s CHCTeMBl, mosydaeMoil u3 (1) ymHoxe-
HHMEM COOTBETCTBYIOLLEro ypaBHeHUs Ha A. Eciau B marpule -5
CTpoKa npubaBJasieTcss K j-H, TO B cCUCTeMe ypaBHEHUH i-e ypaB-
HeHue npubasssercs K j-My. B jo6oM ciyuae npeobpasoBaHHas
CHUCTeMa sIBJsieTCs CJeACTBHeM HcxXofHoH. Ho anemeHTapHEIE Mpe-
o6pa3oBaHus 06paTHMbl, a 3HAYMUT, U HCXOAHAs CHCTEMa MOXKeT
OBITb MOJydeHa U3 NpeoOpa3oBaHHON U SBJSIETCS ee CleJCTBHEM.
[TosToMy MHOXKeCTBa pelleHUH 00euX cCUCTeM COBNALAIOT.

2. OcHoBHOW cayyaii. B sToM maparpade Mbl paccMoTpuM
OCHOBHOH cJ/1y4aH, KOrja 4YHCJO YpaBHEHHH paBHO 4MCJYy HeH3-
BECTHBIX: m = n. KpoMe Toro, Mbl HaJ0XXHUM oIpeeeHHble orpa-
HMYeHUs] Ha Ko3(P(ULUEeHTbl cucTeMbl. Eciu 3TOoro He cueJars,
TO HaM MPHUJAETCS U3ydyaTb 3[€Cb, HAPUMep, U CHUCTEMY M3 OJHO-
ro ypaBHeHHs, TIOBTOPEHHOro 1 pa3. Mbl XOTHM, 4TOOBl HH OLHO
ypaBHeHHe He OblJIO C/IeACTBUEM OCTaslbHBIX. s 3TOro BO BCH-
KOM cJlyyae HeoOXOoAMMO, UTOOBl HM ONHO M3 HHMX He ObLJIO JIH-
HelHOH KOMOMHAaLKeH oCTabHbIX (B IeHCTBUTENbHOCTH, 3TOTO U
JOCTaTOYHO, HO Mbl MOXEM He BHHKAaTh ceiddac B 3TOT BOIPOC).
B cnyyae m = n pns JuHeHHOH HE3aBUCUMOCTH yPaBHEHHUH He06-
X0IUMO 1oTpeboBaTh, YTOObl MaTpHlla CUCTEMbl Obla HEBbIPOXK-
JeHHOH, WJM, 4TO TO K€, 4TOObl ee NeTePMHUHAHT OBl OTJIHYEH
oT HyJsi. JleficTBUTENBHO, €C/IM OIHO U3 ypaBHEHWH — JIMHeHHas
KOMOWHALMS OCTAJNbHBIX ¢ KOI((PULHUEHTAMH (1, . . ., (1, TO CO-
OTBETCTBYIOIIAsl CTPOKA PACIIHPEHHOH MaTpULbl eCTh JHHEeHHas
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KOMOUHALMS OCTAJbHBIX CTPOK C TeMHU ke KoadduuueHtamu. To
JK€ OTHOCHTCSI U K MaTpPHULE CHCTEMB.

Teopema 1. Ilycmv dana cucmema u3 n ypasHenuti ¢ n
Heu38ecmmblmu

atx! +adx® + .-+ ala™ = bl
atrl +a3z? + -+ alam = b2 @)

a{‘xl +a3x2 + - 4 allx™ =b".

Ecau demepmuranm mampuybl CUCMeMbl OMAULEH OM HYASL, MO
cucmema umeem peuierue, U NPUmom moAabKo 0OHO.

B camowm pnene, 3nas npensoxkeHue 1, Mbl MoxkeM copmynu-
poBaTb 3Ty Teopemy uHade: Ilycte A — KBampaTHasi mMatpuua
nopsiaka n v det A # 0. Torma so6oii croabern b BEICOTH n
packJsajbpiBaeTcs Mo croaduam A, U Ko3(QOULIUEHTbl pasJ/oKeHHs
omnpenesieHbl OHO3HAYHO. Tak Kak OT/IHYMe JeTepMHHAHTa OT HYy-
JISl PaBHOCHJIbHO HEBBIPOXKJIEHHOCTH MAaTpPHLBl, 3TO yTBEPKIEHHE
CoBMajaet ¢ Teopemoit 2 § 2.

3. IlpaBuno Kpamepa. [Ipasusom Kpamepa HasbiBawTCs
(hopMynbl U1 HAXO0XKIEHHUS PEeLleHHs CUCTeMbl U3 m YpaBHEHHH ¢
7 HEM3BECTHBIMHU U AE€TE€PMHUHAHTOM, OTJIMYHBIM OT HYJS.

[lnsi Toro, 4ToObl HAaWTH 3HAUEHWsS HEHU3BECTHBIX, COCTABJIS-
IolllMe pelleHue, BeiGepeM MPOU3BOJBHBIH HOMEpP HEHU3BECTHOH i
U pPacCMOTPHUM AETePMHUHAHT MaTPULbl, [OJy4aeMOH U3 MaTpHUILbl
cucreMmbl (2) 3ameHol ee ¢-ro cTosI6HA CTONOIOM CBOOOAHBIX UJie-
HOB b:

A" = det ||a1 RPN S V. | bai+1 .. an|| 5

Ecau 2!, ..., 2" — pewenue, To b = zla; +---+2"a,, u B cuay
JIMNHEHHOCTH JIeTePMUHAHTA 10 CTOJIOLY

N det\|a1...ai,1a1ai+1~~an|| + ..
+xtdet|lar...a; 1 a;a;41...a,] + ...
+a" det|lar...a;_1apai11...a,] .

Bce ciiaraembie, KpoMme -ro, paBHBI HYJIH0, TaK KaK MaTPHUIIbl B HUX
UMEIOT TI0 J1Ba OMHHAKOBBIX cTosbma. Ilostomy A' = z' det A.
Orcrona
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i
xz:deAﬂ (t=1,...,n). (3)

Dopmynbl Kpamepa npu n = 3 mbl BoiBesid B § 5 1. 1 (dop-
myast (19)).

4. ®opmyJasl AJs 3JeMeHTOB oOpaTHOU MaTpuubl. Pac-
CMOTPHUM KBaJpaTHYI MaTpuuy A ¢ JeTepMHHAHTOM, OTJHYHBIM
ot Hyas. [IpaBusio Kpamepa mosBosisieT mosydutb (OpMyJibl, BbI-
paxkatolye 3/7eMeHThbl 00paTHOH MaTpulbl A~ uyepes ssemMeHTHI
A. JleficTBuTenbHO, j-# ctoaben A~! npu mpousBONbHOM j paBeH
A~'e;. Ecan Mbl 0603HaunM ero x;, 10 Ax; = e;. [Ipumennm
npaBuso Kpamepa 1151 HaX0XKIEeHUS i-H HEH3BECTHOH B pelleHHH
9TOH CHCTEMBI: :c; = A?/det A, rne A — neTepMHHaHT MaTpH-
Ibl, MOJy4YaeMod U3 A 3aMeHOH ee i-ro crosbua Ha j-U crosbelr
eNMHHYHOl MaTpulbl. Pasnaras A’ no sTomy cTosIGILy, MBI HMeeM
TOJIBKO OJ[HO CJlaraeMoe, TakK Kak B €; TOJbKO j-H 3JeMeHT paBeH
1, a octanbHble paBHbl Hymo. CaenoBatenbHo, Al = (—1)i+jdg,
rie df — JIOTIOJTHUTEJIbHBI MHHOD 3JIEMeHTa a{ B MaTpule A.
[TonuepkHeM, UTO 3TOT 3JEMEHT CTOUT B MO3HIHMH CHMMETPHUUHOH
C TIO3UIIMEH, B KOTOPO# pPacoJ/ioKeH BHIYUC/ISIEMBI HAMH 3J1€MEHT
x; OKOHYATEJBHO,

i+g i
ol = U™ 4)
det A

Dopmynel (4), kKak u mpaBuio Kpamepa, HMEIOT HeKOTOpoe
TeopeTHUecKoe 3HaueHHe, HO [/ UHUCJEHHOrO pelleHHs CHCTEM
JIMHEHHBIX YpaBHEHMH W oOpallleHHs MaTpPHL MPUMEHSIOTCs Co-
BCEM JpYrHe MeTOJbl.

YIIPA2KHEHUA

1. Ilyeth uncna a1, x2,xr3 nonapHo pasdanyHbl. Jlokaxkute, 4To Mpu
JOOBIX Y1, Y2, Y3 HaldeTCcsa eJUHCTBEHHBbIH MHOTOYJIEH CTeleHH < 2, rpa-
(UK KOTOPOTO MPOXOAUT Yepe3 TOUKH ¢ KoopauHatamu (z1,y1), (T2,y2),
(w3, y3).

2. [Mosbaysick hopmynamu (4) HaiinuTe 0OpaTHYIO 1Ji MaTPHLbI

c d

abH
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§ 6. CUCTEMbI JIMHEMHbIX YPABHEHWM
(OBLLLASI TEOPUS)

1. YciaoBusi COBMECTHOCTH. O6I_I_[I/Ie orpeneseHus, Kacarmlin-
ecsl CUCTeM JINHEHHBIX ypaBHeHHﬁ, OBLITH BBE€IEHLI B Ha4daJie § 5.
Tenepb MBI MO2KEM 3aHATbCA U3YUYEHHEM CHUCTEM U3 M ypaBHeHI/Iﬁ
C " HEU3BECTHLIMH. CI/ICTEMY

atr! +alz? +-- +alam =0t
atrl +a3z? + -+ alam = b2

allal +a'a? + -+ ala™ = b
MBI MO’KEM KpaTKO 3aluCcaTb B BHIE
Ax = b. (1)

Cucrema 3amaercss CBOeH pacIIMpeHHOH Martpuuedi A* =
= ||A|b||, nonyuaemoli oObenrHeHHEM MaTPULbl CHCTeMbl A H
cronbua cBOOOAHBIX 4YJjeHOB b.

[Ipoctoe u 3hpekTHBHOE YyCA0BHE, HEOOXOAUMOE U AOCTATOU-
HOe [/ cOBMeCTHOCTH cHcTeMbl (1), maer teopema Kpowexepa-—
Kaneaau, noxkasanuasi B § 3. B cuny npensnoxenuss 1 § 5 oHa
MOXKeT ObITh TepedOpMYJIHPOBaHA TaK:

Teopewma 1. Cucmema aunelinoix ypasHenuil cosmecmHa
moeda u moavKo moeda, K020a pare Mampulybl CUCMEMbl PABEH
parey pacuiupenHol mampuybl.

[Ipennoxenue 1. [lycmo pacwupennas mampuua A*
npusedena K YnpoujerHomy 6udy C NOMOULIO INEMEHMAPHbLY
npeobpaszosarnuii cmpok. Cucmema (1) nHecosmecmrna moeda u
moabko moeda, K020a 8 Ynpouw,eHHyro mampuyy exooum cmpo-
ka |0 ... 0 1|.

HokasatenabctBo. [lycTb paccMarpuBaeMas cucTeMa He
coBMecTHa, 1 Rg A* > RgA = r. B ynpolieHHOM BuIe MaTpH-
usl A mocienHue m — T CTpoK — HyzeBble. [locnenHuii ctos-
6ery Mmatpuubl A* nosmkeH ObITh 6a3UCHBIM, U B yIPOLIEHHOM BH-
Je MaTpulbl A* mocnenHuil croaben — 7 + 1-i crosbel enu-
HUYHOH MaTpuubl. [loaTomy 7 + 1-9 cTpoKa 3TOH MaTpHULbl €CTb
o ... 0 1].
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O6patHo, ecaM B MaTpulle CONEPXKUTCS Takas CTPOKa, TO
MOCJeNHUH CTOJI0el He MOXKeT OBIThb JUHEHHOH KoMOMHauWeH
OCTaJIbHBIX, M CHUCTEMa C YIMPOILIEHHOH MaTpHUlledl HecOBMEeCTHA.
Torna HecoBMecTHa U HcXoiHast cucTeMma (mpemsioxenue 3 § 5).

Ecau marpuua A’ mosyuena us A ajieMeHTapHBIMH PeoGpaso-
BaHUSIMU CTPOK, TO Kaxjas ctpoka A’ — jnHelHas KOMOUHALHS
ctpok A. IlTostomy npensoxkeHue | MOKHO CQOPMYJHPOBATH U
TakK:

CnencrBue. Cucmema AuHeliHbLX YpaABHEHULL HECOBMECT -
Ha moeda u moAvKo moeda, K020a NnpomusopeUUsoe paseHcmso
0 =1 asaaemca aunetinoi Komburayuet ee ypasHeHull.

PaBeHCTBO paHroB MaTpulibl CHCTEMBl M pacLIMPEeHHOH Mart-
pHLBl MOXKHO BbIPA3WTh, MOHHMMAsl PaHT MaTPULBl KaK CTPOYHbIH
paHr. DTo MpUBEET Hac K cjeldylollel TeopeMe, U3BECTHOH Kak
meopema Ppedeorvma. Ins uccienoBaHUS CUCTEM OHA He OYeHb
yno6Ha, HO UMeeT CyIeCTBEHHOEe TeOpEeTHUECKOe 3HAUEHHeE.

Tpancronupyem matpuny A cuctembl (1) u paccMoTpuM cH-
CTeMy M3 n JUHEeHHbIX ypaBHEHUH

aiy1 +ajya + -+ alym =0
azyi +azyz + -+ gy, =0 ©

Y1+ anyz + -+ Qg Ym =

¢ m HeusBeCTHbIMH, MaTpuleil AT ¥ cBOGOAHBIMU U/JEHAMH, paB-
HbIMU HYJt0. OHa Ha3bIBAETCS CONPANEHHOL 00HOPOOHOL CHUCTe-
mo# mJisi cucteMbl (1). Eciu y — crosiGerr BBICOTH m W3 HEU3-
BECTHBIX, TO cucTeMy (2) MoxHO 3anucaTh Kak Aly = o, uam
JIydlie B BHJE

y'A=o, (3)

rie o — HyJeBasi CTPoKa JIJIHUHBI M.

Teopewma 2. [las moeo, umober cucmema (1) 6vira cos-
mecmua, Heobxodumo u docmamouro, umobovl Kaxdoe peuleHue
conpsicerHol 00HopoOoHoL cucmemot (3) ydosaemeopsro ypas-
HEeHUIO

yib=bly, + -+ 0™y, = 0. (4)
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JokaszateabctBo. 1°. Ilycth cucrema (1) coBmecTHa, TO
€CTb CYIIECTBYET CTOJOEL X BBICOTH M, HJs KoToporo Ax = b.
Torma asist JI06Oro CTOJGUA Yy BBICOTHI M BbINOJHEHO y' (Ax) =
= yTb. Ecin y — pewenue cuctemsl (3), To y'b = (y? A)x =
= ox = 0.

2°. Tlpennosioxkum Temepb, uto cuctema (1) HecoBmecTHa. To-
IZa COrIacHo npeaoxkenuio 1 crpoka || 0 ... 0 1 | exomut B
YIPOLLEHHBIH BUJ PacLIMPeHHOH MaTpulibl A* = H A | b H H,
CJIe[I0BaTeNIbHO, IBJSETCS JUHEeHHOH KoMOHHaunel ee ctpok. O6o-
3HAUUM KO3(D(PUUUEHTBl 3TOH JIMHEHHOH KOMOMHALHMH Y1, ..., Ym
U COCTaBUM M3 HUX cToJbel y. las aToro croabua

yilla e f=[o .. 0o1]

(mpennoxenune 1 § 2). 1o ke paBeHCTBO MOXKHO pacrmucath Kak
nBa: y'A = o u y'b = 1. Urak, Ham ynanoch HaliTH pelleHHe
cucteMbl (3), He ymoBaeTBOpsioliee yCaoBHIO (4). DTo 3aKaHUH-
BaeT [[0Ka3aTesbCTBO.

B kauectBe mpumMepa npumeHuM TeopeMy Ppearosbma K BbIBO-
1y YCJIOBHS Mapasiie/bHOCTH ABYX PA3JHUYHBIX MPSAMBIX Ha IJI0C-
KOCTH. MIX ypaBHEHHSI COCTABJISIOT CUCTEMY

A1$+Bly—|—01 =0, AQ.T-‘rBQy—i-OQ:O.

OHa He HMeeT pelleHHH, ec/u CyllecTByeT pelieHue |lu, v| co-
NPsI>KEHHOH oHOPOAHOM cucTeMbl uA1+vAs =0, uB1+vBs = 0,
st kotoporo uCy + vCo # 0. flcHO, YTO © ¥ v MOKHO CUHTATb
He paBHBIMH Hym0. [103TOMY, MOJMOKHUB A = —v/u, MOXKHO 3alu-
caTh MOJIydYeHHOE YCJOBHUE TaK: CYIIECTBYeT UMCJIO A TaKoe, uTo
Ay = My, By = ABy u C7 # \C5. B stoM Bule ycioBHe Ham
u3BecTHO U3 npepyoxenus 7 § 2 ra. 1L

2. HaxoxpeHue pemeHuii. B 3Tom nyHkTe Mbl Oynem pac-
CMaTpUBATb COBMECTHYIO CHCTEMY H3 m JIMHEHHBIX ypaBHEHHH
C n HeU3BeCTHBIMH. PaHr MaTpuubl cucTeMbl 0003HauuMm 7. [lo-
CKOJIbKY PaHT pACUIMPEHHOH MATPHIIbI TOXKe PABEH 7', Mbl MOXKEM
CUHTaTh 0A3HUCHBIH MHHOD MATPHIIBI CHCTEMbl 0a3UCHBIM MHHO-
pPOM paCIIMPEHHOH MATPHIIbl. DIeMEHTapPHBIMU MPeoOpa3oBaHHUsi-
MU CTPOK TPHUBENEM PACIIMPEHHYI0 MaTPULY K YIPOLIEHHOMY BH-
ny (npennoxenue 8 § 3). Hawa cucrema JMHeHHBIX ypaBHEHHH
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nepeijer B 5KBUBAJEHTHYIO el CHCTeMY U3 7 JHHEeHHO He3aBHUCH-
MBIX ypaBHEHHH.

Jnsa yno6erBa 3amucu GyaeM MpeanoJsiaraTh, 4TO 0a3WCHBIH
MHHOD PacIoJIoxkKeH B NepBblx 7 cros6uax. (Takoro pacrnosoxeHns
B J1I000M cjyuyae MOXKHO J0OMTbCS, M3MEHSs HyMepalHio Heus-
BEeCTHBIX.) B 3TOM ciydae paciuivpeHHast MaTpula cHcTeMbl Oyner
MMeTb YIPOLIeHHBIH B, KOTOPBIH MOCJAe 0TOPACEIBAHUS HYJIEBBIX
CTPOK MOXHO 3anucatb Kak ||E,|A’|b’||. JleBast 4yacTb cucTeMbl
YPaBHEHUH € TaKOW pacCLIMPeHHOH MaTpULeHd MoJydaeTcss YMHO-
eHueM Mmatpulibl ||E,.|A’|| Ha cronber U3 HeusBecTHbIX X. [Ipu

3TOM BepXHss yacTb ctonbua x; = ||z, ..., 2"||7 ymHoxaetcs Ha
nonmarpuny E,, a uuxuas xo = [z, 2|7 — na A
[En|A'|lx = x1 + A%z = b (5)

B pasBepHyToM Buae npeoOpa3oBaHHYIO CHUCTEMY MOXKHO 3a-
nucathb TakK:
ol = Bt — (ag 2™ o 4 aga”)
(6)
o’ =" — (ap 2" 4+ anah).
3nechb aé- — 3/eMeHTH MaTpuubl A’, a 3° — sjeMeHTH npeobpa-
30BaHHOTrO CTOJOIA CBOGOAHBIX 4sieHOB b’. B jeBbIX uactsix pa-
BEHCTB MBI OCTAaBHUJIM HEM3BECTHBIE, COOTBETCTBYIOIIHE CTONOIAM
BbIGPaHHOT0 HaMH 6a3UCHOTO MUHOPA, TaK Ha3blBaeMble Oa3uCHbLe
HeusBecTHble. OcTasbHble — Heba3uUcHble — HEeH3BeCTHbIe (Ha3bl-
BaeMble TaKXkKe napamempuyecKumu) nepeHeceHsl B IpaBble YacTH
PaBEeHCTB.

Kak 6Bl MBI HM 3aa/1 3HAUEHUS MapaMeTPHUECKNX HEHU3BeCT-
HBIX, 0 (popMysaM (6) Mbl HaiiieM 3HaueHHst GA3UCHBIX TaK, 4TO
OHU BMeCTe CO 3HAueHHUSIMU MapaMeTpUYeCKUX HeU3BEeCTHBIX 00-
pasyloT pelieHue ucxonHor cuctemsl (1). Jlerko BuIeTh, 4To Tak
MBI TIOJyYUM BCE€ MHOXKECTBO pelleHHUH. [leficTBHTEBHO, MPOU3-

BOJIbHOE DELlIeHHe CUCTEMbI T, . . . ,xS,xSH, ..., T{ YHOOBJETBOPS-
et cucreme (6), u motomy, moxcraass x,'',....xl B mpasyio
4YacTb 3TOW CUCTEMBI, B JIEBOM Mbl MOJYYHUM :c(lj,...,xg, TO eCTb

popmya (6) nacT UMEHHO 3TO pelleHHe.
Ha ¢opmynax (6) M0okHO ObLIO ObI U OCTAHOBHTbCS, HO HHXKe
MBI JafiuM 6oJiee MPOCTOE W HArJISIHOE, a TAKXKe MPUHIUIHATBHO
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Ba)KHOe OIHCaHHe COBOKYIHOCTH pelleHHH CHCTeMbl JIMHeHHBIX
YpaBHEHHH.

3. [IpuBenennasa cucrema. ConocTaBUM CHUCTEMe JIHHEHHBIX
ypaBHeHH# (1) OOHOPOAHYIO CHCTeMY C TOH Ke MaTpHled Ko3d-
(UL HEHTOB:

Ax = o. (7)

[To oTHolienuio K cucteme (1) oHa HasbiBaeTCst NPUBEOEHHOLL.

[pennoxenue 2. llycmo xo — pewenue cucmemor (1).
Cmoabey, x makace b6ydem ee pewieHuem moeda U MOAbKO MO-
eda, koeda Hailldemcs makoe peulerue 'y npugederHoll cucmemot
(7), umo x =xg +Yy.

JokaszateabcTBo. Ilyeth x — perenue cuctembl (1).
PaccMoTpum pasHocTh y = X — Xo. s Hee Ay = Ax — Axp =
=b-b=o.

O6patHo, nycTb y — peliiende cucteMbl (7), H x = xg +y.
Torna Ax = Axg + Ay =b+o0=bh.

IT0 MpenJsoKeHHe CBOIUT 3aJauy OMUCAHUs MHOXeCTBa pe-
LIeHUH COBMECTHOH CHCTEMBbl JUHEHHbIX YPaBHEHUH K ONHCaHUIO
MHOKECTBa pellleHHUH ee MPUBEJIEHHOH CUCTEMBI.

OnHoponHasi cucTeMa coBMecTHA. JIeHCTBUTENbHO, HYJEBOH
cronibel] siBJsieTCs ee pellleHHeM. DTO pellleHHe Ha3biBaeTcs mpu-
BUANLHLM.

[TycTb cTonbupl MaTpuibl A JHHEHHO HE3aBUCHMBI, TO €CTb
Rg A = n. Torna cucrema (7) uMeeT eqMHCTBEHHOE (HYJeBOe) pe-
wenue (mpensoxkenue 2 § 5) M, c/1e10BaTEJbHO, HETPUBHAJBHBIX
pewenuii He umeet. [Ipu Rg A < n cucrema (7) uMeer HeHyJeBble
pelleHus.

[Ipennoxenue 3. Ecau x1 u Xo — peulenus 00HOpoO-
HOU cucmemol, mo 110048 UX AUHEUHAS KOMOUHKAYUS — MaKice
peulerue amoti cucmemol.

JokaszateabcTBO. M3 Ax; = 0 u Axy = o 1 JM0OBIX
a ¥ f caenyer A(axy + Ox2) = aAx; + fAxs = o.

Ecnu onHopopHasi cucTeMa MMeeT HeTPHUBHAJbHBbIE pellleHwUs,
TO MOXHO yKa3aTb HECKOJIbKO JINHEHHO He3aBUCHMBIX pelleHHH
TaKUX, 4TO JI060e pelleHHe SB/ISeTCsS UX JUHeHHOW KOMOWHALHM-
eii. Crenaem 3To.
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Onpenenenune. Marpuua I, cocrosiias U3 cToa6LUOB BbI-
COTBI 7, Ha3bIBAETCS PYyHOAMEHMAAbHOU mampuyel IJs OTHO-
POIHOH CHCTeMBI ¢ MaTpHllel A pasMepoB m X n, ecju

a) AF = O,

6) cro6ubl F JIMHEHHO He3aBUCHMBI,

B) Kaxmoe pemienne cucteMbl AX = O packJjaiblBaeTcsi Mo
crosnbuam F'.

Kakneiii cronben gyHAaMeHTanbHOH MATPHULBl B CHJY YCJIO-
BUs (a) — peleHde cucteMbl. CTOJOUBI (PyHAAMEHTAJbHOH MaT-
PHLBI COCTABJSAIOT PYHOAMEHMAALHYO CUCMEMY DeulerUl.

Ecau cucrema He MMeeT HeTPUBHAJBHBIX pelleHHH, TO YCJO-
BUe (0) BBIMOJNHEHO ObIThb He MOXKeET, W (DYyHAAMEHTAJbHOH MaT-
pruel HeT. Hurke MBI mOKa)keM, 4TO B OCTaJbHBIX CJAydasx OHA
CYILIECTBYET.

[IpunuceiBas K MaTpule JUHeHHYI0 KOMOWHALHIO ee CTOJO-
LIOB, Mbl He YBeJIMUKMBaeM paHra matpuisl. [loatomy B cuay ycio-
Bust (B)

e paHr F' MakCcHMaJjieH CpPeld PaHrOB MaTPHIL, YAOBJETBOPSIO-
IHUX yCJ0BHIO (a),

a 3HA4yurT,

® BCe prH,ELaMeHTaJIbeIe MaTpUlbl HUMEIT OOWH U TOT 2KE
paHr,

e Bce (DyHAaMeHTaJbHblE MATPULBI UMEIOT OIHO U TO 2Ke YHC-
JIO CTOJIOLIOB.

[Ipennoxenue 4. I[lycmo Qyndamenmanrvras mampuya
F cocmoum us p cmoabyos. Cmoasbey x s8rsemcs peulequem
cucmemov, Ax = o moeda u moavbKo moeda, Koeda Haitloemcs
maxoti cmoabey, ¢ 8b.cOMbL P, 4MO

x = Fc. (8)

JloxaszatenabcTBo. HeoOXomuMOCTb 3/1eCh C/IefyeT U3 Tpe-
G6oBaHusi (B) B OmpenesieHUH, a NOCTATOUHOCTb — U3 paBEHCTBa
A(Fc) = (AF)c = o.
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Jokaxem Tenepb, uto npu Rg A = r < n ¢yHrameHTasbHAS
mMarpuua cyuectsyeT. s 3Toro 0603HayMM 3HaueHHs1 HeGasuc-
HBIX HEM3BeCTHbIX yepes ¢!, ... ¢~ " u nepenuuem popmyist (6),
YUHTBIBaSI, YTO A/ OLHOPOAHOH cHcTeMbl b’ = o:

1 _ 1 1 1 n—r
xT = —OQ 1 CT = s Qg C
T _ T 1 T n—r
T = Q1 CT s T (9)
xr-‘rl — cl
" — T

Atu paBeHCTBa B MaTpU4YHOM BHAE COBIaAaroT C (8), eC/JIM ¢ =

= |let,..., " "||7, a B kauecTBe F' B3siTa MaTpuua
1 1 1
—al,, —all, ... —al
—Qppp Qi ... T _A
A=l 1 0 ... 0 :HE ’ (10)
0 1 0 ner
0 0 1

Takum o6paszom matpuua (10) ynoBseTBopsieT ycjoBHIO (B) B
onpeneseHun QyHAaMeHTaJlbHOU MaTPHULLBL.

KakoB 6bl HU OblI cTOsIOEL, ¢, MpousBeneHue Fjc — pelle-
Hue. Ecu B KauecTBe c B3ATb j-# cTOJI0EL €IMHUUHOH MaTpH-
0Bl MOpsAKa 1 — 7, Mbl YBUAUM, 4TO j-H cronben F) siBasieTcs
pelieHueM. DTO O3HaAyaeT, uTo Fj yHOBJETBOpPsET yCJOBHIO (a):
AF, = 0.

[lonmaTpuua B mociefHUX n — r CTpoKax — enuHuuHas. [lo-
3ToMy paHr matpuubl (10) paBeH 4yucay CTOJOLOB, U CTOJOIbI
JINHEHHO HEe3aBUCHMBI.

Mubi Buaum, uto matpuua (10) ymoBieTBOpPsieT OnpeaeseHH0
(dyHIamMeHTa bHOU MaTpulbl. HTak, nokazaHo

[Ipennoxenue 5. Ecau pane mamputpl 00HOPOOHOL cu-
cmembl AUHEUHbIX YPABHEHULL T MeHbule 4UCAQ HeUu38eCMHbLX
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n, mo cucmema umeem QYHOAMEHMANbHYIO MAMPUUY U3 T — T
cmoabyo8.

Jns HaxoxneHust MaTpulbl (10) 10CTaTOUHO MPUBECTH MATPH-
0y A CHCTeMBI K YIPOIIEHHOMY BHAY, MOCJ/e 4ero yHIaMeHTa b-
Hasg MaTpuua F) BeimucbiBaeTcsl 6e3 NOMOJHHUTEJNbHBIX BBIUHCIE-
HUl. Marpuua F) Ha3blBaeTcsi HOPMAAbHOU PyHnOamenmaroHoOl
MaTpHIEH, COOTBETCTBYIOIIEH TaHHOMY BbIOOPY 6a3MCHBIX CTOJO-
1IOB.

Cucrema cronbuoB matpuusl (10) — dyHnameHTa bHas CH-
creMa pemteHnidl. OHa HasbplBaeTC HOPMAALHOU PyrOamenmars-
Hotl cucteMoil peleHUH. Kaxkmpomy BeiGopy 6as3HCHBIX CTOJOLOB
A coOTBeTCTByeT CBOS HOpMaJsbHas (yHAaMeHTa/lbHas CHUCTeMa
pemeHuii. Boob1e ke, uMeeT MecTo

[Ipennoxenue 6. Kanodas auneiino He3asucumas cucme-
MQ U3 n— 1 peuleHull 18as1emcsa QyHoameHmasbHOL.

[eficTBUTeNbHO, MaTpULa P, cocTaBjleHHas U3 n — r JHHeH-
HO HEe3aBHCHMBIX pelleHHH, yaoBJeTBOpsieT ycaoBusam (a) u (6).
BosbmeM (pyHIaMeHTaNbHYIO MaTpULy F', MIPOHM3BOJBHOE pelleHHe
X ¥ COCTaBHM U3 CTOJIOLOB Bcex marpull marpuuy V = || F|P|x].
Panr stoiél maTpuubl paBeH n — r, TaKk KakK BCe ee CTOJOLB —
JIMHelHble KOMOMHALUWK cToa6UoB Matpuubl F. CienoBaresbHO,
cToNOUBl MaTpullbl P sBasdloTcS 06asuCHBIMM B Matpuue V, u
1o TeopeMe O 0a3UCHOM MHUHOpe CTO/Oel, X pacKJ/alblBaeTcs IO
cronbuam P.

Taxkum o6pa3om, MPOU3BOJIBHOE pellleHrne PACKJIAAbIBAETCS T10
cTOJIOaM MaTpUlbl P, 1 Moc/eiHee yCJIOBHUE B ONpeieleHUH (PyH-
JaMeHTaJIbHOH MaTpULbl AJsl Hee NPOBEPEeHO.

4. OGuiee pemieHNe CUCTEMbI JUHEHHbIX ypaBHeHHH. Te-
nepb Mbl MOXeM coOpaTb BOEIMHO HallM pe3ysbTaThl — IpemJio-
KeHusi 2 U 4.

Teopewma 3. Ecau xg — nekomopoe peutenue cucmemot (1),
a F — ¢pyndamenmanrvras mampuya ee npugedenHol cucmemol,
mo cmoabey

x =xg + Fc (11)

npu arbom c seasemcs pewenuem cucmemol (1). Haobopom,
ona kasmedoeo peuwienus x Hatidemcs makol cmoabey c, 4mo
ono 6ydem npedcmasaeno gopmyroii (11).
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BripaxkeHue, crosiiiiee B mpaBoit uyactu ¢dopmyanl (11), Ha-
3bIBaeTCs 00ujum peuleHuem CHUCTEMBl JUHEHHBIX ypaBHEHHH.
Ecmn fy,...,f,, — QyHnameHTanbHas cucTeMa pelleHHUH, a
Cly...,Cn_r — TPOHU3BOJIbHBIE TOCTOSIHHBIE, TO (opmyaa (11)
MoxKeT ObITh HalMcaHa Tak:

x=xg+cify + -+ en b (12)

Teopema 3 BepHa, B YaCTHOCTH, U JJISI ONHOPOAHBIX CHCTEM.
Ecnu xg — TpuBHasibHoe pemtenue, To (11) coBmamaer ¢ (8).

Teopema 1 § 4 raacur, 4T0 17151 CyIIECTBOBAHUS €IUHCTBEHHO-
ro pelleHHsl CUCTEMBl M3 1 JHHEHHBIX ypaBHEHHH ¢ n HeH3BecT-
HBIMH JOCTATOYHO, UTOObl MaTPHULLA CUCTEMBI UMeJ1a JeTePMUHAHT,
OTNMYHBIE OT Hyns. Celuac Jierko MoJy4uTb U HEOOXOAMMOCTb
3TOTO YCJIOBHS.

[Ipennoxenue 7. [lycmo A — mampuya cucmemol U3 n
AuHelinolx ypasrerutl ¢ n Heussecmuoimu. Ecau det A =0, mo
cucmema Aubo He umeem pewieHus, Aubo umeem O6ECKOHEUHO
MHO20 peuieHull.

JlokasateabcTBO. Pasedcrso det A = 0 o3Hauaer, 4TO
Rg A < n u, cienoBatesbHO, IPUBeEeHHAs cCUCTeMa UMeeT 6ecKo-
HeYyHO MHOro peuleHuil. Eciu naHHas cucreMa COBMECTHa, TO H3
TEOpeMbl 3 CJeyeT, UTO U OHa MMeeT OECKOHEUHO MHOro pelle-
HUH.

5. IIpumep. PaccmoTpuM ypaBHEHHE MJIOCKOCTH KaK CHUCTEMY

Az +By+Cz+D =0 (13)

u3 ogHoro ypaBHeHus. Ilyctb A # 0 u moromy sBiasercs 0Oa-
3UCHBIM MHHOPOM MaTpHUbl CHUCTeMbl. PaHr paclivpeHHOH Mart-
puubl 1, 3HauuT cucrema coBMecTHa. ONHO ee pelleHHe MOXKHO
HalTH, MOJIOKUB NapaMeTpUuyecKhe HEU3BECTHBIE PABHBIMU HYJIIO:
y = z = 0. Msl nonyuum & = —D/A. Tak kak n = 3, r = 1,
(yHIaMeHTa/bHAs MaTpULla UMeeT ABa crojbua. Mbl HalineM HX,
NpuiaB NapaMeTpUYeCKUM HEU3BECTHHIM 1Ba Habopa 3HauyeHHH:
y=1, 2=0wuy =0, 2z =1. CooTBeTCcTByIOllINE 3HAUEHUS
6a31CHON HEHW3BECTHOW x, HAHJEHHBbIE U3 MPUBEIEHHOU CHUCTEMHI,
6ynytr —B/A u —C/A. Urak, obuiee peuenue cucrems (13)
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x —-D/A —B/A —-C/A
y= 0 + 1 + c2 0 . (14)
z 0 0 1

BbIsICHUM TreoMeTpUUecKHd CMBIC/] IOJY4eHHOrO pelleHHSs.
OueBuaHo, mpexie Bcero, uto pemenue |[—D/A 0 0||" cocro-
UT M3 KOOPAHWHAT HEKOTOPOH (HauasJbHOH) TOUYKH IJIOCKOCTH HJIH,
4TO TO K€, U3 KOMIIOHEHT ee pannyc-Bektopa. B dopmyne (11)
pellleHHe Xy MOXKHO BbIOHPATb NPOU3BOJBbHO. DTO COOTBETCTBY-
eT MPOM3BOJY BbIOOpa HayalbHOH TOYKH MocKocTH. CorjacHo
npepoxennto 5 § 2 1. Il KOMIOHEHTHI JieXKaluX B MJIOCKOCTH
BEKTOPOB YIOBJIETBOPSIIOT ypaBHeHHIO Ay + Bag + Cag = 0, To
eCTb NpHUBeJleHHOH cucTeMe. J[Ba JMHEHHO He3aBUCHMBIX pellie-
HHsI 3TOH cHCTeMbl ((pyHIaMeHTaNbHAs CHCTEMA PeIlleHHH) MOryT
OBITb MPHUHATHl 3a HANpaBJ/sOLIMe BEKTOPbl MJIOCKOCTH. TaKuM
obpasom, ¢opmyna (14) — He uTO HHOE, KaK MapamMeTpHUECKHe
ypaBHEHUS MJIOCKOCTH.

PekomenayeMm uMTaTesl0 paccMOTpPeTb CHUCTEMY YpaBHEHHH
IByX IepeceKaloluXcsl MJIOCKOCTell U I10KasaTb, 4TO ee ofliee
pellleHHe MpeACcTaBJsieT co00i MapaMeTpUyecKHe ypaBHEHUs Mpsi-
MOH.

YIIPA2KHEHHWA

1. Cucrema JIMHEHHBIX ypaBHEHHH ¢ MaTpuuedl A coBMeCTHa MpH Jk0-
6oM cTos101e CBOOOAHBIX YJEHOB TOTJA M TOJbKO TOTAA, KOTAA CTPOKH
MaTpuubl A JHHeHHO He3aBHCHMBI. J[oKaxKuTe 3TO a) MOJbB3YsCh Teope-
moit Kponekepa—Kanesnu, 6) nosnb3sysicb Teopemoil dpenrosbma.

2. Ilanbl BexTOpbl @ U b, a # 0. [Tpu nomouiu teopembr Ppearosnbma
IOKa)KUTe, 4TO ypaBHeHHe [a,X] = b HMeeT pellieHHe TOTAA H TOJBKO
torna, korna (a,b) = 0.

3. Haiinure dbyHnameHTanbHYIO MaTpUlly OJsi CUCTEMbl C MaTpHLEH
[1 1 1].

4. Ilyctb H B, | B ” — YNPOUIeHHBIH BHJ MaTPHUILbl OIHOPOAHON
CUCTEeMbl YpaBHeHHH ¢ n HeusBecTHbIMU. Ha#nute QyHIaMeHTaTbHYIO
MaTpHLy CHCTEMBbI.

5. [lycte F' — ¢yHpamMeHTa bHAsi MAaTPUIla CHCTEMBI JIMHEHHBIX ypaB-
HeHUH Ax = 0 ¢ m HeM3BECTHBIMH, U CTPOKH A JIHHEHHO He3aBHCHMBI.
Kakasi Oymer dyHaameHTasbHas MaTpuia y cuctembl a) Fy = 0, 0)
FTz=0?
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6. Hanumnre o6lee pelleHHe CHCTEMbl C paclIMPeHHOH MaTpulei

1 2 3
4 5 6
7T 8 9

— =

7. Ilyctb matpuua F' pasmepoB n X p — (yHIaMeHTanbHas MaTpH-
112 HEeKOTOpOH cucTeMbl ypaBHeHuii. lokaxute, yro F’ Oymer ¢ynupa-
MeHTalbHOH MaTpUIled TOH »Ke CHCTeMBl TOTAAa M TOJBKO TOTAA, KOTrna
HalleTcs HeBBIPOXKAEHHAs MaTpHla () mopsiaka p, Takas, 4to F' = FQ.

8. PaccmaTpuBaeTcsi cucreMa M3 TpeX ypaBHEHHH C IByMs HEU3BeCT-
HBIMH. Y0enuTech, 4TO NpuMeHeHHe TeopeMbl dpenrosbma K 3To# cucTe-
Me DPaBHOCHJIBHO TaKOMY (F€OMeTPHYECKH OYeBHIHOMY) YTBEPXKAEHHIO:
BeKTOp b pack/anblBaeTcs Mo BEKTOpaM ai W az TOTAA H TOJNBKO TO-
ria, KOrjla OH OpPTOroHaJseH KaxKJIOMy BEKTOPY Yy, OPTOTOHAJBbHOMY 3THM
BEKTOPaM.



Ihasa VI

JIMHEMHDBIE NMPOCTPAHCTBA

§ 1. OCHOBHbBIE MOHATHUA

1. OnpenesneHne JUHEHHOr0 MPOCTpaHCTBa. B 3Toll KHuUTe
HaM yKe BCTpeyasiChb MHOXKECTBA, B KOTOPBIX OBLIM ONpefeseHbl
JIMHEHHble OMepalyu: CJI0KEeHHe U yMHOXKeHHWe Ha 4ucao. B ru. |
Mbl paccMaTpPUBaJd MHOXECTBO BEKTOPOB (HarpaBJeHHBIX OTpe3-
KOB), KOTOpPblE Mbl MOXEM CKJaIblBaTh M YMHOXKaTb Ha 4HCJA.
B mHoxecTBe MaTpULlL ONMHAKOBBIX PAa3MEpPOB Mbl TaKKe BBEJH
omnepaLHyIo CJI0XKEHHS M olepaluio YMHOXKeHHs Ha uucgao. CBoH-
CTBa 3THUX ONepaluil AJs MaTPHLL, BbpaKeHHble TIpeioKeHrneM |
§ 1 r. V, coBnajamT co CBOMCTBAMM TeX Ke ONepaluil ¢ BEKTO-
pamu, cOopMyJHPOBaHHBIMHU B npenoxennu 1 § 1 ro. L.

B kaxx1oM MHOXKeCTBe JIMHEHHbIe ONlepaliy OnpeesioTcs Mno-
CBOEMY, HO HMEIOT OJHH M Te K€ CBOHCTBA: KOMMYTaTHBHOCTb U
ACCOLMATUBHOCTD CJIOXKEHHS, AUCTPUOYTHBHOCTb YMHOXKEHHS Ha
YHUCJIO TO OTHOIIEHHIO K CJIOXKEHHIO uuces W T.HA. PaccMoTpum
ele OIMH MpUMep.

[Tpumep 1. Tlyctb C — MHOXKeCTBO BceX (DYHKLMH OT OLHOH
nepeMeHHOM, OMpeleseHHbIX W HempepelBHbIX Ha otpeske [0,1].
JI106bIM 1BYM QyHKUUAM f U g U3 C MOXKHO CONOCTAaBHUTh UX CYM-
My, KoTopasi npuHaiiexxut C. BeliecTBeHHOMY UMCaTy & U (PYHK-
uuu f conocraBasieTcss QyHKUUS «f — TNpoU3BefeHHe (PYHKIHU
Ha YMCJI0, KoTopasi TakxKe npuHanaexut C. Jlerko BUIETh, 4TO OC-
HOBHBIE CBOHMCTBA JIMHEHHBIX OTepalyil Te e, UTO /151 BEKTOPOB
U IS MaTpPHLL, IPUUYEM PoJib HYJSI UTpaeT (PyHKLUS, TOXKIECTBEH-
HO paBHasi HYJIO.
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BcrniomMHMM ofiHY M3 BaKHBIX 3afau MaTeMaTH4yecKoro aHaJju-
3a: mo 3ajaHHOH (GyHKuMM f(x) HAUTH ee MepPBOOOPA3HYIO, TO
ectb Takywo ¢yHkunio F(z), uto F'(z) = f(x). Obuee pere-
HHMe 3TOH 3aauyM, KaK M3BECTHO, TAKOBO: €CJIM CYLIECTBYET XOThb
ofHa mepBooOpasHas Fy, To q0bas U3 HUX MOXKET OBbITh MOJY-
yeHa no Qopmyine F(x) = Fy(z) + C, rne C' — npousBosbHas
NoCTOSIHHAS. 3aMEeTHM, YTO TTOCTOSTHHAS] — pellleHHe <O0JHOPOJHO-
ro ypasHeHusi> F'(x) = 0. Tenepb oueBHIHO, u4TO 3Ta (hopmy.ia
CXOflHa C OOLIMM pelleHHeM CHCTeMbl JIMHeHHBbIX ypaBHeHUMH: 00-
1ee pellleHHe ecTh CyMMa OIHOTO W3 pelleHHH U 0011ero pelieHus
OTHOPOHOTO YpaBHEHHUS.

CxomcTBO 31€ech, KOHeUHO, He cjayuaiiHoe. OHO cienyeT 3
COBNafeHUs ajiredpanueckKux CBOHCTB omepauui nuddepeHLHpO-
BaHUA WU MaTPUYHOIO YMHOXEHHUS O OTHOLIEHWIO K JHMHEHHBIM
onepaLHusM.

EcTecTBeHHO BO3HHKaeT HEOOXOAMMOCTb HUCCJIE0BATh MHOXKe-
CTBO, COCTOSILL[ee M3 3JeMEHTOB KaKOH YrofHO MPHUPOABI, B KOTO-
pPOM oOIlpefieJsieHbl ONepalUy CJAOXKEHHUS IBYX 3JEeMEHTOB M YMHO-
JKeHHs 3J1eMeHTa Ha YHCJI0. DTH ONepalud MOTYT ObITb OMpese-
JieHbl JI0ObIM 00pa3oM, JUMIb Obl OHM 00Jafadd OnpefeseHHbIM
HabopoM CBOMCTB.

Onpenenenne. MHoXKecTBO £ Mbl HAa30BEM AUHELUHbIM
NPOCMPAHCME0M, @ €I0 3JeMeHTbl — 8eKmopamu, eciu

e 3anaH 3akoH (onepayus car0MceHus), O KOTOPOMY JHOOBIM
JIBYM 3JileMeHTaM x W y U3 L CONOCTaBJseTCs 3JeMeHT U3
L, Ha3bIBaeMbl UX CyMMOH W 0003Ha4aeMbldl = + ¥.

e 3anaH 3akoH (onepayus ymHOMeHUs HQ 4UCAO0), TIO KOTO-
poMy 3JieMeHTy x U3 L ¥ YHUCIY (v COMOCTABJSETCS 3JeMEHT
u3 L, Ha3bIBaeMbll MTPOU3BEIEHHEM & Ha v U 0603HaUaeMbIl
ax.

e Jlnsi MOOBIX 3JIEMEHTOB X,y U 2z U3 L W JI00bIX YUCeJa v U
£ BBIMIOJIHEHBI CJIEYIONIHe TPEGOBAHHS (MK aKCHOMBI):

l.x2+y=y+uz,
2. (x4y)+z=x+ (y+2),
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3. CyUIeCTBYeT 3JIeMEHT O TaKOH, 4TO MJis KaXKJOro & U3
L BBINOJHEHO T + 0 = T,

4. na 1060r0 T CyLECTBYEeT 3JEMEHT —& TaKOH, uTo
x+ (—z) = o,

alx +y) =ax + ay,

(a+ Bz = ax + Pz,

ofz) = (a)z,

npousBeleHue x Ha uyucyao 1 paBHO z, T.e. lo = x.

* N oo

Ecau MBI orpaHuuvBaeMcs BellleCTBEHHBIMH YHCJaMH, TO L
Ha3bIBAETCS BEUECMBEHHbIM JTUHEHHBIM TIPOCTPAHCTBOM, €CJIH XKe
onpeesieHO yMHOXKeHHe Ha J11060€e KOMIJIEKCHOe YUCJIO, TO JIMHEH-
HOe MPOCTPaHCTBO L HAa3bIBAETCS KOMNAEKCHbIM.

BexTop —x Ha3blBaeTcs npoOmMuUBONOAONHHbIM BEKTOPY X, BEK-
TOP O HA3bIBAETCS HYAEBbIM BEKMOPOM WU HYNAEM.

Mbubi 6ynem 0603HauaTh BEKTOPBI CTPOUHBIMHU JIATHHCKUMH OYK-
BaMH, a YMCJa, KaK NPaBUJIO, TPEUeCKUMH.

[Tpumep 2. Ilyctb £ — MHOXeCTBO BCEX MHOTOYJIEHOB OT
OJIHO} TlepeMeHHOH, cTeleHb KOTOPBIX He MPEBOCXOAUT 3aLaHHOT0
yucaa n. CymMMa IBYX MHOTOUJIEHOB M3 L — MHOTOUJIEH CTelle-
HU He BBILIE 7 U, CJeI0BaTeNbHO, NpUHaLIeXuT L. [IpousBeneHue
MHOTOUJIEHA U3 L Ha UUCJIO TaKXKe NPUHALNEKUT L. AKCHOMBI JU-
HeHHOro MPOCTPAHCTBA BHIMOJHEHBl U B 3TOM cjaydae. Posb Hyns
UTpaeT MHOTOYJIEH, Bce KOI((ULHUEHTHl KOTOPOro paBHBI HYJ0. L
OyZeT BellleCTBEHHBIM MJIM KOMIIJIEKCHBIM TPOCTPAHCTBOM, CMOTPS
M0 TOMY, pacCMaTpUBaeM JIM Mbl MHOTOYJIEHBl C BelleCTBEHHBIMH
HJIM C KOMIIIEKCHBIMH KO3((DHULIHEHTAMH.

[Tpumep 3. MHOXecTBO KOMIJIEKCHBIX YMCEJ IO OTHOLIe-
HUIO K OOBIYHBIM ONepaLUsM CJOXKEHHS W yMHOXEHHS Ha KOM-
IJIEKCHOE YUCJIO OyeT KOMIIEKCHBIM JIMHEHHBIM TPOCTPAHCTBOM.
AHaJIOrM4YHO, MHOXKECTBO BEIECTBEHHBIX YKMCEJ [0 OTHOLIEHHIO K
OOBIYHBIM OMepaLHUsiM SIBJISETCS BEIeCTBEHHBIM JIMHEHHBIM TPO-
CTPaHCTBOM.

[Ipumep 4. MHOXeCTBO KOMIIJIEKCHBIX YHCeJ MO OTHOLIe-
HUIO K OOBIYHOH OmMepaluu CJOXKEHHs W YMHOXKEeHHs Ha Belle-
CTBEHHOE UHCJO MpeNCTaB/sieT coOol BellleCTBEHHOE JIMHEHHOe
MPOCTPAHCTBO.
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[Tpumep 5. CyluectByer JHHEHHOE TTPOCTPAHCTBO, COCTOS-
Iee U3 OHOTO 3JeMeHTa. Ero ajieMeHT IBJsieTCsl HyJleM U CaMOMY
cebe TIPOTHBOIOJOKHBEIM. Takoe MPOCTPAaHCTBO HA3bIBAeTCs HYy./le-
8uim 1 0603Hauaercsi {o}. Onepaunu B HeM 3a4al0TCsl PaBeHCTBa-
MU O+ 0=0HU o = 0.

2. Ilpocreiimue ciaeactBus. I3 akcuom, BXopslux B ormpe-
NeJieHre, BBITEKAeT, YTO MOXKeT ObITb TOJIbKO ONUH HYJEBOH BeK-
TOp, W 1J151 KaXKOIOTO BEKTOpa TOJBKO OAMH IMPOTHBOMOJOKHBIH.
JlelicTBUTENBbHO, MOMYCTHUM, UTO CYIIECTBYIOT JBa HYJEBBIX BeK-
TOopa 01 U 09. Torma ux cymma JoJ/DKHA ObIThb paBHAa KaxIAOMY
U3 HUX: 01 + 02 = 01 = 02. AHalOrHYHO, e€CIU KaKOH-HUOYIb
BEKTOpP = MMEEeT JABa MPOTHUBOMOJOXKHBIX —Z1 U —Z2, TO CyMMa
(—x1) + x + (—x2) mO/KHA OBITh PaBHA U —X1 U —T3.

PaBeHCTBO 0 + 0 = 0 03Hauaet, 4YTO NMPOTHUBOIOJIOKHBIM [JI5
HYJIEBOTO BEKTOpa sIBJISIETCS] OH CaM, a U3 paBeHCTBa T+ (—x) = o
CJIe[lyeT, UTO MPOTUBOIMOJNOXKHBIM JIJIl —X SIBJISIETCS] BEKTOP .

CyMMy BeKTOpPOB y U —x Mbl OyneM 00603HayaTb y — x W Ha-
3bIBaTb PA3HOCMbIO BEKTOPOB Y U .

e Ecau 1/5 BeKTOpa T CyUIeCTBYeT XOTSl Obl ONUH BEKTOpP a
TaKoH, 4To a + x = a, To x = o. Jle’CTBUTEJbHO,

o=a+(-a)=a+z+(—a)==z.

e Jlerko BuaeTh, uto Ox = o mJsi J06oro Bektopa . B camom
nege,
Ox=0+z—2x=(14+0)x—x=o0.

e Orciona BeiTeKaeT, 4to (—1)z = —x Aas J11060r0 x, TaK Kak
(—Dz+z=(-14+1)xz=0x=o.

e OTMeTHUM TakKxKe, YTO MPOU3BELEHME JIIOOOTO YHCAA HA HY-
JIeBOH BEKTOP PaBHO HYJEBOMY BEKTODY, MOCKOJbKY

ao =a(r —z) = ar —ax = o.

e Eciiu ax = o, To nmu6o v = 0, 6o x = o. B camom

nene, eciu a # 0, TO yMHOXKasi PaBeHCTBO ar = 0 Ha a1,

nosnyvaeM lz = o.
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B ckazaHHOM 31ech uMTaTe b 3aMETHT MaJjiO HOBOTO: TAKOBHI
JKe CBOHMCTBA Orepalnuil ¢ BEKTOPaMU U C MaTpUlaMH. Ternepb MbI
BUJIMM, YTO BCE 3TO BEPHO M B MPOW3BOJIBHOM JIHHEHHOM IIpO-
CTpaHCTBe.

Bprax&eHI/Ie BUJA 1T1 + -+ + Tk, KaK U B NPeAbIAYIIHNX
rjaBax, Mbl OyjleM Ha3blBaTb AUHELHOU KOMOUHAUUel BEKTOPOB
Z1,...,Tk C KOOP(PULHEHTAMH Qv . . ., (.

3. JIuneiiHag 3aBUCUMOCTb. [l0 aHaNOrHU C COOTBETCTBYIO-
IUMU OTpefleNleHUsIMU [J1s1 BEKTOPOB W AJSl MaTPHUL Mbl MOXKeM
JlaTb ONpefeseHUs] THHEHHO 3aBUCHMOM U JIMHEHHO He3aBUCHMOHN
CHCTEeMBl BEKTOPOB B JIMHEHHOM mpocTpaHcTBe. HamomHuM, uTo
JUHeHHas KOMOWHALWS Ha3blBaeTCs MPuUBUANbHOL, €CJU BCe ee
KO3(DPULHUEHTBl paBHBI HYJIO.

Onpenenenune. Cucrema BEeKTOPOB B JUHEHHOM MPOCTPaH-
cTBe L Ha3bIBAETCS AUHELHO He308UCUMOLL, eCId HYJeBOH BEKTOP
packJ/aablBaeTCsl eIUHCTBEHHBIM 06pa3oM MO 3TOH CHCTEMe Bek-
TOpoB. MIHBIMH ClIOBaMH, BEKTOPbI JJUHEHHO HE3aBUCHMBI, €CJIH U3
pPaBeHCTBA HYJMIO WX JHHEHHOH KOMOWHALWU CJEAYeT, UTO OHa —
TpuBHasbHasi. HaoGopot, ecau cylecTByeT HeTpUBHAJbHAs JH-
HelHasi KOMOUHALUS, paBHAs HYJeBOMY BEKTOpY, TO CHCTeMa BeK-
TOPOB HA3bIBAETCS AUHEUHO 3A8UCUMOLL.

B§1lrm Iu§ !l . V mbel nonyunnu csoiicTBa JIMHEH-
HO 3aBHUCUMBIX W JIMHEHHO HE3aBUCHMbIX CHUCTEM BEKTOPOB (Ha-
MpaBJeHHBIX OTPE3KOB) M MaTpHil. [IpH WX J0oKasaTesNbCTBE HC-
N0J/1b30BAJIUCh TOJIBKO T€ CBOHCTBA JMUHEHHBIX ONepaluil, KoTopble
COBMAJAIOT C aKCHOMaMH JIMHEHHOro npocTpaHcTea. [lostomy nis
CHCTeM BEKTOPOB B JII000M JINHEHHOM MTPOCTPAHCTBE UMEIOT MECTO
Te ke cBoHcTBa. [IpuBeneM TObKO (POPMYIUPOBKH, TAK KaK JOKa-
3aTe/IbCTBA He OTJIMYAIOTCSA OT H0Ka3aTeNbCTB COOTBETCTBYIOLIUX
npepnoxenuid § 1 ro. V.

[Tpennoxenue 1. Cucmema us k > 1 sekmopos auneiino
3asucuma moeoa u MmoaAbko moeda, Koeda xoms Ob. 00UH U3
8EeKMOp0o8 ecmb AUHELHAs KOMOUHAYUSL OCMALbHBLX.

[Ipennoxenune 2. Ecau 8 cucmemy sekmopos 6xodum Hy-
/1€801L 8eKMOp, MO CUCMeMA AUHEUHO 3a8UCUMA.

[Ipennoxenue 3. Ecau nekomopoie u3 8eKmopos ay, . ..
..., G COCMABASIOM camu no cebe AUHEUHO 3A8UCUMYIO cucme-
MY, MO B8CS CUCMEMA G, . .., Q) AUHELUHO 3a8UCUMA.
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[Ipennoxenune 4. Jlobas cosokynrocms 8eKmopos, 8x0-
0auyas 8 AUHEUHO He3a8UCUMYIO CUCMeMYy 8eKmopos, cama no
cebe AuHeliHo He3asucumMa.

[Ipennoxenue 5. Ecau sexmop packiadeisaemes no Au-
HelHO He3AB8UCUMOLL cucmeme 8eKmopos, mo Ko3dpouyuermol
pasroxcerus onpedeservl 00HO3HAUHO.

4. basuc. Bseznem

Onpenenenue. basucom B JUHEHHOM mpocTpaHcTBe L
Mbl HAa30BeM YIOPSIAOYEHHYIO KOHEUHYIO CHCTEMY BEKTOPOB, €CJIH
a) OHa JIMHeHHO He3aBUCHMa U 6) KaxKObli BekTop M3 L packJja-
IbIBaeTCsl B JIMHEHHYI0 KOMOMHALMIO BEKTOPOB 3TOH CHCTEMBI.

B onpenenennu ckasaHo, 4To 6a3uc — ynopsiiodeHHas cucTe-
Ma BEKTOPOB. DTO 03HAUAET, UTO U3 OJHOTO U TOTO YK€ MHOXKECTBa
BEKTOPOB MOXKHO COCTaBUTb pasHble 6a3UChl, 10-PAa3HOMY HyMepys
BEKTOPHI.

KoadduumenTsl nuHeiHO# KOMOUHAIMH, O KOTOPOH UOET peydb
B ompejiesieHHH 0asuca, Ha3blBAlOTCS KOMNOHEHMAMU UJIH KOOp-
Juramamu BeKTOpa B JaHHOM OasHuce.

Bexropel 6asuca eq,...,e, Mbl OyleM 3anucChbiBaTb B BHIE
CTPOKH: € = |le1...ey,||, a KommonenTsl &1, ... €™ BekTOpa T B
6asuce e — B crosbel

§1
¢n

KOTODBIH Has3oBeM KoOpOuHamHoim cmoibyom BekTopa. Temepb
pasJioxKeHHe BeKTOopa 1o 0a3nuCy MOXKHO 3amucatb B JI0O0M H3
C/IeIYIOLINX BUIOB!

n ¢
szfZei: ler...enll || & || =ex.
i=1 gn

W3 mpenJioxeHust 5 HEMOCPEACTBEHHO CJIEAYET, YTO KOMIIOHEH-
TBl BEKTOpA B JIAHHOM 6asuce ONpefeeHbl OJHO3HAUHO.
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[Ipennoxenune 6. Koopournammoiii cmoabey cymmo. gex-
mopos paser cymme ux Koopouramuolx cmorbuos. Koopouram-
Holll cmoabey npoussedenus 8eKmopa HQ HUCAO PABEeH NPOU3-
gedeHu0 KoopouHamHoeo cmoabua 0aHHO020 8eKmopa Ha 3mo
yucao.

Jlast moKaszatesbCTBa NOCTATOYHO BBIMKCATh CJEAYIOLIME pa-
BEHCTBA:

r+y=ex+ey=e(x+y) u azxr=caex=-e(ax),

Tle X Uy — KOOpAWHATHBIE CTOJNOLBI BEKTOPOB & M ¥. 31ech
UCIIOJIb30BAHBl CBOMCTBA YMHOMKEHHSI MaTPHLL — MpPENJIOXKEHHS 3
n4§2rn V.

13 npensoxeHuss 6 BUIHO, YTO KOOPAMHATHBIH cTOsOeL] JH-
HeHHOH KOMOWHALUWHU BEKTOPOB eCTb JHHeHHas KOMOWHALHS HUX
KOOPAMHATHBIX CTOJOLOB ¢ TeMH Xe Kod(pduuueHtamu. Orciona
cyenyer

[Ipennoxenue 7. Bekmopol. aunelino 3asucumv. mo2oa u
moavKo moeda, Koeda AUHErHO 3a8UCUMbL UX KOOPOUHAMHbLE
cmoabupl.

[Ipennoxenune 8. Ecau 8 AuneilHoM npocmpaxcmee cy-
wecmsyem 6a3uc u3 n 8eKmMopos8, mo A0bas cucmema U3 m > n
8EKMOpPO8 AUHELHO 3a8ucuma.

HokasartenbcTtBo. [lpenmosoxkum, 4T0 B MPOCTPAHCTBE
cyuiecTByeT 6asuc eip,...,e, ¥ PaCCMOTPUM CHCTEMY BEKTOPOB
fi,---, fmn npuuem m > n. Kaxknplii u3 BeKTOpoB fi,..., f; MBI
pa3JsioKuM Mo 6a3ucy U COCTABUM MATPULy W3 UX KOOPAWHATHBIX
CTONOLOB. DTO MaTPULA PAa3MEPOB 1 X M U PAHT ee He MPEBOCXO-
Ut n. [1o3TOMy CTONOLBl MATPHULIB JIUHEHHO 3aBUCHMBI, a 3HAUUT
JIMHEHHO 3aBUCHMBI U BEKTOPBI f1,. .., fm.

Ortcrona npsiMo BbITEKAeT

Teopewma 1. Ecau 6 auneiinom npocmparcmse ecmo 6a3uc
u3 n 8eKkmopos, mo u 4060t dpyeoll 6asuc cocmoum u3 n 8eK-
mopos.

JleficTBUTENBHO, UHCJIO BEKTOPOB B OAHOM 0a3uce He MOXKET
6bITb OOJbllIe, UeM B APYTOM.

Tenepb Mbl MOXKEM BBECTH CJeLylollee

Onpenenenue. JIuHelHOe MPOCTPAHCTBO, B KOTOPOM CY-
miecTByeT 6a3UC U3 M BEKTOPOB, HA3bIBAETCS N-MEPHbIM, A UNCJTO



230 Tnasa VI. Jluneiinoie npocmpancmea

n — PA3MepHOCmbio TIPOCTPAHCTBA. PasMepHOCTb NMPOCTPAHCTBA
L o6o3zHauaetcs dim L .

B HysneBom mnpocTtpaHcTBe HeT 0asuca, Tak Kak CHCTeMa H3
OJITHOTO HYJIEBOT'O BeKTOpa JIMHEHHO 3aBUCUMA. Pazmeprocmo Hy-
/1e8020 npocmparcmea 1o ONpefe/eHUI0 CUHTaeM PaBHOH HYJIIO.

MoxeT clyuyuTbCs, YTO KAKOBO Obl HU OBLJIO HATYypaJsbHOE YHC-
JIO M, B NIPOCTPAHCTBe HalaeTcss m JMHEHHO He3aBUCHUMBIX BeK-
TopoB. Taxkoe MPOCTPaHCTBO Ha3kIBaeTCst becKoHeuHomepHoim. Ba-
31ca B HeM He CYIIeCTBYeT: eC/Iu Obl Obls1 6a3KC U3 1 BEKTOPOB, TO
Jobast cucTeMa U3 1 + 1 BeKTOpOB Obl1a Obl IMHEHHO 3aBUCHMOH
M0 MpeJIoKeHHIO 8.

[Tpumep 6. MHOXKeCTBO BCEX BEKTOPOB IJIOCKOCTH SIBJISIETCS
IBYMEPHBbIM JIMHEHHBIM MPOCTPAHCTBOM, a MHOXKECTBO BCEX BeK-
TOPOB MPOCTPAHCTBA, U3YYAeMOro B 3J€EMEHTAPHOU reOMeTpHH —
TpexMepHoe JIMHEHHOe NPOCTPaHCTBO.

[Tpumep 7. JIuHeliHOe NPOCTPAHCTBO CTOJOLIOB BHICOTHI 7
uMeeT pasmepHocTh n. [elicTBUTeNbHO, Npeoxkenue 2 § 1 1. V,
M0 CYILLECTBY, O3HAa4aeT, YTO CTOJOLBl €IUHHUYHOH MATPHULbl MO-
psiika n o6pasyioT 6a3uc B 3TOM MPOCTPAHCTBE.

Onpenenenue. JluHeliHoe NPOCTPAHCTBO CTOJOLOB BbICO-
Tbl M Ha3bIBAIOT APUDMEMUUECKUM N-MEPHbIM NPOCMPAHCMEOM.
Crenyer pas/iuuath geujecmsernoe apupMeTHyecKoe MPOCTpaH-
ctBo R™ n Komnaekcrnoe apupmerndeckoe npocrpanctso C™.

Basuc, cocrosmui U3 crojbU0B eAHHUYHON MaTPULBl, Ha3bl-
BaeTcsl cmanodapmroim 6231COM apu(PMeTHUECKOr0 IPOCTPAHCTBA.

[Ipumep 8. JluHeiiHoe mpocTpaHCTBO (YHKUHUEH OT ONHOH
nepeMeHHOH ¢, ompe/e/ieHHbIX W HeMpepbiBHBIX Ha oTpeske [0, 1],
siBJIsieTcsl 6eCKOHeUHOMepHbIM. UT00bl 3TO POBEPUTb, AOCTATOU-
HO JI0KasaTb 4TO IpH JI060M m B HeM CYLIeCTByeT JHHEHHO
He3aBHUCHMasi CHCTEMa M3 m BEKTOPOB. 3aJaJlMCS MPOH3BOJb-
HBIM 4MCJIOM m. BekTopbl Haliero mpocTpaHcTBa — (YHKLHH
t© =1, ¢, t2,..., t™ ! nuHefiHO He3aBUCHMBI. JleHCTBUTENBHO,
PaBEHCTBO HYJIIO JHHEHHOH KOMOMHALMH 3THX BEKTOPOB 03HAYaerT,
YTO MHOTOUJIEH

ag + ot + a2t2 + -4 am,1tm71

TOKIECTBEHHO PaBeH HY/I0. A 3TO BO3MOXKHO TOJIBKO TOTAa, KOTia
BCE €ro Ko3((DUUHUEHTHl PAaBHBEI HYJIO.
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B suHeiiHol anrebpe M3ydaioTcsi KOHEUHOMEpHblE JIHHEHHbIe
npoctpaHcTBa. [lajnee BClOLy, 3a HCKJOUEHHEM HEKOTOPBIX TpH-
MEpOB, MbI 6y}1€M npenrnoJaratb NpoCTPAHCTBO KOHEYHOMEPHBIM.

B HeHy/IeBOM KOHEYHOMEPHOM MPOCTPAHCTBE CYllecTByeT Gec-
KOHEYHO MHOTO PasJIMuHbIX 6a3UCOB. DTO BUAHO U3 CJENYIOLIHUX
[pelJIoKeHUH.

[Ipennoxenue 9. B n-meprHom npocmparucmee Kaxcoas
YynopsaodouenHas AUHELHO He3a8UCUMas CUCmemMa U3 n 6eKmopos
ecmo basuc.

JlokazateabcTtBo. [lycts x1,...,T, — Takas cHcTeMa.
Hawm Hamo nokasaTh, uTO MPOU3BOJBHBIA BEKTOP 4 pacKJ/ajbiBa-
ercs o Hel. [lo mpennoxenuto 8 cucrema y, x1, . .., &, JAHEHHO

3aBHUCUMa, U HalayTCcs Takhe KO3(P(ULUHUEHTEl, YTO
ay + a1z + -+ apTy = 0,

npuueM o # 0, TaK Kak WHaue CHUCTEMA Iy, ..., L, Oblla Obl JH-
HelHO 3aBucuMa. OTcloga MpsMo CJefyeT NOKa3biBaeMoe yTBep-
XKIEHHeE.

[Ipennoxenune 10. B n-meprom npocmparncmee Kasioyro
YnopsoouerHyo AUHEeIHO He3a8UuCUMYIO cucmemy u3 k < n gek-
mopo8 MoxuHO JONOAHUMb 00 b6a3suca.

DTO BBITEKAeT W3 TOTO, UTO K TAaKOH CHCTEME MOXHO MPHCO-
eIMHUTD elle OJUH BEKTOD, KOTOPBIH M0 Hell He pacKJaablBaeTcs.
(Ecain OBl 3TO OBLIO He TaK, CHCTeMa cama Obljia Obl 0a3HCOM.)
[locnie mpucoenvHeHUs] Mbl HMeeM TaKylO ke cUcTeMy U3 k + 1
BEKTOPOB, U eciu k + 1 < n, nosropsieM paccyxnueHue. B koHnue
KOHIIOB MBI TIOJIYYUM 7 IHHEHHO HE3aBUCHMbIX BEKTOPOB, B UHCJIO
KOTOPBIX BXOISIT 3aJaHHBIE BEKTOPHI.

B uactHOCTH, M0 6a3uca MOXKHO JOTIOJHUTD JHOOO0H HEHYIEeBOH
BEKTOP.

5. 3amena 6a3uca. Ecsiu B n-MepHOM MpPOCTPaHCTBE NaHbI
nBa 0asuca ej,...,e, H €),...,€), TO Mbl MOXKEM pPa3JoKHThb

s Emos

KaXKAblA BEKTOpP BTOPOro 0asuca 1o mepBoMy Oasucy:

e;:Zerj (lzl,,’n) (1)
Jj=1
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J

KommnoHeHTHI 0; MOXHO 3allMcaTb B BHJ€ KBaﬂpaTHOfI MaTpHUILbL

1 1

0'% e O-'r27,

g1 o1 -+ o

n n

01 On
Crosi6ubl 3TOH MaTpULbl — KOOpPIUHATHBIE CTOJOLBI BEKTOPOB
€},... e, B 6asuce e. [losatoMy cTONOLBI JHHEHHO HE3aBUCHMBI,

u det S # 0.

Onpenenenune. Marpuuy, j-i cronbel KOTOpo# ecTh KO-
OpAMHATHBIH cTONGel BeKTopa € B 0asuce e, Mbl Ha30BeM Mam-
puuetl nepexoda ot 6asuca e K 6asucy €.

PagerctBo (1) MOXKHO MepemnucaTb B MaTPUUHBIX 0603Haye-
HUSX

llel--.eLll = llex--.en] S

HJH

e =eS. (2)

DTO JIETKO MPOBEPUTD, MePEMHOXKAsk MaTPHULLBI.

U3 dopmysibl (2) Mbl noaydaem e = €/ S~!, oTkyna caenyer,
yto S~ — maTpuua nepexona ot €’ K e.

[TycTb B MMHEHHOM MpPOCTpaHCTBe AaHbl TpH Gasuca e, € u
e’, npuuem € = eS u e” = ¢e'T. [Noncrasnsisi €, Mbl MONyYaeM

e’ =eST (3)

Hrak, npu mocsenoBaTesbHOH 3aMeHe 6a3MCOB MaTPHIEl TTePeXo-
Ia TIepeMHOXKAIOTCsl, ¥ MOC/eYIOlIe MHOXKUTENH PACIIONAralTes
npasee.

[Ipennoxenune 11. [lycmo 3a0an 6asuc e. Kaxodas mam-
puya S ¢ det S # 0 ecmo mampuya nepexoda om e K HeKomo-
pomy 6asucy €.

HetictBuTenpHo, npu det S # 0 cronbusl S JHHEHHO He3aBU-
CHMBI U SIBJISIIOTCS KOOPAWHATHBIMH CTOJNOLAMH 7 JTMHEHHO He3a-
BHCHMbIX BEKTOPOB, KOTOPbIE M COCTABJ/SIOT Oasuc €’.

BrisicHuM, Kak CBsi3aHbl KOMIIOHEHTBI OJHOT'O U TOTO XKe BeK-
TOpa Z B ABYX pasHbiX Oasucax e u €. [lyctb z = ex u x = €'x’.
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[ToncraBuM B mocJiefiHee PaBEHCTBO BhipaxkeHHe ajs € 1o dop-
myse (2) u monyuuM x = eSx’. Mrak, Mbl HMeeM pasJyioxkeHHe
BeKTOpa x 1o 6a3ucy € B IBYX BHUAAX, U B CHJY eIHHCTBEHHOCTH
KOOPIMHATHOrO cToJbIA MoaydYaeM

x = Sx'. (4)

[TonpoGHee 3Ty (opMysy MOXKHO TI€pPENUCATh B BUIE

¢ ob ook || ¢t
f." oy ... o} f/n
WJIU, €CJIU BBIIIOJTHUTH YMHO)KGHI/IQ ManI/IU,,
n
¢=Y 0" (i=1,...,n). (5)
j=1

JLost TpexMepHOro MPOCTPAHCTBA MBI yXKe MONY4YHJIH 3T0 B § 3
ri. L

6. Opuentauus npocrpanctBa. [loHsiTHe OpHeHTALHUH Mpsi-
MOH, TIJIOCKOCTH H TIpocTpaHcTBa B § 5 ri1. I ocHoBBIBasOCh Ha
pasneseHNH Bcex 6a3ucoB Ha JBa Kiacca. [IpousBenem sto pas-
JeJIeHVe 115 BelleCTBEHHBIX JIMHEHHBIX MPOCTPAHCTB JI000H pas-
MEPHOCTH.

Dukcnpyem HekoTOpbIH Gasuc ey ¥ 0003HauuM uyepe3 E(eg)
MHOXKECTBO BCeX TaKMX 0as3ucoB e, 4To € = epS, detS > 0.
OcrasipHble 6a3uchl oTHeceM K kaaccy £_(eg). SlcHo, 4To mus
e’ € £_(ep) BoinonneHo €' = epT, detT < 0.

[Mpennoxenue 12. Kaaccor 6asucos E4(ey) u E_(eg) He
sasucsam om 6b160pa UCxX00H020 basuca €.

JloxkaszartenbctBo. Paccmorpum 6asuc fy u nyers fy €
€ &, (eg), 1o ectb fy = P, det P > 0. das kaxmoro 6asuca
e c & (fy) umeem e = £55,det S > 0 u e = eg PS, rue det PS =
= detPdetS > 0. 3naunt e € E;(eg). Orciona caenyer
E(fo) € Ey(eo).

Ho ey € £, (fy), Tak kak det P~ > 0. TTosTomy MeHsiss Me-
cramu fy u ep, Mbl nosyuaem &4 (eg) C E4(fp), u B pesynbrare
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E+(fo) = E4(ep). Knacenl E_(fy) u £_(ep) cocrosiT U3 6a3uCOB,
He Bowealux cootsetcTBeHHO B £y (fy) u &4 (eg), 1 moTomy Tak-
ke coBnagaimoT. Mrak,

Er(fo) = Ex(en),  E-(fo) = E-(eo).

Cnyuaii, korna fo € £_(ep), paccmarpuBaercsi aHasioruuso. [Ipu
sToM okaseiBaercs, uto E4(fo) = E_(eo), E—_(fo) = E1(ep).

Uro06bl MOAUEPKHYTh HE3aBUCUMOCTb KJAacCOB Ga3HUCOB OT BbI-
6opa ucxopHoro 6asuca, Mbl 0603HaYUM UX 1pocTo &1 U .

Onpenenenue. BemecrTBeHHOe JMHEHHOe MPOCTPAHCTBO
Ha3bIBAETCS OPUEHMUPOBAHHbIM, €CTH U3 NBYX KJIacCOB 0a3HUCOB
&1 u & ykazan onuH. basncel BEIOpaHHOrO KJjacca Ha3bIBAIOTCA
NONOHUMENbHO OPUEHMUPOBAHHBLML.

3azaTh OpHEHTALMIO JMHEHHOrO IPOCTPAHCTBA MOXKHO, BHIOpaB
HEKOTOpBIE 6asuc u cyutasi ero (M Bce 0asUChl OFHOTO C HUM
KJlacca) TOJOXKHUTENbHO OPUEHTHPOBAHHBIM.

YITPA2KHEHU A

1. O6o3HaunM uepe3 FE;; MaTpuly pasMepoB m X m, Y KOTOPOH 3Jjie-
MeHT Ha MepeceuyeHHH ¢-i CTPOKH M j-To cToJbla paBeH 1, a ocTajbHble
3JIeMEeHTBl PaBHBI HYJI0. YO6eIuTech, 4TO 3TH mn MaTpul 00pasyloT Oa-
3MC B JIMHEHHOM MPOCTPAHCTBE MAaTPUL[ pasMepoB m X n. (DTOT 6asuc
HasblBaeTcsl cmandapmuoim 6a3ucom NaHHOTO TMpocTpaHcTBa.) KaxoBbl
KOOPAMHATBI MaTpulibl A ¢ 3JeMeHTaMM a;; B CTaHAApTHOM basuce ?

2. JlokaxunTe, 4TO BepXHHE TpPEeyroJbHble MaTpulbl (CM. 3agauy 3
§ 3 . V) nopsinka n 06pasyioT JHHEHHOe MPOCTPAHCTBO MO OTHOLLE-
HHIO K OOBIYHBIM OrepanusaM ¢ mMatpuuamu. Halinure pasmepHocTs 3TOrO
NPOCTPAHCTBA U KaKONU-HUOYAb 6a3UC B HEM.

3. B yMHeliHOM MpocTpaHCTBE MHOrOYJ/IEHOB CTereHH < 3 OT mepe-
MeHHOH t 3ajaHbl ABa Gaswca: 1,t,t%,t> u 1,t — a,(t — a)?, (t — a)®.
Haiinure marpuuy nepexona oT mepBoro 6asuca Ko BTOPOMY M C ee I10-
MOLI[bIO Pa3JI0XKeHHe MHorouseHa p(t) no Bropomy Gasucy.

4. Kak pacroJ/io;KeHbl 1pYT OTHOCHTEJIbHO Apyra ABa 6asuca ei,...,en
u fi,..., fn, eciu MaTpuLa nepexona oT € K f — BepxHss TpeyroJbHas?
JlokaxxuTe U3 3TUX coobpakeHHWH, 4To obpaTHasi K BepXHeH TpeyrosbHOH
MaTpHlle — TaKKe BEPXHSST TPeyroJbHasl.

5. Kak opueHTHpOBaHBI ApYr OTHOCHTEJbHO Apyra ABa 0asuca, ecau
fi=e1+ez fo=extes; fa=eztes; fa=es—er?
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§ 2. IMHEMHBIE NOANPOCTPAHCTBA

1. Onpenenenus u npumeppl. B nm. 4 § | ron. [ mbl Ha-
3BaJId BEKTOPHBIM MPOCTPAHCTBOM MHOXKECTBO BEKTOPOB, 3aMKHY-
TO€ OTHOCHTEJNbHO JIMHEHHBIX onepauuil. Ecid ogHO BeKTOpHOe
MPOCTPAHCTBO SBJSETCH NMOAMHOXKECTBOM [IPYroro, ero HasblBajau
BEKTOPHBIM MOITPOCTPAHCTBOM.

B sMHeHHOM MPOCTPaHCTBE B COOTBETCTBHU C 3THUM Mbl BBEIEM

Onpenenenue. Hemycroe nonmuoxecTBo L' BEKTOPOB JH-
HeHHOro MpoCTpaHCTBa L Ha3BIBAETCS AUHELHbIM NOONPOCMPAH-
cmeom, ecau: a) CymMMa JObIX BEKTOpoB K3 L' MpPUHAIIENKHT
L' u 6) npousBeneHHe Kaxa0ro BekTopa u3 L' Ha J11060e YHCI0
TakxKe npuHamjexur L.

B cuny sToro ompeneneHus Jgwobas JuHeHHas KoMOWHALUSA
BekTOpoB U3 L' npuHamiexur L. B yacTHOCTH, Hy/NeBOH BEKTOp
Kak npousBenerne Ox N0JKeH NpuHamiexarb L', U I Kaxaoro
x u3 L' IpOoTHBOMONOKHEIH BeKTOp —x = (—1)z mexut B L.

CJ/lokeHHe W yMHOXEHHe Ha YUCJI0, OnpesiesieHHble B L, OynyT
TaKHUMH K€ Olepal{sMH B ero nommnpocrpanctse L', crpaBemsiu-
BOCTb aKCHOM JINHEHHOTO MPOCTpPaHCTBa mJisi L' MPsIMO BBITEKAEeT
U3 UX crpaBeqauBocTH Ans L. Takum o6pas3om, MOANIPOCTPAHCTBO
SABJISI€TCS JIMHEHHBIM MIPOCTPAHCTBOM.

[Ipumep 1. IlycTb maHO HEKOTOpOE MHOXKECTBO P BEKTOPOB
B JiuHelHOM npocTtpancTBe L. O6o3naunm uepes L' COBOKYIHOCTD
BCEBO3MOXKHBIX JIMHEHHBIX KOMOWMHALMH, KaxKaasg U3 KOTOPBIX CO-
CTaBJ/IeHa U3 KOHEUHOro YKcJ/a BeKTopoB U3 P. MuoxectBo L' siB-
JiieTcs TIOANPOCTPaHCTBOM B L. JleHCTBUTEIbHO, €CIN T U Y TpHU-
Haggexat L', 10 x = M\p1+ -+ \epr MY = p1q1 + -+ + G,
rae pi,q; € P (i =1,...,k j =1,...,m). Mbl BUIUM, UTO
T+y =, \ipi+ > 1jq;, TO €CTb T + y TaKxKe SBJSETCS JHHEH-
HOl KOoMOMHaLMeld KoHeyHoro yucaa BeKTopoB U3 P. TouHo Tak
xe ax =Y (a\)p; € L.

Tak noctpoeHHOe MOANPOCTPAHCTBO L' HAa3bIBAETCS AUHELHOL
obosoukoti MHOXKecCTBa P.

[lyctb p1,...,pm — JHHEHHO He3aBUCHMas CUCTEMAa BEKTOPOB
U3 P rtakas, 4yTo KaxKIbli BeKTOp U3 P Mo Hel pacKJaablBaeTcs.
(Ecqiu mpocTpaHCTBO KOHEYHOMEPHO, TO OYEBHHO, YTO B KaXKJI0M
MHOKECTBe, COfepKallleM HeHyJeBble BEKTOPbI, Takas CHCTeMa
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Hatinercs.) BekTopsl p1, . .., pm 00pasyioT 6as3uc B THHEHHOH 060-
Jgouke P. B camom nese, Kaxkmayro JUHEHHYIO KOMOHHAIIUIO BEKTO-
pPOB K3 P MOXKHO TPeNCTaBUTb KaK JIUHEHHYI0 KOMOWHAIMIO BeK-
TOPOB P1,...,Pm, TAK KaK Ka)KAblH BEKTOpP U3 P MOXKHO pasJio-
JKUTb MO P1,. .., Py U NOACTABUTH 3TU PA3JI0KEHHSI B pacCMaTpH-
BaeMyIo JIMHEeHHYI0 KOMOUHALHIO.

B uactHOCTH, ecai P — KOHEYHOEe MHOMKECTBO BEKTOPOB, MbI
uMeeM

[Ipennoxenue 1. Pagmeprocme auHeliHOUL 000A0UKU
MHOMCECMBA U3 ™, 8EKMOPO8 He NPesocxooum m.

[Tpumep 2. PaccMOTPUM OIHOPOAHYIO CHCTEMY JIHHEHHBIX
ypaBHeHHH ¢ n HensdBecTHbIMU. CorsiacHo mnpepnJsioxeHuto 3 § 6
r1. V COBOKYMHOCTb BCEX pelleHWH 3TOH CHCTeMbl TpeiCcTaBJsi-
eT coboil MOANMPOCTPAHCTBO B JIMHEHHOM MPOCTPAHCTBE CTOJOLIOB
BBICOTBI 7.

Kaxnasi dhyHnameHTasbHash CHCTeMa peLIeHUH 3TOU CHUCTEMBI
ypaBHeHU siBJisieTcs 6a3UCOM B 3TOM MOANPOCTPAHCTRE.

[Tpumep 3. B KakaoM JMHEHHOM NPOCTPAHCTBE MHOXKECTBO,
COCTOSILIEE TOJBKO U3 HYJIEBOIO BEKTOpPA, SBJSETCs MOANPOCTPaH-
ctBoM. OHO Ha3blBaeTCs HYAEBbIM.

[Tpumep 4. Bce npoctpanctBo L sBJseTCS NOANPOCTPaH-
CTBOM B L.

[pennoxenue 2. [lycmo L' nodnpocmparcmso n-meprozo
npocmparcmea L. Toeda dim L' < n. Ecau dim L' = n, mo L'
cosnadaem c L.

JleficTBuTeNBbHO, M06asi cCUCTeMa, colepxKarias m > n BeKTO-
poB u3 L', NeXHUT Takxke U B L W TOTOMY JIHHEHHO 3aBHCHMA.
[Tycts 6asuc B L' comepkut n BekTopoB. Torna JoGoi BEKTOp U3
L packiagplBaeTcsi Mo 3TOMY 0a3ucy H, C/lef0BaTeJNbHO, MPHUHAL-
nexut L. 3uaunt L' coBnanaer ¢ L.

Cdhopmynupyem elle 0QHO TOCTATOUHO OYEBHUIHOE

[Mpenanoxenue 3. [lycmo L' nodnpocmparcmaeo n-meproeo
aunetinoeo npocmparcmea L. Ecau 6asuc eq,...,er 6 L' 0o-
noanums 0o 6asuca ei,...,€k,Ce11,-..,6n 8 L, Mo 8 maxom
basuce sce sekmopol u3 L' u moavko onu 6yoym umemv KoM-
nonenmol £ =0,..., " = 0.

JleficTBUTENBHO, €C/u [ BEKTOpa & HMeeM 5"“ =
=" =0, 10 x = ey + -+ + EFey u, crenoBaTenbHO, T € £’
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O6partHo, BekTop M3 L' pack/anbiBaeTcss B JMHEHHYIO KOMOWHA-
o = Eley + - - + ey, Ona e ecTb pasiokeHue x Gasucy
€1y. .. e, mpu EFFL = = €1 =0,

3ametuM, uyto paseHcTBa Tl = 0,...," = 0 mMoxHO pac-
CMaTpUBaTb KaK CUCTeMY JIMHEHHBIX YPaBHEHWH, CBSI3bIBAIOILYIO
KOOpPAMHATHI BeKTopa x. HeTpynHo n0KasaThb, uto U B J06OM Jpy-
rom OGasuce L' ompemesisieTCss CUCTEMOH JIMHEHHBIX YpaBHEHHH.
JleficTBUTENIBHO, TIPU 3aMeHe 0asuca cTapble KOMIIOHEHTH BbIpa-
)arTcs uepe3 HoBble o (opmysiam (5) § 1, u B HoBOM Gasmce
CUCTeMa ypaBHEHUH MPUMET BHUJ

n

n
doofttei=0, ..., Y opdi=0.
i=1

i=1

Panr 3To# cucTeMbl paBeH n — k, TOCKOJbKY CTPOKH MATPHILbI
nepexoja JMHEeHHO He3aBUCUMBI. MITak, Mbl J0Ka3aau

[Ipennoxenune 4. [lycmo 8 n-meprom npocmparcmse L
svlbpan 6asuc. Toeda kKoopdurnammbie cmoabuybl 8eKMOpPo8, npu-
Haorexcawux k-mepromy noonpocmpancmsy L' (k < n), yodo-
81eMBoPAIOMm 00HOPOOHOLL CUCmeme AUHELIHbLX YPABHEHULL pat-
ean—k.

2. CymMa u mepecedyeHue MOANPOCTPAHCTB. PaccMmoTpum
nBa noxnpoctpaHerBa L' u L” nuHeliHoro npoctpaHcTsa L.

Onpenenenue. Bynem HasplBaTh cymmoLl MOANPOCTPAHCTB
L' u L u o6osnauats L + L nuHeiiHy10 060J04YKy HX 06benn-
nenus L' |JL".

[TonpoGHee ompeneseHre o3Hayaet, uto BeKTop = U3 L + L
(1 TOMBKO TaKOH) MpeNCTaBUM B BHIE T = » up; + 2 3j¢;, The
BEKTOpbl p; JexaT B L', a ¢; — B L”. O6o3Hauasi HalHCaHHbIE
Bbillle CyMMbl 4yepe3 x’ ¥ x’/, Mbl BUAHM, 4TO MOAMNPOCTPAHCTBO
L'+ L cocTouT U3 BEKTOPOB, MPEACTaBUMBIX B Bue © = z’ + 1z,
rne 2’ € L', ax" e L.

[Tyctb pasmepHoctu mopmpoctpancts L' u L” pasubl k u

[. Bribepem B 3THX MOANPOCTPAaHCTBaX Oa3uchl ej,...,e; H
fi,--., fi. Kaxnpiit Bektop u3 L + L packiaipiBaetcst Mo Bek-
TOpam €1,...,€k, fi,...,f1, 1 Mbl mojyuum Gasuc B L + L,

€CJIn yaaJjauM U3 3TOH CHCTEMbl BCe BEKTOPbI, KOTOPbIE JIUHEHHO
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BhIpaXkaloTcsl uepes ocraibHble. CaenaTb 3TO MOXKHO, Hampumep,
TaK:

Bri6epem kako#-1160 6asuc B £ ¥ COCTaBUM MaTpHIy U3 KO-
OPAMHATHBIX CTOJIOLOB BCEX BEKTOPOB €1,...,€k, f1,...,[f1. Te
BEKTOPbI, KOOPAHHATHBIE CTOJOIBI KOTOPHIX — GA3HCHBIE CTOJOIIbI
9TOH MaTpHLbl, cocTaBasoT 6asuc B L + L.

[ToustHoO, uTO

dim(£' + £") < dim £ + dim £".

Ecau £ C L”, 10 L'+ L"” = £”. B yacTHOCTH, AJ4 J1000r0
nonnpoctpanctsa L'+ L = L.

Onpenenenue. HasoBem nepeceuernuem nomnpocTpaHCTB
L' w L” u o6osnauum L' () L” MHOXKECTBO BEKTOPOB, KOTOpbIE
NpUHAAIeXKAT 0GOUM MOAMPOCTPAHCTBAM.

[Tepeceuenune L' () L" ectb mogmpocTpaHcTBo. ledcTBUTENb-
HO, HYJIEBOH BEKTOp JIEXKUT BO BCEX MOANPOCTPAHCTBAX H, CJIEM0-
BATeJIbHO, MepecedeHre — He MyCTOe MHOXKECTBO. Ecsid BEKTOpHI
x uy aexar B L (L"”, o onn nexar kak B L', tak u B L.
[ToaToMy BEKTOD Z + y W MPH JIOOOM (v BEKTOP (v TAKXKE JIeXKAT
uB L', us L', acnenosarensHo, u B L' (| L".

B KOHEUHOMEDHOM TMPOCTPAHCTBE MOAMNPOCTPAHCTBA MOTYT
ObITh 3alaHbl CUCTEMaMH JMHEHHBIX ypaBHeHu#. Torma HX rme-
peceueHHe 3a[aeTCsl CHUCTEMOH ypaBHEeHWH, MojydaeMoil 00bepu-
HEHHEM CHCTeM, 3a[al0LIKX MOAMPOCTPAHCTBRA.

Ins s > 2 nommpoctpanct L1, ...,£° cymMMa M mepeceye-
HHe OMpPeNeNsIoTCs aHAJOTHUHO, U TOJydeHHble Bbillle CBOHCTBA
MEPEHOCSTCS Ha CYMMBI M [I€PECEUeHHst s TTOANPOCTPAHCTB.

B uactHOCTH, cymmoii nodnpocmpancme LY, ..., L° HasbBa-
ercsi JIHHeHHass 060J0YKa UX OObEeIUHEHUs. DTO — MHOXKECTBO
BCEX BEKTOPOB, MPEACTABUMBIX B BHIE CYMMbl Xy + - + @,
rne z; € L (i = 1,...,s). Kaxapiii U3 BEKTOPOB T; MOXeT
ObITb pas/oXeH Mo 6askCy B CBOeM MoanpocTpaHcTBe LY, W 10-
TOMYy M060H BeKTOp M3 cymMMbl L! + --- + L£° packsaabiBaer-
csl M0 CHCTEME BEKTOPOB, MOJydYaeMoi oGbeinHeHHeM Ga3HCOB
BCEX MOAMPOCTPAaHCTB. UHCIO BEKTOPOB B 3TOH CHUCTEME PABHO
dim £! + - - - 4 dim £°. TTocKo/IbKy BEKTOPbl BCeX Ga3HCOB B COBO-
KYMHOCTH MOTYT ObITh JIMHEHHO 3aBHCHMBIMH, Pa3MEPHOCTb CyM-
MBI TIOANPOCTPAHCTB MOXKET OKAa3aThCsl MeHblle OOIIEro 4ucJa
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BEKTOPOB B CHUCTEME!
dim(L' +--- 4+ £°) < dim £ + - + dim £°.

Basuc B cymMe moAnpocTpaHCTB MOJYUYaeTCsi, KakK U MpU § = 2, U3
00berHeHHs: 6A3UCOB CJaraeMblX ylajJeHHeM BeKTOPOB, JTHHEHHO
BBIPAKAIOLIUXCS Yepe3 OCTalbHbIE.

Onpenenenue. Cymma nogmpoctpaHcts L, ..., L° Hasbl-
BaeTCsl NpsAMOL Cymmoui, eCii ee pa3MepHOCTb paBHAa CyMMe pas-
MepHOCTeH 3THX MOANPOCTPAHCTB, TO €CTb UMeeT MaKCHMaJsbHOe
U3 BO3MOXKHbBIX 3HaYeHHUH.

Ecnu Hamo mopuyepkHyThb B 0603HaYeHHH, YTO CyMMa — Ipsi-
Masi, TO UCIOJIb3YIOT 3HaK .

[TpubaBseHue HyJeBOro MOANPOCTPAHCTBA He MEHSIET HU pas-
MepHOCTb CYMMBI, HU cyMMy pa3mepHocTeil. Ho Huke MBI Oynem
CUMTATb MOJAMPOCTPAHCTBA HEHYJEBBIMU, YTOObI M30eKaTb OrOBO-
POK, BBI3BaHHBIX HECYLIeCTBOBAaHMEM 0(a3uca B HYJEBOM TOAINPO-

CTPaHCTBE.
[Ipennoxenue 5. /[as moeo, umobel cymma M noo-
npocmparncme L, ... L5 6oiia npamoil cymmotl, Heobxo0umo

U JocmamouHo BbinoAHeHUe 40020 U3 CAeOYUWUX Yemblpex
ceoticms:

a) Jlobas cucmema u3 m < S HeHyle8vlx 8eKmopos, npu-
Haorexcauux pasaudnoim noonpocmparncmeam L(i=1,...,s),
AUHELIHO He3a8UCUMA.

6) Kaowcooiii sekmop © € M packaiadvisaemcs 8 cymmy x1 +
coodx,, 20ex; €LY i=1,...,5 00HO3HAUHO.

B) [lepeceuenue kaxdozo us nodnpocmparcme Lb ¢ cymmotl
OCMANbHBLX ecmb HyAe80e NoONnpPoOCmpaHcmaso.

r) O6vedunenue 6asucos nodnpocmparcme L', i =1,...,s
aeasemces 6asucom 8 M.

JlokaszaTeabcTBO. Mbl H0KaxKeM, 4TO M3 ONpeleJeHHs
NPSIMOH CYyMMBI CJlelyeT CBOHCTBO (a), U Ka)k1oe U3 CBOHCTB (6),
(B) u (r) cnenyer u3 mpenbiayuiero. [TockosbKy 13 cBoiicTBa (T)
HEMOCPEeACTBEHHO CJIEAYeT ONMpeeeHHe MPSIMOE CyMMBI, 3TO Oy-
JIeT 03HauaThb PaBHOCHJBHOCTh Kax<[IOTO M3 CBOHCTB oOMpejeJe-
HHIO.

a) JlokaxeM OT TPOTHBHOrO, UTO W3 OINpeleseHUs CJeny-
et cBodcTBO (a). JomycTuM, 4TO HallJach JUHEHHO 3aBUCUMast
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CUCTeMa HeHYJIeBbIX BEKTOPOB Zj,,...,ZL;,, TaKUX, YTO HHUKaKHe
JBa M3 HMX He JeXXaT B OHOM M TOM ke MoanpocTpaHcTe L.
JomoMHUM KaKIbli U3 3THX BEKTOPOB 0 6a3uca B ero MoAINpo-
CTPaHCTBe, a B TeX MOANPOCTPAHCTBAaX, U3 KOTOPHIX B CHUCTeMe
BEKTOPOB HeT, BbibepeM 6a3UC MPOU3BOJIBHO.

O6benuHeHHe 3TUX 0a3ucoB — cucteMa U3 k = dim L' +
-+ + dim £° BexktopoB. Kaxnbiii BekTOp U3 M packJjiaibiBaeTcs
M0 3TOH CHCTeMe, HO CHCTeMa 3Ta JIMHEHHO 3aBHCHMa (TaK Kak
OHa CONEPXKHUT JIMHEHHO 3aBUCUMYO moacHucTemy). [ToaTomy 6asuc
B M comep:KHUT MeHbllle, YeM k BEKTOPOB, U Pa3MEPHOCTb CYyMMBbI
MeHbllle CYMMBI pa3MepHOCTeH.

6) Joxaxem, 4To U3 CBOHCTBa (a) cjenyer coiictBo (6). [o-
nycTUM, uto (6) He BBHIMOJNHEHO, U HEKOTOPBIH BEKTOP & MpPEeACTaB-
JIeH Kak cyMMa * = 1 + -+ X5 U KaK CyMMa & = Y1 + -+ + Ys,
roe x;,y; € L' (i =1,...,s). Torna (z1—y1)+- -+ (zs—ys) = o.
Ecny XoTb ogHa M3 pasHOCTEH OTIWYHA OT HYJS, MBI MOJydaeM
TPOTHBOpPEUHe CO CBOHCTBOM ().

B) [lokakeM Temepb, TakKKe OT NPOTHBHOrO, YTO M3 CBOM-
crBa (6) cmenyer (B). He ymeHbiiass oOLIHOCTH, Mbl MOXKEM
JomycTHTh, 4To L! uMMeeT HeHyseBoe MepeceyeHHe C CyMMOEi
L%+ .-~ + L£°. B 310M c/lyyae cyllecTByeT HeHY/JeBOH BEKTOp
1 € L', npencraBumblil B BHme CyMMbl To + - - + x5, Ho pa-
BEHCTBO X1 = Tg + - -+ + Ty 03HAUaeT, UTO =1 ABYMS Crocob6amu
TpeaCcTaB/eH KaK CyMMa BEKTOPOB M0 OJJHOMY M3 Kaxaoro L°.

r) Jlokaxkem, HaKOHell, uTO U3 cBoicTBa (B) caenyer (r). Pac-
CMOTPHUM CHCTEMY BEKTOPOB, ToOJydaeMylo o0beinHeHHeM 06a3u-
coB moanpoctpancts L, (i = 1,...,s). Kaxkapiii BEKTOp U3 CyM-
Mbl M 0053aTeJIbHO pacKJ/alblBaeTcs MO 3TOH CHCTeMe, W HaM
OCTaeTCsl [0Ka3aTh, YTO MPU YCJOBHH (B) 3Ta CHCTeMa JHUHEHHO
He3aBUCHUMA.

CrpenaeM 3T0 OT MPOTHUBHOrO. JlOMyCTHM, YTO CYLIECTBYET
paBHas Hy/NI0 HeTPUBHAJbHAsl JHHeHHass KOMOWHALMS BCEX BeK-
TOPOB, BXOASIIIMX B paccMaTpuBaeMble 6a3HUChl MOANPOCTPAHCTB
L (i = 1,...,s). CrpynnupyeM cJaraemble B 3TOH JNHHEHHOR
KOMOMHALMKU TaK, 4ToObl 00beANHUTb BCe C/araeMble, OTHOCSIIH-
ecsl K OJHOMY MOANPOCTPaHCTBY. Mbl MOJNy4YdM PaBEHCTBO BHAA
Ty + -+ xs = 0, TAe XOTq OBl [Ba BEKTOpPa OTJIMYHBI OT HYJS.
He ymenbiiasi o6IIHOCTH, MOXKHO CUHTaTh, 4TO x1 # o. lornma
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Ty = —Tg— - — Ty TO 3HAUMT, UTO HEHYJNeBOH BeKkTop =1 € L}
NPUHANJIEKHUT Takxke cymme L2 + .- + L5, [lonydeHo MpOTHBO-
peure co CBOHCTBOM (B). DTO 3aKaHUMBAET JOKA3aTeJbCTBO BCETO
NpeIJIOKEHHUS.

OTMeTHM KakK 4acTHbIE cayuall cBoHcTBa (B)

[Ipennoxenune 6. Cymma dsyx noonpocmparcme — nps-
Mas, ecau ux nepeceuerue — Hyaesoe.

Jlerko BHAETb, UTO TNpPH CJOKEHHH MOAMPOCTPAHCTB MOXKHO
MPOU3BOJIbHO PACCTABJATb U YOUPaTh CKOOKH. DTO OTHOCHUTCS H K
npsimoit cymme. Hampumep, (L' @ L) & (L2 LY) =L Lo
®L D L

[penanoxenue 7. asn aoboco noonpocmparncmea L' npo-
cmpancmea L Hatidemcs makoe noonpocmparcmeo L, umo
L=L &L

JokasatenbcTBO. DBribepem 6asuc eq,...,e; MNOANPO-
cTpaHcTBa L' ¥ IOMOJHUM ero 1o 6asuca MpocTpaHcTBa L BEKTO-
paMH €x41, ..., €ey,. JINHEHHYIO 000/M0UYKY €y1, ..., €, 0003HAUUM

yepe3 L”. U3 npensoxenus 5 BunHo, uto L =L & L.

Teopema 1. Pagmeprocme cymmor dsyx nodnpocmparcme
pasHa cymme ux pasmeprocmeri MUHYC PASMEPHOCMb UX nepe-
ceuenus.

Ecau cymma mpsiMasi, yTBepKJAeHHe CIIpaBelJIHBO: pasMep-
HOCTb PaBHa CyMMe pa3MepHOCTeH, a MepeceueHHe — HYJEBOE.

[lycts Temeps £' u £? moanmpocTpaHcTBa ¢ HEHYJNEBBIM Tepe-
cegenneM. CornacHO TpelJIOKeHUIO 7, HalieTcs Takoe MOAMPO-
cTpanctBo M, uto L2 = M & (L' (N £?). Torna

LY+ L2 =L+ (L) L%+ M.

Orciona BUaHO, uto LY + L2 = LY + M, tak kak L' L? C L.
Ilokaxewm, uto L1+ M — npsamas cymma. [ 3TOr0 paccMOTPUM
NPOU3BOMbHBIN BeKTOp 2 € L1 (VM. U3 2 € M C L2 cenyer 2 €
€ LY (N L2, a cieposatensHo, z € (L1 £%) N M. Orciona z = o,
u nepecedenve L' () L? — Hysesoe.

[lo onpenenenuto npsmoit cymmbl dim(£! + £2) = dim £! +
+ dim M. Kpowme Toro, dim £2 = dim(£! () £2) + dim M. Bbiuu-
Tas 9TH PABEHCTBA MOYJIEHHO, IPUXONUM K TpeGyeMoMy 3aKJioue-
HHUIO.
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YIIPA2KHEHHWSA

1. B nuneitHoMm npocTpaHcTBe L 3aiaHbl BEKTOPHl G1,d2 U G3 C KO-
OPZAMHATHBIMU CTOJIOLAMH

1 5 9
2 6 10
3 7 11
4 8 12

B 6asuce e, ea, €3, e4. Halinure 6asuc ux auHeiHo# o6o0uku L.

2. Hafinute cucTeMy ypaBHeHHH, 3aai0LLyI0 OANPOCTpaHCTBO L' 13
3ajgauu 1.

3. Hatinure kakoe-uuGyab moanpoctpanctso M/, koTopoe BmecTe ¢
nonnpoctpancteom L' u3 sanaun | ynossnersopsier yciaosuio £ = L &
oM.

4. TlonnpoctpanctBo £’ onpejeseHo B sagade 1, MOANPOCTPAHCTBO
L wmaranyTo Ha BekTOphl by M by ¢ koopmuHaTamu 1,1,1,2 u 2,2,2 5.
Haiipure: a) 6asuc B L' + L", 6) 6asuc 8 L (N L".

5. B ueTblpexMepHOM MPOCTPAHCTBE 3aaHbl a) YeThlpe MOANPOCTPAH-
cTBa, 0) MATh MOANPOCTPAHCTB, B) MsATh HEHYJIEBBIX MOANpPOCTpaHCTB. Mo-
JKeT JIM UX CyMMa OblTb MPSIMOH?

§ 3. IMHEUHBIE OTOBPAXKEHMS

1. Onpepenenue. I[lycts £ 1 £ 1Ba TMHEHHBIX TPOCTPAHCTBA,
o6a BellecTBeHHble WJK 00a KoMmmJeKcHble. [lom omobpasceru-
em A npoctpaHctBa £ B NMPOCTPaHCTBO L MOHMMaeTCs 3aKOH, 10
KOTOPOMY KaXKIOMYy BEKTOpPYy K3 L CONOCTaBJeH eIUHCTBEHHBIH
BekTop M3 L. Mul Gynem mucath A : £ — L. O6pas BekTopa T
o6osnauaercs A(x).

Onpenenenue. Otobpaxkenre A : L — L HasbiBaeTcs
AUHELHbIM, eCd IJs1 JIOOBIX BEKTOpPOB = W y U3 L U Joboro

Y{c/a (v BHIIOJHEHB PABEHCTBA
Az +y) =Ax) + Aly), A(az)=aA(z). (1)

CJieryeT nof4epKHYyTh, UTO 3HAK <-+>> B JIEBOU U B MPaBOH UaCTAX
nepBoil U3 dopmyna (1) o6o3Hauaer aBe, BOOOIE TOBOPS, pasJHy-
Hble OlMepalMu: CJIOXKEeHHe B MPOCTPAHCTBe L U CJI0XKEHHE B Mpo-

cTpaHcTBe L. AHajorMyHoe 3aMedyaHHe OTHOCHUTCS U KO BTOPO#H
topmy.e.
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JIuHeliHoe oToOpakeHUe Mbl Oy/eM Ha3blBaTh AUHELHbIM npe-
obpasosanuen, eciu npoctpancTsa £ v L COBNANAIOT.

[Tpumep 1. Tlyctb A — duxcupoBanHoe uncsao. ConocTaBUM
KaXIOMYy BEKTOpYy x mpocTpaHcTBa L BeKTOp Ax. JIerko BUOETH,
4TO 3TO — JIMHEHHOe Npeobpa3oBaHHe.

[Tpumep 2. Ilpu acdduHHOM npeobpazoBaHUU MJIOCKOCTH
IByMepHOe MPOCTPAHCTBO BEKTOPOB, Ha HeH Jexallux, oTobpa-
)aetcst camo Ha cebsi. B cuay dopmyn (11) § 2 . IV st0 —
JIMHelHoe TIpeoOpa3oBaHHue.

[Tpumep 3. Brlbepem B n-MepHOM JHHEHHOM ITPOCTPAHCTBE
L KakoH-HUOyab 6asuc. DTO COMOCTABHT KaXKAOMY BEKTOPY €ro
KOOpAUHATHBIH cToJiOel, U TeM OIpele/]UT JHHeHHoe oToOpaxe-
HMe TpocTpaHcTBa L B n-MepHOe apu(pMeTHYeCKoe NPOCTPAaHCTBO
(mpocTpaHCTBO CTOJOIOB).

[Tycts £ — BemiecTBeHHOe NpocTpaHcTBO. ConocTaBas Kax-
JIOMY BEKTOPY €ro MepByI0 KOMIIOHEHTY B BEIOpaHHOM 6a3uce, Mbl
noJjy4yaeM JrHeHHOe oToOpaxKeHHe L B JIMHeHHOe MPOCTPAHCTBO
BEIL[eCTBEHHBIX UHCEJI.

[Ipumep 4. Ilyers CY[—1,1] u C°[0,2] — npocrpancTsa
(YHKLMH, HempepbIBHBIX COOTBETCTBEHHO Ha oTpeskax [—1,1]
u [0,2]. ConocraBuMm ¢yHKUMH f(t) M3 [MepBOrO MPOCTPAHCTBA
¢yHkuuio o(s) = f(s — 1) u3 Broporo. dTo oTOOpPaAKEHHE, OUe-
BUJIHO, fIBJIsIeTCs JIUHeHHBIM. [IpuMep npeobpasoBaHms MOKHO IO-
JIy4uTh, /i conocTaButh Gpynkunu us CO[—1,1] ee neppoodpas-
Hyto F'(t), ynoBnetsopsitouiyto yeaosuio F'(0) = 0.

[Tpumep 5. PaccmoTpum n-mepHoe apudMeTHUYecKoe Mpo-
CTPaHCTBO R™ W NpPSAMOYTOJbHYIO MaTpuly A pasMepoB m X n.
ConoctaBuM cronbuy x € R™ cronben Ax. OH HMeeT BBICOTY
m. Takum o6pasom, onpenesneHo otobpaxkeHue R"™ B R". B cuny
CBOHCTB YMHOXKeHHS MaTpHIL, 3T0 0ToOpaxkeHHe — JHHeHHOe.

[Tpumep 6. OrobpakeHue, ConocTap/siollee KaXKIOMYy BekK-
Topy U3 L HyJeBoil BekTop u3 L, sBasercs auHediHbM. OHO Ha-
3bIBAETCS HY1e8biM OTOOPAXKEHHEM.

B nanbueiimiem B 3TOM naparpage n U m OyayT o6o3HayaThb
pasMepHOCTH MpocTpaHcTB £ U L COOTBETCTBEHHO.

U3 onpeneneHus HeMe[JIeHHO BbITEKaeT, YTO NPU JUHEHHOM
oTo6pakeHUH JIMHelHast KOMOWHAIMS BEKTOPOB NEPEXOIUT B Ta-
KYI0 JKe JIMHEHHYI0 KOMOWHALHUIO X 06pa3oB.
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HysneBoii BekTOp MepexoouT B HYJEBOH, MOCKOJbKY A(o) =
= A(0z) = 0A(z) = o. (ObpatiM BHHMaHHE Ha TO, YTO HYJEBbIE
BEKTOPbI MPoCcTpaHCTB £ U £ Mbl 0603Ha4aeM OJMHAKOBO.)

[Ipennoxenne . [lpu auneiinom omobpasceruu A : L —
— L aunetinoe noonpocmparcmeo L' C L nepexodum 6 auneti-
noe nodnpocmparncmeo A(L') C L, npuuem dim A(L") < dim L.

Jlisi HyJeBOro MOANPOCTPAHCTBA YTBEpPXKJAEHHE OYEBHIHO.
Pacemorpum mopmpoctpanctBo L' pasmeproctu k > 0. Ilycts
€1,...,ep — Oasuc B L'. Jlas soGoro Bektopa x €L’ umeem
r==E% + -+, m

A(z) = A(Erer + -+ &er) = E'A(er) + -+ E"A(er).  (2)

DT0 03HaYaet, YTO MPOU3BOJIbHLIN 371eMeHT MHOKecTBa A(L') 06-
pa3oB Bcex BEKTOPOB U3 L' ecTb JMHEHHAas KOMOHHALHS BEKTOPOB
A(e1),...,A(er). HaobopoT, kaxknasi Takasi JuHeHHasi KOMOHHA-
1IHsI, OUEBHAIHO, siBJsteTcsi o6pasoM BekTopa u3 L'. Wrak, MHOXKe-
ctBo A(L') — nuneiinast o6osouka A(er),...,A(er) U, cremoBa-
TeJIbHO, €CThb NOANPOCTPAHCTBO. Pa3MepHOCTb €ro He MPeBOCXOAHUT
k B cuny npensoxenusi 1 § 2.

Heo6xo11MO OTMETHTb YaCTHBIH CJyyadl 10Ka3aHHOTO MpemIo-
JKEeHMs: MHOXKEeCTBO 00pa30B BCeX BeKTOPOB W3 L sBJAETCS MOJ-
npoctpacTBom A(L) B £. OHO Ha3bIBAETCS MHONECMEOM ZHAUE-
Huil oTobpaxkeHHs U o6o3Havdaercs Im A.

Onpenenenue. PasMepHOCTD MHOXKECTBA 3HauUeHHH 0TOG-
pakeHHs HAa3BIBAETCS PAHESOM OTOOPaKEHHSI.

Ecau paur A paBen m, To A(L) coBmamaer ¢ L, ¥ Kax-
Ibiit BekTOp M3 L ABsieTcsl 00pa3soM HEKOTOporo BekTopa 3 L.
Otobpazkenune, obsagalee 3THM CBOHCTBOM, Ha3bIBAETCS CIOPD-
eKMmUBHbIM 0TOOPaKEHUEM.

Onpenenenne. MHOXKeCTBO BEKTOPOB, 0TOOParKaIOLIUXCS
B HYJIeBOH BEKTOp IpU O0TOOpakKeHUH A, HasblBaeTcsl A0pom 0TOO-
paxenuss A u o6o3Haudaetcs Ker A.

[Ipennoxenue 2. 40po ecmv auwmetinoe noonpocmpam-
cmeo 6 L.

JleficTBUTENbHO, SAPO He MYCTO: OHO BO BCSIKOM CJIyuyae CO-
nepxut HysneBod Bektop. Hasee, eciu A(z) = o u A(y) = o, T0
Alax + By) = aA(x) + BA(y) = o.
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[Iyets simpo A HenyseBoe: dim Ker A > 1. Torna xaxabiil Bek-
top y u3 A(L) umeer GeCKOHEUHO MHOrO MpoobGpasos. JeicTBu-
TesbHO, ecat y = A(z) 1 o # xg € KerA, 10 A(z + 29) = v.
BepHo M o6paTHoe yTBepKIeHHE: eCJH KaKoH-TO BeKTop y € L
UMeeT XOTs Obl Ba Pa3/HuHBIX Mpoobpasa, TO AP0 A CONEPKUT
HeHysneBoH BekTop. HefictButensHo, ecnu A(zy) = A(ze) = y oas
X1 # w9, T0 A(r1 —x2) = 0 U 2 = I — Ty — HEHYJIEBOH BEKTOP
B sIZpe.

OtoGpaxkeHre, MPU KOTOPOM PA3JHYHblE BEKTOPBl HMEIOT
passiMuHble 00pa3bl, HA3bIBAETCS UHBEKMUBHLIM OTOOPaXKEHHEM.
Hrak, moayueHo

[Ipennoxenue 3. Omobpasenue uHBEKMUBHO mMoeda U
moavko moeda, Koeda eeo 10po — HyAsesoe NoOnpoCmpanHcmao.

[Ipennoxenue 4. [lpu awobom sunetinom omobpaxceHuu
AUHELHO 3a8UCUMblE BEKMOPbL Nepexo0sam 6 AUHEeHO 3a8UCU-
mote. Ecau omobpancenue UHDEKMUBHO, MO AUHEUHO He3a8UCU-
Mble 8eKMOopbL nepexo0sam 8 AUHeLHO He3a8UCUMbLe.

HeiictButensho, 1. [lycts ayxy + -+ agzr = o |ag| + ...
oo+ |ag| #0. Torna a1 A(zy) + -+ - + arA(zg) = o.

2. Tlycth 06pasbl BEKTOPOB X1, ..., T JUHEHHO 3aBUCHMBL:
a1 A(xy) + - + apA(zy) = o. Torna Al + -+ - + agax) = o.
Orciona A/151 UHBEKTUBHOTO OTOOpPaXKEHUS (1 &1 + - -+ + QX = 0
H, CJIe0BATEJIbHO, I, ..., Ty JUHEHHO 3aBUCHMBL.

2. KoopaunaTtHas 3anuch oToOpaxkeHuii. PaccmoTpum siu-
HefiHble npocTpaHcTBa £ U L pasMepHOCTel n ¥ m W JuHeliHoe
otobpaxkenue A : L — L. IlycTb ey,...,e, — 6asuc B L. Torna
06pa3 MpOM3BOJILHOTO BeKTopa = = {ley + - -+ + £Me,, pack/abl-
BaeTcs B JIMHEHHYI0 KOMOWHALKIO

A(z) = €' A(er) + -+ E"Alen). 3)

3unaunut A(z) MOXKeT ObiThb HalIeH MO KOOpAWHATAM X, €CJH H3-
BECTHBI 00pa3bl 0a3uCHBIX BeKTOpPoB A(er), ..., A(e,).
Bribepem Takxke 6asuc B mpocrpaHcTBe L. Ilycts ato f =

= || f1,.-., fml|l. Kaxnpii 13 06pa3oB GasHCHBIX BEKTOPOB MBI
MOKeM PasJ/okKuTb no f:
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A(ei):zm:affp (i=1,...,n).
p=1

Ecaiu komnonents Bektopa A(z) Mbl 0603Hauum uepes b, ..., 0",
TO paBeHCTBO (3) MOXKeT ObITh MEPENHCaHo TaK:

m
D=2 gl
p=1 i,p
OTCI’OILa, B CHUJy €IMHCTBEHHOCTHU Pa3JI02KEHUS T10 6aSI/ICy,
n
=Y ¢ (p=1,...,m). (4)
i=1

Ecau mbr cocraBum Matpuiy A u3 uucen of, To paBeHcrtsa (4)
MOT'YT OBITb 3alHMCaHbl B MaTPUUHOH (popMme

y = Ax (5)
WU, noapobHee,
1 1
n al ... ol €
,’7;71 al am g.n

3/ech KoopaHHATHBIH crosibel o6pasa A(x) B 6asuce f BblpaxkeH
Kak MPOU3BeJleHHe MaTpUIlbl A pa3MepoB m X 1 Ha KOOPAUHATHBIH
croJbel BeKTopa T B Oasuce e.

Onpenenenue. Mampuuyeti auneiinoco omobpascenus A :
L — L B nape 6asucoB e u f HasbiBaeTcs MaTpHIa, CTOMNOLbI
KOTOPO# (B X €CTeCTBEHHOM MOPsiAKe) — KOOPAHHATHBIE CTOJOLIbI
BekTOpoB A(eq),. .. ,A(e,) B Oasuce f.

Dopmyna (5) moxasbiBaeT, Kak ymnoTpebJsieTCs MaTpuilia JHu-
HeHHOro oTOOpaXkeHus IJ1s1 HaX0XKIeHHs1 o6pasa BeKTopa.

Martpuua JuHeHHOro 0To6paKeHUs B CJAeAYIOLIEM CMbICJE Of-
HO3HAyHO OIpejesieHa: ec/M s JI0O0ro BeKTopa & = eX K0op-
IUHATHBIA cTosi0el; BekTopa A(xz) B Gasuce f ectb y = Bx, TO
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marpuua B coBnagaer ¢ A. DTo yTBep:KIeHHE HETPYIHO MPOBe-
PUTb. YMHOXHM MaTpHIy B Ha KOOPAMHATHBEIE CTOJOEL BEeKTOpa
e;, TO ecTb Ha i-# crosbel efHHHYHOH MaTpHLEl. [IponsBeneHne
paBHO ¢-My cTOJIOLY B, a 3TO U eCTb KOOPAMHATHBIH CTOJOeL
A(GZ)

[Tpumep 5 moKasbiBaeT, 4To MPH BHIOPAHHBIX B MPOCTPAHCTBAX
L v L 6asucax Kaxjaas MaTpulla PasMepoB 1m X 1 CAYKMT MarT-
pHIEH HEKOTOPOTO JIMHEHHOro oToOpaenust L — L.

[IpennoxeHnue 5. Pane mampuusl auneiinoco omobpace-
HUSL paser parnay smoeo omobparers.

HoxkasateabctBo. Ilyctb ji,...,J, — HOMepa 6a3UCHBIX
cTonb1oB MaTpuisl A nuHeltHOro oto6paxkenust A. Torna BeKTOpHI
A(ej,),-..,A(ej,) IMHEHO HE3aBUCHMbl M KaX[bIH M3 BEKTODOB
A(e;) (i = 1,...,n) mo HuUM packaanbiBaeTcsi. C/lef0BaTe/bHO,
MBI MOXKEM PasJ/okKHUTb 00pa3 A(x) J:060ro BEKTOpa TOJMBKO MO
A(ej,), ..., A(ej,). TaknM 06pasoM, 9TH BEKTOPEl 00pa3yloT 6asuc
B ImA, u ux uucio pasHo panry A. IlpensoxeHnue 1oKasaHo.

W3 storo npenso:keHHs BUIHO, YTO PAaHT MATPHUIbl THHEHHOTO
0TOOpaKeHUsI OIUH U TOT Ke, KaKylo Obl mapy 6asucoB Mbl HH
BbIOpaJIH.

[Ipennoxenune 6. Cymma panea omobpascenus u pas-
MepHOCmu eeo A0pa pasHa pasmepHocmu omobpancaemoao npo-
cmparcmaa.

JokaszateabcTBo. CornacHo dopmyse (5), siapo oTobpa-
JKEHHUS OINpefesseTcss OJHOPOIHOM CHUCTEMOH JHMHEHHBIX ypaBHe-
HUH Ax = 0 ¢ n HEU3BECTHHIMM. PaHI MaTpuLBl CUCTEMbl pa-
BeH paHry otobpaxkeHus r. PyHnaMeHTabHAs CHCTEMA pelleHHH
3TOH CUCTEMbl COCTOUT U3 d = m — 1 pelLleHUH, KOTopble SABJSIOT-
csl KOOPAMHATHBIMH CTOJIOLAMH BEKTOPOB, COCTABJSIOMIUX 0asuC
B sIZpe.

B uactHOCTH, paBeHCTBO r = n HEOOXOMHUMO W JIOCTATOUHO,
4TOOBI 0TOOpaXKEHHE UMeJO HYJIeBOe SO, TO eCTh ObLI0 UHbEK-
TUBHBIM.

Takum o6pasom, B NPOU3BOJNBHOM Oasuce

e CTOJIOLBI MAaTPHUILBl JUHEHHOrO 0TOOPaKeHHS IMHEHHO He3a-
BHCHUMBI TOTJIAa U TOJIBKO TOTJA, KOTJla OHO HHBEKTHBHO;
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® CTPOKH MaTpPHUILbI JIMHEHHOTO OTO6pa}KeHI/Iﬂ JIMHEHHO He3a-
BHUCHMbI TOrla U TOJIBKO TOTAQ, KOrAa OHO CIOPBEKTHUBHO.

Hamomuum, uto oTobpakeHWe Ha3bIBaeTCs B83QAUMHO OOHO-
SHAUHLLM, €CTH KaXK[blil BeKTOp y € L sBJseTcs 06pa3oM OJHOT0
U TOJbKO OIHOTO BeKTopa M3 L, UHBIMM CJIOBAMH, SIBJSETCS Kak
UHBEKTUBHBIM, TaK U CIOPbEKTUBHBIM. [/ HHBEKTHUBHOIO 0TOO-
paxkeHuss r = n, a A CIOPBEKTHUBHOro r = m. Hrak, umeer
MecTo

[lpennoxenue 7. Juneiinoe omobpascenue A : L — L
83QUMHO 00HO3HAUHO M0e0a U MOAbKO mo2da, K020a pasmepHo-
cmu npocmpancme cosnadarom U pasHvl pamey omoOpatceHus:
n=m = RgA.

3. U3omopdu3m auHeHHbIX npocTpaHcTB. Jlanum cienyto-
1ee

Onpenenenune. B3auMHO ogHO3HAUHOe JHMHEHHOE 0TOOpa-
JKeHHe HasblBaeTcs usomopgusmom. Ecau cyliecTByeT H30MOp-
dusm £ — L, To JuHeiliHble npocTpaHcTBa £ M L HAasbIBAKTCS
USOMOPPHOLIMU.

[Ipumep 7. Beibop 6asuca B n-MepHOM JUHEHHOM MPOCTPaH-
cTBe L onpenesseT u3oMopduaM L Ha n-MepHOe apupMeTHUECKOe
IPOCTPAHCTBO, COMOCTABJSAIOLINN KaXKAOMY BEKTOPY €ro KOOpAH-
HaTHBIH cTo/I6el. DTO KOOPOUHAMHbBLL U30MOPPUIM.

W3 npensoxeHust 7 BUAHO, UTO [Ba JIMHEHHBIX NMPOCTPAHCTBA
MOT'YT OBITb H30MOP(HBEI TOJBKO TOTAA, KOTZa WX Pa3MepHOCTH
coBrnanaioT. OKasbIBaeTCst, 3TO yCJAOBUE SIBJIAETCSA U LOCTATOUHBIM!
UMeeT MeCTo

Teopewma 1. [{sa seujecmsennoix npocmparcmea uzomopgp-
Hbl moeda u moavko mozoa, K020a ux pasmeprocmu pasol. To
e 8epHO U 0Nl KOMNACKCHbLX NPOCMPAHCME.

Ham ocTaercss mpoBepuTb TOJBKO AOCTaTOYHOCTH YCJOBHS.
Ona oueBumHa: mycTb £ U £ — JBa n-MepHBIX JHHEHHBIX MPO-
cTpaHcTBa. Ecau B KaKAOM M3 HUX BeIOpaH 6asuc, To Jwoodas
HeBBIPOXKJIEHHAs1 KBaJpaTHasi MaTpuia nopsiika n mno ¢hopmyse (5)
omnpenesisieT JUHEHHOe 0TOOpaKeHHe, KoTopoe OyneT U30Mopgus-
MOM COIJIaCHO TPeJIOKEeHHUIO 7.

3HaueHHe TeopeMbl 06 M30MOpP(H3Me JHHEHHBIX NPOCTPAHCTB
B cjenyiouieM. JInHeliHble TPOCTPAHCTBA MOTYT COCTOSATh U3 Yero
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YTOAHO — CTOJOLOB, MHOTOYJIEHOB, UHCeJI, HAllPaBJEHHbIX OTpe3-
KOB, (DYHKUUH — NPHUPOAA HUX 3/1E€MEHTOB POJH He UrpaeT, KOraa
U3y4aloTCsl UX CBOHCTBA, CBSI3aHHble C JIMHEHHBIMH OIepaLUsMHU.
Bce 3Tu cBOMCTBA Y ABYX H30MOP(HBIX NPOCTPAHCTB COBEPLIEHHO
OIMHAKOBBI. Ec/ii Mbl yc/I0BUMCS He pa3iduath MexAy co60H H3o-
MOp(Hble NPOCTPAHCTBA, TO AJS KaxKAOH pasMEpPHOCTH Hakuercs
TOJIBKO OJHO JIMHEHHOe IIPOCTPaHCTBO.

4. NA3meHeHNe MaTPUILI JUHEHHOT0 OTOOpaKeHHs TIPH 3a-
MeHe 6a3ucoB. PaccmoTpum JuHeliHoe oToOpakenue A : L — L.
Ecau B npocTpaHncTBax BeibpaHbl 6asuckl e u f, To A onpenesser-
cs marpuueit A. [lyets ppyras mapa 6asucoB €’ u f' cBszana ¢ e
u f matpuuamu nepexona S u P, u B 6asucax € u f’ oToGpaxe-
Hue A umeer marpuuy A’. Hawa 3agaua — Ha#ité CBsi3b MeXKIy
matpuuamu A u A’

PaccMoTpuM Npou3BOJIbHBEIN BEKTOP & MpOCTpaHCTBA L U €ro
o6pa3 y = A(x). O603HaUMM KOOPIHHATHBIE CTONOLB! = B 6a3ucax
e 1 € COOTBETCTBEHHO Yepe3 X U X', a KOOPAHHATHBIE CTOJGIIbI
y B Oasucax f u f’ uepes y u y’. Cornacuo dopmyre (4) § 1,
x = Sx’, y = Py’. lloncraBuB atu Beipaxkenusi B popmyay (5),
Mbl nosiydaem Py’ = ASx’. TlockosibKy MaTpHia nepexoia HMeer
obpathyio, y' = P~1ASx’. Ho no dopmyne (5) y' = A'x’. Tak
KaK MaTpula JUHEHHOro oToOpaKeHus AJ1s1 JaHHOH mapel 6a3ucoB
e/IMHCTBEHHa, MBI [10JIy4aeM

A= P71AS. (6)

5. KaHoHnyeckuil BUJ MaTpUIbl JUHEHHOrO0 OTOOpaKe-
HUS. EcTecTBeHHO BO3HMKAET BOMPOC, KaK BHIOPATh B MPOCTPaH-
ctBax £ u L 6asuchl TaKUM 00pa3oM, 4TOObl MaTpHIa 3aJaHHOTO
0TOoOpakeHUs1 ©MeJia BO3MOXKHO GoJiee TPOCTON BU/IL.

Teopema 2. /las awboeco aumetinoco omobpascenus A :

L — L panea r mozxHo mak svibpams 6asucel 8 L u L, umo
0HO bydem umemo mampuyy

E. | O
1= 5o

(B, — eOuHnuunas noomampuua nopsoka r, 0CMaibibie dLemMeH-
mol, ecAU OHU eCMmb, PA8Hbl HYAI0.)

; (7)
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JokaszatenbcTBO. [lomMecTuM BeKTOpHl €41,...,€, Oa-
anca npoctpanctBa £ B Ker A (ero pasmepHOCTb KaKk pa3 paBHa
n—r), a BEKTOPHI €1, . . ., €, MOXKeM BEIOpaTh MPOU3BONBHO. B cuny
TaKOro BLIGOpA MU JM060M 6asuce B L MOCAeAHHE 1 — 1 CTONOLOB
Matpuusl A 6ynyT HyJeBbiMH. Tak Kak Rg A = r, nepBeie r cT0/16-
OB JOJKHBI ObITh JUHEHHO He3aBUCHMBIMH. [losToMy JsHHeHHO
He3aBUCHMbIMU OynyT BekTopbl A(ey),...,A(e,). [Ipumem ux 3a
nepBble 7 6A3UCHBIX BEKTOPOB B MPOCTPaHCTBe L, a OCTalbHble
BeKTOpPH! fr41,..., fm 2TOro 6asuca BoibepeM Npou3BoJbHO. [Ipu
TAaKoM BbiGOpe mnepBble 7 cTONOIO0B A OyAyT MEPBBLIMU 7 CTOJOIA-
MU eIMHUYHOH MaTpPULBI MOpsiiKa m. JTo U ecTb BUL (7).

6. Cymma u npousBeneHre otoOpakeHuil. PaccMotpum nBa
JvHeHHbIX oTo6paxenus A: L — L u B: L — £ . Mbl HasoBeM
cymmoti 3THX oTobpakeHWH U o6o3HaunM A + B oTobpaxkenune
C: L — L, onpenensiemoe pasencteom C(z) = A(z) + B(z) nas
Joboro x € L.

He npencrasnsier Tpyna npoBepuTsb, 4yto C — snHHEHHOE 0TOO-

paxenue. JleficTBuTenbHO, ecan B £ u L BbiOpaHbl 6a3uChl, KO-
OpAHHATHBIE CTOJOLBl BekTopoB A(x) u B(x) samumyTes depes
MaTpHLBl 0ToOpaxkeHni Kak Ax U Bx. CnenosatesnbHo, C(x) Oy-
IeT UMeTb KOOpAHHATHBIH cTosben Ax + Bx = (A + B)x. Urak,
cymma A+ B nnHeliHbIX 0TOOpaXkKeHUH — JMHeHHOe 0TOOpaKeHue,

M ero MaTpulia paBHa cymMe matpun A + B.

Tlpoussederue auneiinozo omobpascenus A HA UYUCIO «
ompenessieTcss Kak oToGpa)keHue B, comoctaBasiioliee BeKTOPY
x BekTop «A(x). Jlerko mpoBepUTh, YTO 3TO OTOOpaXceHHe —
JUHEHHOe U MMeeT MaTpuly aA, ecin A — martpuia oTobparke-
Hus A.

M3 ckazaHHOTO cjeyeT, 4TO 110 OTHOLIEHHWIO K BBELEHHBIM
3/1eCb JIMHEHHBIM OMepalusiM MHOXKECTBO BCeX JIMHEHHBIX 0TO0O-
paxenuii £ B L mnpejcTapisieT co6oi JMHeHHOe MPOCTPAHCTBO,
KOTOpOoe H30MOP(HO JMHEHHOMY MPOCTPAHCTBY MaTpUL, pa3MepoB
m X n.

Terepb paccMOTPUM TpPH JHHEHHBIX TpocTpaHcTBa L, L 1
L”. PesyjbraT M0C/EI0BATEIbHOTO BBINOJHEHHS OTOOPAXKEHUH
A:L— L wu B:L — L naseiBaercs ux npoussederiiem
1 o6osHauaetcst BA (oToGpakeHue, KOTOpoe JesaeTcs MepBbIM,
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nuuiercs crnpasa). Pasymeercsi, BA oroGpaxaer £ B L u siBas-
eTCsl JIMHEHHBIM 0TOOpaXKEHHEM.

[Tycts B mpoctpancTax L, L' u L” BbiGpaHbl 6a3uCH], COOT-
BETCTBEHHO, €, f u g. O603HauuM uepe3 A mMaTpuLly oToOpaKeHUs
A B 6asucax e u f, a uepea B — marpuiy orobpaxenus B B 6a-
sucax f u g.

[Ipennoxenue 8. Omobpanenue BA umeem mampuuy
BA 8 6asucax e u g.

JlokaszateabcTBO. PaccMoTpuM KoopouHATHBIH cTosbel]
X TPOU3BOJbHOrO BekTopa U3 L. KoopanHaTHBIE CTONOLBI BEKTO-
poB A(xz) u B(A(x)) o603HauKM, COOTBETCTBEHHO, Yepe3 y U Z.
Torna y = Ax u z = By = BAX, KaK HaM U Tpe6GOBasioCh.

PaHr oroOpa:keHUsl paBeH paHTy ero MaTpHllbl, a MOTOMY H3
OLIeHKH paHra NMpOou3BeleHHs MaTpull (mpensoxenue 5 § 3 ri. V)
crefyet

[Tpennoxenue 9. Pane npoussedenus omobpaxceruti ne
npesocxooum pareos amux omoobpaxceHul.

Jlpyrue cBoHCTBa yMHOXEHHS 0TOOPaKEHUH TOXKe JIETKO cJjle-
IYIOT U3 CBOHCTB YMHOXEHHs MaTpuL, H Mbl He OyneM Ha HHUX
OCTaHAaBJUBAThCS.

TosxcoecmeerHoim Tpeodpa3oBaHHeM MpocTpaHcTBa L Hasbl-
BaeTcsl npeobpasoBanue E, conocrasasiouiee Kaxxaomy x € £ TOT
x)e cambiil Bektop x: E(x) = x. Torma nss Jqo6oro npeobpasosa-
Husi A BuinosiHeHo AE = EA = A,

[lycTh naHo JuHeiiHoe oToGpaxenue A : £ — L. JluneiiHoe
oto6paxenre B : £ — L HasoBem ob6pammoim 11 A u Gynem
0603nauath AL, eciui BA = E u AB = E, tne E u E — Tox-
JlecTBeHHBIe TIpeobpasoBaHus npoctpancTs £ u L. MHaue rosops,
11 MOOLIX & € £ ¥y € L N0JXKHO ObITh

B(A(z)) =z, A(B(y)) = . (8)

[Ipennoxenne 10. Jlunetinoe omobpascerue A umeem 06-
pamroe moeda u moavko moeda, Koeoa OHO — U30MOPPU3M.
Paccmorpum JnHeliHoe oTobpaxeHnue A : L — L U BeibepeM

6asucel e u £ B L u L. [lyctb A — marpuua orobpaxeHust A B
3TUX 06asucax.
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1°. Tlyetb A — wusomopgusm. Torma A — HeBBIPOXKIEHHAs
KBaJpaTHasi MaTpHla ¥ umMeeT obpaTHyto Matpuiy A~ Paccmor-
puM oTobpaxenue B : L — L, onpenensemoe maTpuueid A~' B
6asucax f u e. OueBHIHO, YTO OHO YAOBJIETBOpPsiET yCJIOBUAM (8),
U MOTOMY siBJIsieTcsl oOpaTHbIM A A.

2°. Ilycte A — He wunsomoppusm. Torma aubo r <
< m, au6o r < n. B nepsoM caydae B L Haiizetcsi BEKTOP
u, He npuHamiexauid A(L). Ecan cyuiectByer o6paTHoe 0T00-
paxeHHe, Mbl TPUXOAMM K mpoTusopeurto: u = A(A™1(u)) €
€ A(L). Bo BTOpoM ciyyae CyLIeCTBYeT BeKTOp z # o0, z €
€ Ker A. Ecau cymectyer AL, Mbl IPUXONMM K MPOTHBOPEUHIO:
z=A"1(A(z)) = A o) = o.

OnHoBpeMeHHO MBI J0OKa3aJjd, YTO MaTpuua o0paTHOTro 0TOO-
paxenus B 6asucax f u e ectb A7L.

YIIPA2KHEHU A

1. Bce KBaspartHble MaTpulbl NMOpsiAKa 2 YMHOXAIOTCA ClpaBa Ha
MaTpHLLy
1 2 3
2 4 6

OTUM ompeleseH0 oToOpaxeHHe A MPOCTPAaHCTBA MATpPHLl NOpPsiAKa 2 B
NPOCTPAHCTBO MaTPHLL pasMepoB 2 x 3. a) Haiinure marpuuy storo oto6-
pakeHHsl B CTaHAapTHHIX Oasucax (3amaua 1 § 1). 6) Haiinure 6asuc B
Ker A. B) Haiinute 6asuc B Im A.

2. Kakomy yc/ioBHIO JOJI2KHA ynoBieTBopsiTh Marpuua C' pazmepoB
2 x 3 pas Toro, 4ytoObl oTOOpakeHue, onpejeseHHoe B 3anade 1, GblIO
HHBEKTHBHBIM? MOXKeT /i1 OHO OBITb CIOPBEKTHUBHBIM?

3. Tycts C* mpocTpaHCTBO (YHKUMH, MMEIOMMX k HempephIBHBIX
npousBogHeiX Ha otpeske [0,1]. Huddepenurposanne oTobpaxkaet c*
B CF~!. TlpoBepsTe, uto 310 — JMHeliHOe 0TOGparkeHHe. BymeT s oHO
a) UHBEKTHBHBIM, 0) CIOPBEKTHBHBIM?

4. Tyets A : L — L u M = A(L). Onpenenum otobpaxenue A’ :
L — M pasenctsom A’(z) = A(x). lokaxute, uto a) Ker A’ = Ker A,
6) RgA’ = RgA, B) A’ CIOPBEKTHBHO.

5. Ilyete L =L1® Lo v x = x1+x2, 21 € L1, 22 € Lo. Onpenennm
npeoGpaszoBanusi P1 u P2 mpoctpanctBa £ dopmynamu: Pi(x) = z1 u
P2(z) = x2 (Takue mpeoGpa3oBaHUs HA3bIBAIOTCS NPOCKMUPOBAHUIMLUL).
JloKaXxKuTe, UTo

Pi+Py=E, PP,=P:P1 =0, P?=P;, (i=1,2),

C =
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rie O — HyneBoe, a E — ToxaecTBeHHOE MpeoGpa3oBaHuUs.

6. [loxaxknuTe TeopeMy 2, MPUBOJsI MAaTPHILY JHUHEHHOr0 0TOOpaXKeHHS
9/IeMEHTAPHBIMU MPe0OPA30BAHUSIMK CTPOK U CTONOLOB K B BHAY (7).

7. Ilyctb A — nuHeliHoe oToOpaxkeHue. BepHo s, 4To

a) A(L"N L") =AL)YNALY),

6) AL/ £") C AL NA(L")?

8. JlokaxuTte mpemyokeHre 9 mpu momoulu mpepsoxkeHus 1. ITo
OyZeT ellle ONHUM [0Ka3aTeJqbCTBOM Mpefsoxenus 5 § 3 ro. V.

9. Ilycte B nnbekTuBHO. JloKaxkuTe, 4TO A/ M060T0 A BBITIOJHEHO
RgBA = RgA.

§ 4. BAJAYA O COBCTBEHHbIX BEKTOPAX

1. JIuneiinble mpeoOpa3oBaHusa. JluHeliHoe mpeoGpa3osa-
HMe — 3T0 oToOpakeHHe, KOTOpoe OTOOparkaeT JIMHEHHOe Mpo-
CTPAHCTBO B TO XK€ CaMoe MPOCTPAHCTBO. B aToM naparpade Mbl
OyneM 3aHHMaTbCsl HCKJIOUUTENbHO Mpeobpas3oBaHusiMH. Bee pe-
3yJbTaThl 06 O0TOOpa’KeHUSIX BEPHBI M JJIs1 MpeoOpasoBaHMi, HO
37€Ch JOJ/IKHBI OBITh CIEJIaHBl CYIIeCTBEHHbIE OTOBOPKH, Kacalo-
I[recsl KOOPAUHATHOH 3aMHCH Npeodpa3oBaHHUSs.

VMeHHO, IJ1s1 KOOPAMHATHOH 3amucu oTobpaxeHus A : L —
— L BhiGUpatoTcs 6asuckl B 060X npoctpanctsax £ u L. Ecu
e mpocTpaHeTBa £ M L COBMANAloOT, ecTeCTBEHHO MO0Jb30BaThCs
OMHUM M TeM e 6asMCOM H JJIsT BEKTOPOB M sl HX 06pasoB.
[TosTomy BBomHTCS coenylolnee

Onpenenenue. Mampuyeli auneiinoeo npeobpa3o8anus
A : L — L B 0Gasuce e = |ey,...,e,|| Ha3biBaeTcs Mart-
puLa, CTOJOLBl KOTOPOH — KOOpAMHATHLIE CTOJOLbI BEKTOPOB
A(e1),...,A(e,) B Gasuce e.

B cooTBeTcTBHM ¢ 3THUM omnpeneseHueM, Gopmyaa (6) § 3 nas
MaTpHILEl Tpeobpa3oBaHust MPUHUMAET BHJ

A= SLAS. (1)

MuoxectBo mMaTpul A’, mosydaembix M3 DaHHOH MaTpHiusl A 1o
dopmyse (1), yxKe, yeM MHOXKECTBO MaTPHL, MOJy4aeMbIX H3 TOH
ke mMatpuuel A mo (opmyne (6) § 3 npu He CBSI3AaHHBIX MEXAY
cobo#t matpuuax S u P. B Gosnee y3skoM MHOKecTBe, BooOIe
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roBOpsl, He HaiiIeTcsi MaTpHLbl KaHoHHYeckoro Buaa (7) § 3 u
TeopeMa 2 § 3 He BepHa /14 NpeoOpa3oBaHUH.

He cnenyer nymarb, uTo 3TO — ciy4aiiHoe 0OCTOSITENbCTBO,
CBSI3aHHOE C <HeyJauHbIM> OIpejeseHHeM MaTpULbl 1peodpaso-
BaHusd. Matpuua otoOpaxKeHusl 3afaeT 3TO O0TOOpaXKeHHe, U IO-
TOMY BCe CBOHCTBA OTOOpaKeHHs COIEP:KATCs CPElHd CBOHCTB €ro
Matpuusl. CBoHCcTBaMM OTOOpaKeHHs SBJASIOTCH Te CBOHCTBA €ro
MaTpHULBl, KOTOPble MHBAaPHAHTHBI, TO €CTh HE MEHSIIOTCS MpH Ie-
pexone K APYroi mape 6asucoB, a OCTa/JbHble OMUCHIBAIOT KaK Obl
€r0 pacroJioKeHHe 110 OTHOILIEeHHUIo K 6asucam. Teopema 2 § 3, mo
CYLIeCTBY, O3HAuaeT, YTO €JUHCTBEHHBIM CBOMCTBOM JIHHEHHOro
0TOOpaKeHUs ABJSETCS €ro PaHr.

JIvHeliHble Tpeo6pa3oBaHUsl UMEIOT GOJIbllle CBOHCTB, YeM JIH-
HellHble OTOOpaKeHHs. DTO CBA3aHO C TeM, 4To o6pa3 BeKTopa
JIEXKAT B TOM Ke MPOCTPAHCTBE, W Mbl M0Jy4yaeM BO3MOXKHOCTb
rOBOPUTb O B3aUMHOM PacCIoJ/I0O’KeHHH BEKTOpa U ero odpasa. Ha-
MpUMep, NMPUOOPETAIT CMBICJ BOMPOCH O TOM, KOJIJIMHEApeH JH
BEKTOp CBOeMy 00pasy, UMeIOT JIU AP0 U MHOXKECTBO 3HAYeHHH
HeHyJleBoe NepecedyeHue. s otobpaxeHus L£ B Apyroe Ipo-
CTpaHCTBO L 3TH BOMPOCH! JIMLIEHBI CMbICJA. ECTeCTBEHHO, U4TO
MaTpHula Npeodpa3oBaHUs N0KHA UMETh 0OJIbllle HHBAPHAHTHBIX
CBOHCTB, UeM MaTpuLa 0ToOpakeHHsl, a 3TO 03HAYAET, UTO MHOXKe-
CTBO MaTpHL, 3aJal0LIKUX NpeoO0pa3oBaHUe B Pas3/UyHbIX 0a3ucax,
JOJIKHO OBITb y2Ke, UeM COOTBETCTBYIOIEe MHOXKECTBO A/ 0TOO-
pakeHus.

2. YMHOXKeHMe npeoOpa3oBaHuil. JIWHeliHble peoOpasoBa-
HUA 06J1aaI0T TOH 0COGEHHOCTbIO, YTO POU3BEEHHE ONpeeseHo
IJ1s1 M100bIX Ipe00pa3oBaHUi OJHOr0 POCTPAaHCTBa. B uacTHOCTH,
ecad A u B — npeo6pasoBanus npocTpancTsa L, TO onpejeseHbl
AB u BA. 9Ty npoussesneHus, BooOlle roBopsi, pasandyHbl. OnHa-
KO, MOXeT cayuntbesi, 4To AB = BA. B atom cayuae rosopsr,
yto A u B nepecmanosouns, unu kommymupyrom.

[TpousBenenue AA ectecTBEHHO 0603HAUYUTD AZ u OTpeiesuTh
LeJYI0 TIOJIOXKHUTENbHYIO CTereHb A M0 MHAYKLHH COOTHOLIEHHEM
AF = AA*=1 Hyaesoii cmenensto npeo6pasoBaHus 110 ompejese-
HUIO CUMTAIOT TOXKJECTBeHHOe TpeoOpas3oBaHue E.

JIlune#inoe npeobpasoBanue B, mpencraBieHHOe Kak JHHEH-
Hasi KOMOMHALMS LeJbIX HeOTPHULATEbHBIX CTeNeHel npeodpaso-
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BaHHus A
B = agE + auA + - - + ai A,

Ha3bIBACTCSl MHO20UAEHOM Om npeobpai3osarus A WM, TOUHee,
3HaueHWeM MHorouseHa p(t) = ag + ayt + - - - + oy t* Ha npeoGpa-
soBaHu# A, u o6o3Hauaercsi p(A).

HeTpynHo npoBeputs, 4To J11060H MHOroU/MeH OT A mepecTaHo-
BOYeH ¢ A, U 4YTO JIo0Oble 1Ba MHOTOYJeHa OT A TepecTaHOBOUHBI.

OTmeTHM, YTO TIPU HAILIEM OTIpeeseHUH MaTpHLbl peodpaso-
BaHUS COXPAHsETCs BCe CKa3aHHOE O CBfI3U aslredpauyeckux ore-
pauui Hajg OTOOpaKEHUSIMH C COOTBETCTBYIOLIMMH ONepaLusiMU
Hal UX Marpuuamu. B uyacTHOCTH, MaTpuued mpousBeneHus BA
npeobpa3oBaHuil B 6a3uce e OyneT npousseneHre BA ux marpui,
¥ 1JIs1 TPOM3BOJILHOIO MHOrouseHa p(A) mMaTpuled B KaKOM-1HO0
6asuce Oymet matpura p(A).

3. NHBapuaHTHBIEe NOANIPOCTPAHCTBA. PaccMOTpUM JIMHEH-
HOe MPOCTPaHCTBO L U ero JMHelHHoe npeobpasoBaHue A.

Onpenenenue. IlognpocrpanctBo £’ C L Ha3bIBAETCS UH-
8apuaHmMHbLM OTHOCHTEJIBHO A, ec/Id IS KaxKJ0ro BeKTopa & U3
L' o6pas A(x) nexut B L', uiu, uto 1o xke, A(L') C L.

[Ipumep 1. PaccmoTpum oObIYHOE TreoMeTpHUecKoe Ipo-
CTPAHCTBO M MOBOPOT A 3TOro MPOCTPAHCTBA HA YTOJ « BOKPYT
3ajaHHOd ocu p. IIpu moBopoTe BeKTOp MEPeXOAHUT B BEKTOP H,
CcJlefloBaTeNbHO, I0BOPOT MOPOXKAaeT Npeodpa3oBaHKe TPexXMepHO-
ro BEKTOPHOro mpoctpaHcTBa. OueBUIHO, UYTO 3TO Npeobpas3oBa-
HUe JMHeHHOe. BekTopbl, exaliye Ha ocH p, 06pasyoT oqHOMeED-
HOe MHBapHaHTHOe MOANPOCTPAHCTBO, TaK Kak AJs HUX A(z) = x.
BexTopsl, neprneHAUKyJsIpHbIE OCH p, 00pa3yloT AByMepHOe HHBa-
pHaHTHOE MOANPOCTPAHCTBO, TAK KaK BEKTOp, MepHeHANKYJIsIPHBIN
ocH, MocJe OBOPOTa OCTaHeTCs el MepleHIUKY/ISPHBIM.

[Tpumep 2. HysneBoe moanpocTpaHCTBO HHBAPUAHTHO OTHO-
CUTEJIbHO J11000r0 Mpeobpa3oBaHUs.

[Tpumep 3. IlpocrpancTBo L, paccMarpHBaeMoe Kak MOJ-
IPOCTPAHCTBO, SIBJSIETCS MHBAPUAHTHBIM OTHOCUTEJBHO JI0OOro
npeo6pa3oBaHus.

[Ipumep 4. Kaxpoe noanpocTpaHCTBO SIBJSIETCS] WHBapH-
AQHTHBIM OTHOCHTEJIbHO TOXKIECTBEHHOT'O M HYJIEBOro mpeodpaso-
BaHUH.
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[Tpumep 5. fnpo nmpeobpa3oBaHUsI © MHOXKECTBO €ro 3Haue-
HUH BJSIOTCS €ro MHBAPUAHTHBIMH TMOATPOCTPAHCTBAMH.

[TycTb B n-MepHOM JIMHEHHOM NpocTpaHcTBe L 3aaHo JHHeH-
Hoe mpeoOpaszoBaHue A, u MycTh k-MepHOe MmommpocTpaHcTso L/
MHBAPUAHTHO OTHOCHTesnbHO A. BriGepem B L 6asuc ej,..., e,
Tak, 4YTOOBI BEKTOPHI €1, ...,er Jaexann B L. Martpuna A mpe-
o6pazoBaHusi A MOXKeT ObITb pasfeseHa Ha 4YeThbipe TOAMAaTPHILbI
UJIH, KaK TOBOPAT, KAEMKU:

Knerxku Ay, Ao, As u Ay umMeloT pasmepsl kx k, kx (n—k), (n—k)x
x kun (n—k)x (n—k), coorBerctBenHo. [okaxem, 4yto A = O,
TO €CTh 3/JeMEHTHI o MaTpuubl A paBHbl Hy/mo mpu j = 1,...,k
ui=~k+1,...,n JelcTBUTe/bHO, NepBble k CTONOLOB MaTPHULLbI
A — KoopauHaTHbIe cTOJIOLB! BeKTOPOB A(ey),. .., Aley). Tak kak
L' vHBapuaHTHOe MOATNPOCTPAHCTBO, ITH BEKTOPH JexaT B L/,
M MX KOMIIOHEHTBI 110 0a3MCHBIM BEKTOPaM €jii,..., €, DPaBHBI
HYJIIO.

Jlerko BupeTh, UTO M 0OpaTHO, ecliW B KakKoM-nn6o Gasnce
MaTpHLa JHHEHHOTo Npeo6pa3oBaHusi A FMeeT BUJ

A=

(2)

_ 1 2
g ET

TO JIHHEHHasi 060J0YKa BEKTOPOB €y, ...,€; HHBAPUAHTHA OTHO-
cutesbHo A. B camom gese, B 3TOM caydae agsi Bcex j = 1,...,k
nmeem A(e;) = ajer+- - -+aey, 1 noToMy 06pa3 JIHHEHHOH KoM-
OGUHALMHA BEKTOPOB €1, ...,€; €CTh JIHHEHHAass KOMOHHALMS STHUX
e BEKTOPOB.

Marpuust Buna (2) B m. 5 § 4 r1. V Mbl Ha3Balu KAEMOUHO-
mpeyeonrvroimu. Vtax,

e Marpuua JuHeHHOro npeodpa3oBaHus KJeTOYHO-TPEYToJb-
Has TOTAA W TOJbKO TOrAa, Korga JuHelHas o6oJjouyka 6a-
3UCHBIX BEKTOPOB €1, . .., €}, — UHBAPHAHTHOE MOANPOCTPaH-
CTBO.
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[IpeoGpasoBanue A Ka)KIOMy BEKTOPY M3 HMHBapHaHTHOTO MOM-
npocrpanctBa L' comocraBisier BekTop u3 L. DTUM ompeneJe-
HO mpeoGpa3oBaHKe MommpoctpaHcTBa L', KOTOpoe MBI Ha30BEM
oepanutenuem A Ha L' u o6osnauum A’. Ilis Bekropo uz L’
o onpenesenuio A’(x) = A(z), a 1/ BEKTOPOB, He MPUHA[IekKA-
uwx L', npeo6pazosarne A’ He onpenesero. A’ oranuaercst ot A
TOJIBKO T€M, uTO OHO mpeobpasyet L' B L', a ne L B L.

Ecau coxpaHuTh 0603HaueHMs, BBeIeHHbIE BBILLE, TO HETPYAHO
3aMeTUTb, UTO B Ga3uce €y, ..., e MOANpoCcTpaHcTBa L MarpuieH
orpanuuenust A’ sipjsiercst kiaetka A; marpuusl (2). Takum o6pa-
30M, UMeeT MeCTO

[Ipennoxenue l. Ecau nepsvie k sekmopos 6asuca co-
cmasasirom 6a3uc uusapuanmnoeo noonpocmparcmsea L', mo
mampuya npeobpasosanus umeem eud (2), u kiemka Ay —
mampuya oeparuuenus A na L.

Ecau Mbl TOMECTHM B HHBapUaHTHOE IOANPOCTPAHCTBO He
nepBble k 0a3HUCHBIX BEKTOPOB, a Ga3UCHBIE BEKTOPbI C HOMEpaMH
p+1,...,p+k npu KakoM-To p, TO TIOBTOPEHHEM TeEX XK€ paccyxk-
JEeHUH MBI TIOJyUUM 171 9JIeMEHTOB MaTpULbl A paBeHCTBa aé- =0
npu j=p+1,....p+kui<p+1ummi>p+k. IT0 3HAUHUT,
YTO B CTONOUAX ¢ HOMepaMu p+1,...,p+k MOxKeT ObITh OTJIMUHA
OT HYJIsl TOJBKO KBaJpaTHasi KJeTKa Mopsiika k B CTPOKAX C TeMH
JKe HOMepaMH, TO eCTb PAacloJioKeHHasi Ha TVIaBHOW JHATOHAJIH.

[TycTb Temepb £ passioxeHO B MPSMYIO CYMMYy S MHBapHaHT-
HBIX noanpocTpaHcTs L = L1 @ ---@ Ly pasmepHoctedt dy, . .., ds,
U B KayecTBe 0asuca BeIOpaHO oObeiHHeHHe 0a3UCOB ITHUX MOM-
npoctpancTB. Torma B MaTpulle NpeoGpa3oBaHHs MOTYT OTJH-
4aThCsl OT HYJS TOJBKO 3J€MEHTbl KBaIpaTHbIX KJETOK MOPSAKOB
dy,...,ds HA OUMAroHaJu:

A
A o v 3)
-l _
A

Takue MaTpulbl Ha3bIBAOTCH KAEMOUHO-OUACOHAAbHLIMU WITH
6a0uH0-0uazorarvoHoimy. VITak, uMeeT MecTo
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[Ipennoxenue 2. Mampuya aunetinoeo npeobpaiosanus
ABAAEMCSA KAeMOUHO-0UACOHAAbHOL mo20da U MOAbKO moeoa,
Koeda 6asuc ecmb 06vedurenue 6a3UCO8 UHBAPUAHMHBLY NOO-
npocmparcms.

VuBapuaHTHble MOANPOCTPAHCTBA NpeoOpa3oBaHUsl A TeCHO
CBSI3aHbl C TNPeo6pa3oBaHUSIMHU, IEPECTAHOBOUHBIMH ¢ A. Ity
CB$I3b OTHCBHIBAET

[Ipennoxenune 3. Ecau npeobpazosarnus A u B nepecma-
HOBOUHbL, MO A0PO U MHOMECMBO 3HAUEHUL 00H020 U3 HUX UH-
8APUAHMHbL OMHOCUMENbHO OpY2020.

HoxaszatenbctBo. 1° Ecan z € KerA, To A(z) = o, u
noromy B(A(z)) = o. Torna A(B(x)) = o, a 3Haunt B(z) € KerA.

2°. Ecin x € ImA, To cyliecTByeT BeKTOp z, TakoH, 4TO
x = A(z). Torna B(xz) = B(A(z)) = A(B(z)). Dto o3HauaeT, 4TO
B(z) € ImA.

4. CoOcTBeHHBIE MOANpoOCTpaHcTBa. Mbl HalileM NOANpoO-
CTPaHCTBO, MHBAPUAHTHOE OTHOCHUTEJBHO 3aLaHHOTO JHMHEHHOro
npeo6pasoBanus A, ecid HaljeM NpeoOpa3oBaHHe, MepecTaHo-
BOuHOe ¢ A U uMelollee HeHysneBoe sinpo. [lepecTaHoBOYHE ¢ A,
npexje BCero, MHOrouseHsl OT A U, B 4aCTHOCTH, NpocTefiline U3
HUX — JuHeHHble. C TOYHOCTBIO 10 YHUCJIOBOTO MHOXKHTEJNS JH-
HeliHOMY MHorouJsieHy oT A MoXHO npuaath Bua A — AE, roe A —
HEKOTOPbIH KO3(h(PUILIUEHT.

Onpenenenne. Ecaum 11a uucaa A\ TOAIPOCTPAHCTBO
Ker (A — \E) — HeHy/ieBoe, TO A Ha3bIBAETCS COOCMBEHHbIM 3HA-
yeHuem NpeoOpPa3oBaHUs, a MOANPOCTPAHCTBO — COOCMBEHHbIM
noonpocmpaHcmaom, COOTBETCTBYIOIIUM (MM MPHHAJJIEKALILHM)
COOCTBEHHOMY 3HAYeHHIO .

OTMeTHUM ONWH BaXKHBIH uacTHBIA caydad. Ecau npeobpa-
30BaHHe A HMeeT HeHyJleBoe fpO, TO 3TO AP0 — COOCTBEH-
HOe MOJIPOCTPAHCTBO, COOTBETCTBYIOLlee COOCTBEHHOMY 3Haue-
Huo A = 0. OrpaHuueHre A Ha 3TOM HMHBapUAHTHOM IOAIPO-
CTpaHCTBe — HYyJIeBOe Tpeobpa3oBaHue.

Ecau BeKTOp = JIe2KUT B COOCTBEHHOM MOANPOCTPAHCTBE, TO
nast Hero (A — AE)(z) = o nim A(z) — MAE(z) = A(z) — Az =ou
OKOHYaTeJIbHO

A(z) = Ax. (4)
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Onpenenenue. Bexkrop x HaswbiBaeTcs coOCcmaeHHbiIM 8eK-
mopom mnpeoOpazoBaHusi A, COOTBETCTBYIIIUM (UJIH MpUHAIJE-
XKalMM) COOCTBEHHOMY 3HaueHHio A, ecau 1) x # o, 2) A(x) =
= \z.

OnpeneneHne o3HauaeT, 4TO COOCTBEHHBIE BEKTOPbl — 3TO
HeHYyJIeBble BEKTOPbl COOCTBEHHBIX MOANPOCTPAHCTB.

W3 paBenctBa (4) caenyer

[Ipennoxenune 4. Ocpanunenue npeobpazosanus Ha cob-
CMBEHHOM NOONPOCMPAHCMBE BAACMCS UAU HYAC8bIM Npeobpa-
308aHUeM, UAU 2OMOMEMUELL: OHO YMHONAem Kaxcovlli exmop
amo2o noonpocmparcmea Ha cobcmeenHoe 3HaUerue.

[Iycte HaM KakuM-TO 006pa3oM yAasoCh HAaHUTH COOCTBEHHBIE
3HaueHus1 npeo6pasosanust A. Torma 1/1s1 HaXoxJAeHHs COOCTBEH-
HBIX MOANPOCTPAHCTB HYXKHO AJISl KaxKAOr0 COOCTBEHHOrO 3Haue-
HUS A COCTaBHUTb CUCTEMY JIMHEHHBIX ypaBHEHHH

(A~ \E)x = o, (5)

rie A — Martpuua npeo6pa3oBaHusi B HeKoTopoM Gasuce e. DyH-
JIaMeHTaJbHash CHCTeMa PelleHUH CHCTeMbl (D) COCTOMUT M3 KOOp-
IMHATHBIX CTOJIOLOB BEKTOPOB, COCTAaBJSIOMINX 6a3uc COOCTBEH-
HOTO TOANPOCTPAHCTBA. B pasBepHyTOM BHIe cucTeMa (5) 3amu-
ChIBaeTCs TaK:

(af =NE + b+ g = 0,
! +(af —NE + - Faft" = 0, (6)
afft + a5+ -+ (o —NE" = 0.

[Ipennoxenue 5. CobcmeenHvie BeKMOpbL U MOALKO
OHU ABAAOMCS OASUCHOIMU 8EKMOPAMU OOHOMEPHLLY NOONPO-
CMPAHCme, UHBAPUAHMHbLY OMHOCUMEeAbHO A.

HokaszateabcTBo. 1°. IlycTh BeKTOp & — COOCTBEHHBIH, a
Y TIPUHAJIEKHUT OJHOMEPHOMY MOANPOCTPaHCTBY L' ¢ 6asucoM z.
Torna y = az 1 A(y) = aA(z) = alz. 3naunt A(y) aexur B L'

2°. Ilycth 2 — 0Gasuc MHBApPHAHTHOTO mommpocTpaHcTsa L.
Torna A(z) nexut B L' 1 pack/aaasiBaercs no 6asucy: A(x) = Ax.
Tak Kak = # 0, OH COOCTBEHHBIH.
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CnenctBue. B cobcmsenHom nodnpocmpancmese uepes
KaocOblli 8eKmop npoxoodum 00HOMEepHOe UHBAPUAHMHOe no0-
npOCMPAHCMEO.

[Ipennoxenue 6. B i-m cmoabye mampuys, AuHetiHo20
npeobpasosanus ece aNemenmol 8He eAa8HOl OUAeOHAAU PABHbL
HYAt0 moeda U moavKo moeda, Koeda i-ti 6a3uUcHbll 8eKmop —
cobecmeennolil. B amom cayuae ouaconarvrolll sremenm cmorb-
ya — cobcmeenHoe 3Hauexue.

JleficTBUTENBHO, eci 0A3HUCHBIH BEKTOpP e; — COOCTBEHHbIH,
10 A(e;) = Ae;, U MOITOMY i-H 3J€MEHT KOOPAHHATHOIO CTOJIO-
ua BekTopa A(e;) paBeH A, a OCTa/bHble 3J€MEHTbl PABHbI HYJIHO.
Ocraercsi BCIIOMHUTb, YTO KOOPAUHATHBIN cTosber; A(e;) ecTb i-#
cTosi6el; MaTpULbl MpeodpasoBanusi. O6paTHoe yTBepKAEHHE 10-
Ka3blBaeTCsl aHaJOTHYHO.

W3 npennoxkeHust 6 BbITEKAET

[Ipennoxenune 7. Mampuya npeobpazosarnus A 6 basuce
€1,...,en OUA2OHANLHAS MOe0a U MOAbKO moeda, Kozda 8ce ba-
3ucHole sekmopo. — cobcmeerntole. B amom cayuae duaconann-
Hble 31eMeHmbl MaAmpPULybl. — COOMBEMCMBYoUjUe cobCmaerHble
3HaUeHUs.

5. Xapakrepuctuueckoe ypaBHeHue. BribepeMm 6asuc u
0603HauuM yepe3 A MaTpuly JHHeHHOro npeobpazoBaHus A B
stom Oasuce. Torma mpeoGpasoBanne A — AE umeer matpumy
A — AE, ¥ ero sapo OTJIHYHO OT HYJS TOTAA U TOJNBKO TOTIA,
Korga cuctema (6) ¥MeeT HeHYJIEBOE pelleHue:

al—Xx o ... a}

2 2~ 2
det(A—AE) —det| @1 @27A a0

ol ab N

PaBenctBo (7), paccMaTpruBaeMoe Kak YCJIOBHe Ha A, Hasbl-
BaeTCs XQAPAKMEPUCMUUECKUM YpasHeHuem MaTpulel A, a ero
KOPHH — XQpAKMepuCmuyecKkumu 4ucAamu MaTpuisl A.

Pasymeetcsi, B BellleCTBEHHOM MPOCTPAHCTBE B KauecTBe MHO-
JKUTeJIeH TOMYCKAIOTCs TOJMbKO BellleCTBEHHbIe UHCIa, U COOCTBEH-
Hble 3HAUeHHUs OJIKHbI ObITh BellleCTBEHHBIMH. B cOOTBeTCTBHM C
THM MMeEeT MeCTO
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Teopewma 1. B komnaekcrom npocmparcmese ce KOPHL Xa-
PAKMepuUCmuiecKkoeo YpasHerus 1 moibKo OHU S8ASOMCS COO-
cmeenHbIMU 3HAueHusMU. B geujecmeentom npocmparcmee mo
aHe CnpasedsuB8o 045 BeLeCmBerHbLX KOpHell xapaKkmepucmuye-
CKO020 YpasHeHUs.

JleBasi yacThb XapaKTEPUCTHYECKOTO YpaBHEHHUs MpeaCTaBJsieT
co00H MHOTOYJIEH CTeNeHU n. JleHCTBUTENBHO, COrMIaCHO (hopMyJIe
nosiHoro pasJsoxeHus ((14) § 4 r1. V) netepMUHaHT paBeH anreo6-
pPanyeCcKoH CyMMe MPOU3BeJeHUH, B KaxKl0e U3 KOTOPHIX BXOAUT
1o n 3JeMeHTOB MaTpuilbl. ComepKaT A TOJBKO 3JeMEeHTHI, CTOs-
Me Ha raBHo# auaroHanu. CyllecTByeT OIHO MPOU3BeNeHHE

(a1 = A)(a3 = A)... (g = N), (8)

B KOTOPOM BCe COMHOXKHUTeJH comep:kaT A. Ecin B Kakoe-HUOYLb

Z’ . .
Apyroe npousBeleHHUe BOlleJ COMHOXKHUTEJIb Olj (’L 7& j), TO B

HEro He MOTYT BOHTH coMHOXHTeNH (o} —A) 1 (o — \). [Tostomy
KaXK[IBIE 4JIeH CyMMBI, KpoMe (8) COIep:KHT A B CTENeHU He BHIIIe,
geM n — 2. PackpbiBasi CKOOKM B BbIpaykeHWH (8), BBIMHIIEM [Ba
ujleHa CO CTAapLIHMK CTEMeHsSIMH A:

(=1)"\" + (=1)" a1 + a3+ +ap)X" T

ITH Ke useHbl OyAyT CTaplIMMH BO BceM MHorodjeHe. CBobon-
HBIIl 4JleH MHOTOYJIeHa paBeH ero 3HauyeHHIo NMpu A = 0, a 370
3HaueHue paBHO det(A — 0F) = det A. Takum oGpasom,

det(A—AE) = (—1)" A"+ (=1)"'A"' ) "al+- - +det A. (9)
i=1

OTOT MHOT'OYJIEH Ha3bIBAETCS XAPAKMEPUCMULECKUM MHO2OUAe-
nom matpuubsl A. OcrtajbHble ero Ko3()(UIHUEHTbl HAaXOAWTb He
6yneM, TaK KaK OHHM HaM He HOTpe6y}OTCH. MHorousieH cTeneHu
n, KaK HM3BECTHO, HE MOXKET HMETb 6OJIbHIe, 4eM 7 PasJIMYHbIX
KOPHEH M BCEerna UMeeT XOTs Obl OfAHMH KOMILJIEKCHBIH KopeHb. Ec-
JIU MBI pacCMaTpUBaeM BeLIECTBEHHOE MPOCTPAHCTBO, TO MOXKET
Cy4uThest (MPH YeTHOH pa3MepHOCTH), UTO XapaKTepHCTHYeCKOe
ypaBHeHHe He MMeeT HHM OJHOTO BeLIeCTBEHHOrO KOpHS, H, cJe-
JI0BaTeJbHO, JIHHEeHHOe NpeoOpa3oBaHHWe He MMeeT COOCTBEHHBIX
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3HAuUeHWH M COOCTBEHHBIX IMOANPOCTPAHCTB. [lprMepoM MoXKeT
CJYKHUTb TIOBOPOT MJIOCKOCTH.

B KommieKCHOM MPOCTPaHCTBE U B BEIIECTBEHHOM NPOCTPaH-
CTBe HeYeTHOH pa3MepHOCTH Kaxkioe JHHeHHoe mpeo6pa3oBaHue
UMeeT XOTb OIHO COOCTBEHHOE 3HayeHHe U XOTb OIHO COOCTBEH-
HOe MOJNPOCTPAHCTBO.

[penanoxenue 8 Ecau A u A" — mampuyelr auneiinoeo
npeobpasosarnus A 8 pasueix basucax, mo xapaxmepucmuue-
CKUe MHO20UNEHbL IMUX MAMPUL, COBRAOAIOM.

HokasateabctBo. CormacHo popmyne (1) Mbl HMeeM

det(A’ — AE) = det(S~TAS — AS~1S) = det(S~ (A — AE)S).

3aMeHHM [IeTepPMHHAHT MPOM3BEAEHHS] IPOU3BEAEHUEM NETEPMHU-
HaHTOB coMHoXkHUTenel: det(A—AE) det S~!det S = det(A—\E).
710 TO, YTO TPeGOBAIOCE.

M3 sTOoro mpeasiokKeHHsi CJEAyeT, UTO MBI MOXKEM Has3BaTh
XapaKTepUCTHYEeCKHH MHOro4sieH MaTpuubl A xapakmepucmuue-
CKUM MHOCOUACHOM Npeobpas3osanus A.

KosdduiueHTs XapakTepUCTHYECKOr0 MHOTOU/IEHa SIBJSIOTCS
MHBapHaHTaMH, CBS3aHHBIMM C Mpeobpa3oBaHHeM. B yacTHoOCTH,
IETePMHUHAHT MaTpHLbl NpeoOpasoBaHUsi He 3aBHCHT OT BbIGOpa
Gasuca. JIpyruM BaxKHbIM MHBapHaHTOM SIBJSiETCH KO3(P(ULHEHT
npu (—\)"~!, HaseiBaemblil credom Matpuubl ai + - - -+ a”. On
o603HauaeTcs tr A.

C nmomotubio TeopeMsl Buera 13 (9) HeTpyAHO YCTAHOBHTb, YTO
CJIe[l MATPHULIBl PaBeH CyMMe BCeX KOPHEH ee XapaKTepHCTHUYeCKO-
ro MHOrO4JieHa, a JIeTePMHUHAHT — MPOH3BEIEHNI0 KOPHEH.

HanomHum, uto MHorodseH p(t) penutcst Ha MHorouseH ¢(t),
ecJIM 1J151 BceX ¢ BHINOJIHEHO paBeHCTBO p(t) = ¢(t) r(t), rme r(t) —
HEKOTOpbIH MHOrousieH. B 3TOM ciydae Bce KOpPHH ¢ SIBJISIIOTCS
KOPHSIMH P.

[penaoxenue 9. Ecau noonpocmparncmeo L' unsapu-
AHMHO OMHOCUMEAbHO npeobpasosanus A, mo xapakmepucmu-
uecKutl MHO2oUNeH npeobpasosanus A Oeaumcs Ha xapakmepu-
cmuieckuil MHocouAer e2o ozpanuienus Ha L.

JleficTBHTENBHO, COTIACHO MpensioxkeHnio | B Gaswce, mepsbie
BEKTOPBI KOTOPOTO COCTABJISIOT 0a3MC MHBAPHAHTHOTO MOJIMPO-
CTpaHCTBa, MaTpuua A mpeodpasoBaHHst KJIETOYHO-TPEYroJbHas,
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TO eCTb MMeeT BUA (2), mpuueM BepXHsisi JeBast KjeTka A; 3Tol
MaTpulbl — MaTpuua orpaHudeHuss A Ha L£'. Marpuua A — \F
TaKXe KJeTOYHO-TpeyroJbHas, a mo qopmyne (12) § 4 rn. V
det(A — AE) = det(A; — \E) det(Aq — \E).

6. CpoiicTBa COOCTBEHHBIX MOAMPOCTPAHCTB. B3anMmHoe
pacroJioxkeH’e COOCTBEHHBIX TOANPOCTPAHCTB ONUCHIBAET

Teopema 2. Cymma cobcmeenHolx NOONPOCMPAHCINE 85 -
emcsa npamotl CYmmot.

B cuny npensioxenusi 5 § 2 3To paBHOCHJIBHO YTBEPXKAEHHUIO:

Cobcmeentble 8eKmMopoL 1, . . ., Ts, NpUHadieHcaujie nonap-
HO PA3AUUHbIM COOCMBEHHOIM 3HAUEHUAM A1, ..., \s, AUHEUHO
He3a8UCUMbL.

Jlast nokasaTesqbCcTBAa pAcCMOTPUM TpeoOpasoBaHusl B; =
= (A — X\E) nasi Bcex i = 1,..., s 1 006pasbl BEKTOPOB X1, ..., T
NpU 3TUX NpeodpasoBaHusix. [ns n00bIX ¢ U j UMeeM

Bi(z;) = Az;) — Xizj = (Aj — Ai)zj. (10)

Taxum obpasom, B;(z;) # o npu i # j, a Bi(z;) = 0. Honyctum,
YTO OMH K3 BEKTOPOB PaCKJ/IaIbIBAETCSI [0 OCTAJbHBIM, HATIPUMED,

T1 = Qo + -+ QsTs.

[ToneficTByeM Ha 00e uyacTH paBeHCTBA NpeoOpa3oBaHUsIMU Ba, . ..
...,Bs. BekTop x1 B /eBo# yacTH paBeHCTBa MepeHieT B OTIMY-
HBIH OT HyJs BeKTOp (A1 — A2)... (A1 — Ag)x1, a MPOU3BOJIbHOE
caaraemoe oz, (j =2,...,s) B IpaBOi YacTH paBeHCTBA Mepei-
IeT B
Oéj()\j — /\2) . ()\] — /\j) . (/\j — )\s)xj,

TO eCTb B HYJIeBOH BekTOp. [Io3TOMY BCsl MpaBasi 4acTb paBeHCTBA
nepelfer B HyJseBod BekTop. [losyyeHHOe MpoTHBOpPeuHe 3aKaH-
YKUBaeT N0KA3aTeJbCTBO TEOPEMBI.

Hanomuum, 4to kpamuocmoio KopHs Ao MHOrouseHa p(\) Ha-
3bIBA€TCS camMoe GOJIbLIOE YHC/IO S, IPH KOTOPOM MHOrodseH p(A)
neauTcsi Ha MHorodseH (Ao—A\)®. Kopuu KpaTHocTH | HasbiBaoTCS
npocmolmu.

Teopewma 3. Ecau cobcmsennoe 3nauenue Ny npeobpasosa-
HUs A ecmo Koperb XapaKkmepucmuiecko20 MHOEOUACHA Kpam-
HOCMU S, MO PABMEPHOCMb COOMBEMCMBYOUEL20 COOCMBEHHO20
noonpocmparcmsa He npesocxooum s.
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HokaszatenabcTBo. [lycTh KOpHIO Ag COOTBETCTBYeT COO-
cTBeHHOe noanpocTpaHcTBo L' pasmepHoctH k. BoiGepem tam Ga-
3UC ey, ...,ek. Bce BekTOpbl 3TOrO 6asuca — cOOCTBEHHbIE C Of-
HUM WU TeM K€ COOCTBEHHBIM 3HaueHHeM JAg. [loaTomy corsac-
HO TpefJioXKeHHI0 7 orpaHudeHue A Ha L' nMmeer B 3ToM 6asuce
IUaroHaJpHYyl0 MaTpHIy, BCE AHAroHa/jbHble 3JEMEHTbl KOTOPOH
paBHBI \g. XapaKTepuCTHUECKHH MHOTOYJIEH 9TOH MaTpHUIBI eCTh
q(\) = (Ao — M)k, Tlo npemsoxennio 9 B 3ToM ciyuae xapak-
TepUCTUYECKHE MHOrouseH p(\) mpeoOpasoBanusi A mequtcs Ha
(Ao — M)k, CremoBaresbHo, Mo oONpese/seHHI0 KPaTHOCTH KOPHs
k < s. Teopema nokasana.

CoO6CTBEHHOMY 3HAUEHHIO KPAaTHOCTH S MOXKET MPHUHAANEkXATh
COOCTBEHHOE MOANPOCTPAHCTBO Pa3MepPHOCTH, MEHbLIeH, ueM s.
Hanpumep, unuraresb MOxeT NPOBEPUTb, YTO JIHHeHHOe Npeodpa-
30BaHHe IBYMEPHOrO NMPOCTPAHCTBA, 3a/aBaeMoe MaTpHLEeH

11

o1

uMeeT coOCTBEHHOE 3HaueHHe KPaTHOCTH 2 U OQHOMepHoe co0-
CTBEHHOE MOANPOCTPAHCTBO.

7. KomnuiekcHble XxapaKTepucTuyeckue yucaa. Jlonyctum,
YTO Yy JHUHEHHOTro mpeoOpa3oBaHuss A BeIIeCTBEHHOTO JIMHEHHO-
ro MPOCTPaHCTBA L XapaKTePUCTHUYECKHH MHOTOUYJIEH HMeeT KOM-
MJIeKCHBIH (He BellecTBeHHBIH) KopeHb A. [TocKo/bKY KO3 PHLIHK-
€HThl MHOTOUJIEHA BEIIEeCTBEHHbI, KOMIJIEKCHO COMpPSXKEHHOE YHC-
Jo \ Takxe GyleT KopHeM MHoroujeHa. MimeeT mecto

[Ipennoxenune 10. [lape komnaexcro conpsscernolx Kop-
Hell Xxapakmepucmuyecko2o MHoeo4rena npeobpasosarus A se-
UieCmB8eHH 020 NPOCMPAaHCcmea CoOMmeemcmayem Heryie8oe UH-
sapuanmnoe nodnpocmparcmeo L', obradaroujee mem c80ii-
CMBOM, 4MO OHO He codepicum cobCmBeHHbLX 8eKMOPO8, 4 Yepes
2106011 e20 gekmop npoxodum 08YMepHoe UHBAPUAHMHOe nO0-
npOCMPAHCMEO.

JlokasaTeabcTBO. Yucaa A M A\ AABJAIOTCA KOPHAMU Be-
11IeCTBEHHOr0 KBaJpaTHOro TpexujeHa t> + pt + q (B KOTOpOM
p=—(A+X), aq= A\). Paccmorpum JiuHeiiHoe mpeoGpaso-
Banne B = A? + pA + ¢E u monnpoctpancteo L' = KerB. Ilo
npeasoxeHno 3 L' UHBapHaHTHO.

b




§ 4. 3adaua o cobemeennvix 8exmopax 265

Tlokaxkem, uto L' — HeHyjeBoe MoampocTpaHcTBo. Eciu B
HekoTopoM 0asuce A uMeeT MmaTpuuly A, To MaTpuueH mnpeod-
pasosanusi B 6ymer A% + pA + qE. dta maTpuua BellecTBeH-
Ha, HO pacKJaiblBaeTcs HA 1Ba KOMILJIEKCHBIX MHOXUTeas: B =
= (A-AE)(A—\E). Orciona det B = det(A—\E) det(A-\E) =
= 0, rak KaK det(A — AE) = 0, 1 MBI BUAUM, uTO siipo B HeHy-
JIeBOe.

L' He ComepkKHUT COOCTBEHHBIX BEKTOPOB. [leHCTBUTEJNBHO, ec-
JIM JIUIsT HEKOTOPOTO BeKTopa x BhimosHeHo A(x) = ux, 10 B(x) =
= plrtpur+qr = (u2+pu+q)x. Tak Kak KBaJpaTHbI} TpexuJ/eH
He HMeeT BelleCTBeHHbIX KopHel, u? + pu + ¢ # 0, 1 Mo3ToMy U3
B(x) = o ciienyetr & = 0. BekTop = He MOXKeT ObITb COGCTBEHHBIM.

[TycTb Tenepb x — HeryJeBod BekTop U3 L'. PaccMoTpum moa-
npoctpaHctBo L — suHelHyo 060J104Ky BEKTOPOB = U A(x).
OTO MOANPOCTPAHCTBO MHBapUaHTHO. B camom pnese, mycTb y =
= az + BA(x) — Bektop us L”. Torna A(y) = aA(x) + SA?(x).
Tak xak B(z) = o, mb naxogum, uro A%(z) = —pA(z) — qz, 1
notomy A(y) = aA(x) — SpA(z) — Bgx. 3nauut, A(y) packaaibl-
Baercsi o x U A(z), T0o ectb npuHamaexur L.

Urak, nuHeiiHasi 06osouka BeKTOpoB x U A(x) HHBapHaHT-
HOe MOANPOCTPAHCTBO. $ICHO, YTO ero pa3MepHOCTb He GoJiblie
nByx. Ecau 6bl oHa paBHsiach 1, TO MOANPOCTPAHCTBO COMEP-
JKasno Obl COOCTBEHHBIH BEKTOp, Uero, Kak Mbl BHUIENH, ObITb He
moxet. [IpenJsioxkenue 10KasaHo.

PaccMmoTpuM KOpHH XapaKTepHUCTH4eCKOro MHoroujeHa. Eciu
Cpeir HUX HaleTCs BelleCTBEHHbIH, TO CYLLEeCTBYEeT COOCTBEHHOE
MOANPOCTPAHCTBO, A 3HAYUT U OAHOMEPHOE HHBAPHAHTHOE MOATPO-
CTpaHCTBO. Ec/in HakeTcs He BellleCTBEHHbIH KOpeHb, TO HaHIeT-
csl IByMepHOe MHBapUaHTHOe noinpocTpaHcTso. [TosaTomy umeet
MeCTo

CnencrtBue. Jlwoboe aunetinoe npeobpaiosanue Henyse-
8020 Bew,eCMBeHH020 NPOCMPAHCMBA UMeem Uil 00HOMepHOe
uau 08ymepHoe UHB8APUAHMHOE NOONPOCMPAHCMEO.

8. IIpuBenenne mMarpuibl NpeodpPa3oBaHNs K AUATrOHAJb-
HOMy Buay. Ecau Bce BekTOopbl 6asuca — COOCTBEHHBIE, TO B
HeM MaTpHlia NpeoOpa3oBaHUs AUAroHasbHas (MpesoxkeHue 7).
JIJ1s1 TIpPOM3BOJIBHOTO JIHHEHHOro MpeoOpa3oBaHUs TaKOTro 6asu-
ca MOXeT He cyllecTBoBaTh (mpumep Ha ctp. 264). Ecau on
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CYLIeCTBYeT, TO TOBOPAT, UTO MaTpula MpeoOpPa3oBaHUs npu-
godumcs K OuaeonasvHomy 6udy, a npeoOpa3oBaHHe Ha3blBa-
10T Juaeonaiu3yemobim WKW 1peodpa3oBaHUeM npocmoti cmpyx-
mypot.

[Tpennoxenue l1. [Ipeobpasosarue A npocmparcmsa L
duaeonaiusdyemo mozda u moavko moeda, koeda L cosnadaem
¢ cymmoul cobcmeerHvlx nodnpocmparcma A.

JokaszarteabcTBo. Eciu £ coBnagaer ¢ cymMmo# co6-
CTBEHHBIX MOAMPOCTPAHCTB, TO B L eCTb 0a3uc M3 COOCTBEHHBIX
BEKTOPOB, TaK KaK CyMMa COOCTBEHHBIX MOANPOCTPAHCTB — IIps-
Masi, 1 o0befiMHeHHe uX 6a3ucoB — 06asuc B L. O6partHO, ecau
ecTb 6asuc M3 COOCTBEHHBIX BEKTOPOB, TO KaxKIblH BEKTOp pac-
KJIalbIBAETCS 10 COOCTBEHHBIM BEKTOPAM M [IOTOMY MPHUHAIJIEHKHUT
CyMMe COOCTBEHHBIX TOANPOCTPAHCTB.

Crenyiolllee npenJjoxkeHHe JaeT MIPOCTOe, HO BaxKHOe J0CTa-
TOYHOE YCJIOBHE AHArOHAJIM3yeMOCTH Npeobpa3oBaHus.

[Ipennoxenune 12. Ecau npeobpasosarue n-meproco npo-
cmpancmea L umeem n nONAPHO PASAULHbLX COOCMBEHHbLX 3HA-
yeHutl, mo oHO OUA20HANAU3YEMO.

JleficTBUTENIBHO, COOTBETCTBYOLIHE STUM N COOCTBEHHBIM 3Ha-
YeHHsIM COOCTBEHHBIE MOANPOCTPAHCTBA PACIOJOXKEHBI TaK, YTO
ux cymma — mnpsmas. Camoe MeHbllee, KaXKI0e H3 HHUX HMeeT
pasMepHOCTb 1, W MOTOMY pa3MepHOCTb CyMMBl HE MOXKET ObITb
MeHbllle, 4yeM n. 3HaYUT CyMMa COOCTBEHHBIX MOANPOCTPAHCTB
oJI2KHA coBragath ¢ L.

YcaoBue B TpenJsiokeHHH 12 He sBasieTcss HeOOXOLHMBIM.
BrosiHe MOKeT caydMThCSs, UTO JHHEHHOEe NMpeo6pa3oBaHHe HMe-
€T MeHblle, YeM n, COOCTBEHHBIX 3HAU€HHWH, HO BCe XKe HMeeT
6asuc M3 coOCTBEHHBIX BEKTOPOB. B camom nesie, Mbl MOXKeM Tpo-
U3BOJIbHO 3ajaTb 0asuC W B3ATb NpeoOpasoBaHUe, HMelollee B
3TOM 0asuce QUAroHaJbHYIO MaTpPHUIy C HECKOJBKHMH PaBHBIMH
3JeMeHTaMy Ha auaroHand. Ecsiy Bce 3/eMeHTHl 1UaroHa/ u OIH-
HaKOBBI (B YaCTHOCTH, [JIs1 TOXKAECTBEHHOT'0 U HYJIEBOTO Npeobpa-
30BaHHU), TO KaXKIblH HEHYJIeBOH BeKTOp GyneT COOCTBEHHBIM, U B
KaxXJoM 6asuce maTpuua npeobpazoBaHusi OyaeT NHArOHAJbHOM.

[Ipennoxenuio 12 MOXXHO MpPUIATH CJEAYIOULYI0 QOPMY.

[Ipennoxenune 13. Ecau 6ce xapaxmepucmuueckue 4uc-
A mampuybl A NONAPHO PASAUUHBL, MO Cyulecmsyem Hesol-
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poscdennas mampuya S maxas, umo mampuya S~ 1AS — dua-
eoHanvnan. Ecau mampuya A seujecmeenna, a ee xapaxkme-
pucmuueckue 4ucia NnONAPHO PA3AUUHLL U BEU{eCMBeHHbl, Mo
cyujecmsyem maxkas 8eujecmeennas mampuya S.

Teopewma 4. Jluneiinoe npeobpasosarnue A npocmpancmea
L duazonaarusyemo moeda u moavko moeda, Koeda oHo yoosie-
meopsiem ypasuenuro r(A) = O, ede r(t) — Hekomopwill MHO-
eounen 6e3 kpamuolx (a 04 BeujeCMBeHH020 NPOCMPAHCMBA U
KomniexkcHolx) kopreti. [Tpu amom 6ce cobcmsenHovle 3HAUEHUS.
npeobpasosanus — KOPHU MHO20UNEHA.

JdokaszateabctBo. 1°. Ilyetb A puaroHasnusyemo. ITo
3HAuuT, 4TO L paACKJaJblBaeTCss B CYMMY COOCTBEHHBIX TMOMI-
MPOCTPAHCTB, U Ka)KIblH BEKTOP T TNPENCTaBUM B BHJAE CYMMBbI
T = 21+ -+ o5 COOCTBEHHBIX BEKTOPOB, NMPHHAAJ/EKALINX MO-
NapHO Pa3/MUHbIM COOCTBEHHBIM 3HAUEHHUSIM Ap, ..., As. Paccmot-
puM MHorousieH 7(t) = (t — A1) ... (¢t — \s), U MOKaxeM, 4TO Ipe-
obpazoBanue R = r(A) = (A—ME)...(A— X;E) — HyneBoe.
HetictutensHo, cormacHo (10) (A — NE)(z;) = (A — \)zj, 1
OTOMY

R(l‘]) = (/\j — )\1) N ()\] — /\j) e ()\] — /\s)l‘j = 0.

Orciona Boitekaer, 4to R(x) =R(x1) + - - - +R(xs) = o nas nwbo-
ro .

2°. O6parHo, myctb A ynosserBopsieT ypaBHenunwo r(A) = O, B
KotopoM 7(t) = (t — aq) ... (t — a). Paznoxum ¢yuxuunio 1/7(t)
Ha 3/1eMeHTapHble APOGH:

1 61 Bs

- = 4
r(t) t—am t— ag
[Tocsie mpuBeneHus K 00LIeMy 3HAMEHATEJO MOTYYUM TOXKAECTBO

T=q(t)+-+qs(t),

rae ¢;(t) = Bir(t)/(t — ;) — mpousBeneHHe [3; Ha MHOTOUJIEH,
nosydaeMblii U3 7(t) BbluepKHBaHMEM MHOXKHUTesst ¢ — «;. [lox-
CTaBHUM B 3TO TOXJAECTBO NMpeo6pazoBaHue A BMeCTO MepeMeHHOk
t: E = qi(A) + - + ¢s(A). IlopeiicTByeM 06eMMH YacTAMH MO-
JIYYEHHOTO PABEHCTBA HA MPOU3BOJBHBIN BEKTOp x. MBI MOMyUHM
x=x1+ -+ x5, rae ; = ¢;(A)(z).



268 Tnasa VI. Jluneiinoie npocmpancmea

Ecau x; # 0, T0 x; — cOOCTBEHHBIH BEKTOp, NPUHALIEKALIUN
CoOCTBEHHOMY 3HaueHHIO ;. [elictButenbHo, (A — o E)(x;) =
= Bir(A)(x) = o. Takum 00pa3oM, MPOU3BOJIbHBIH BEKTOP Mpo-
CTPAHCTBA Pa3J/IoKeH B CYMMYy COOCTBEHHBIX BEKTOPOB. DTO paB-
HOCHJIBHO TOMY, UTO L pacK/aablBaeTcsi B CYMMYy COOCTBEHHBIX
MOATPOCTPAHCTB.

9. IIpuBeneHrne MaTpuIbl NPeoOpPa3OBaHUA K TPEYTOJbHO-
My BUAY. DBbISICHUM, MPH KaKUX YCJOBUSX [IJs JUHEHHOrO Ipe-
o6pasoBanusi A mpocTpaHcTBa £ MOXKHO BBIOpaTh Tako# 06aswuc, B
KOTOPOM ero Martpuua OyaeT BepxHeH TpeyroJbHOH.

[IpenBapuTeNbHO NOKaXKeM Cleryollee

[Ipennoxenue 14. Ecau npeobpasosanue A n-mepHozo
npocmpancmea L umeem cobcmeenHoe 3nauexrue N\, mo & L
Hatdemces unsapuarmroe noonpocmparcmso L' pazmeprocmiu
n — 1, codepacawee Tm (A — \E).

JoxasartenbctBo. Ilyctb A — cobcTBeHHOE 3HAUEHHE.
Torma dim Ker (A—AE) > 1, a caenoBatesnbho, dim Im (A—AE) <
< n—1. Ecaiu 31ech ¥MeeT MeCTO PaBeHCTBO, TO B CHJY MPeNJIo-
JKEHHsl 3 yTBepxKJAeHHe N0Ka3aHo. B mpoTHBHOM ciydyae BO3bMeM
Kakoe-HUOYAb (n — 1)-MepHOe moampocTpaHcTBO L', comepKaliee
Im (A — AE).

PaccMoTpum npousBosibHbid BekTop x 13 L. s Hero A(z) =
= (A(z) — M) + Ax. 3nec (A(z) — Ax) € Im(A — \E) C £/
u \x € L'. Takum o6pazom, L HHBapUAHTHO, U MPEINOKEHHE
LOKa3aHo.

Teopewma b. B komnaekchom auneiinom npocmpancmee ois
Kaxcdoeo aunelHo2o npeobpasosanus cyuecmsyem 6asuc, 8
KOmopom mampuy,a npeobpa3osanus — 8epXHAsL MpeysorbHAs.

B seujecmsennom npocmpancmsee mo e ymsepircoerue
cnpasediusBo, ecau 6ce KOPHU XapaKmepucmuuecKkoeo MHOeo-
ynena npeobpas3os8aruUs. 6eU,eCmeeHHbL.

3amMeTHM, UTO JAMArOHAJbHbIE 3JIEMEHTHl TPEYrOJbHOH Mart-
pULBl — KOPHH ee XapaKTepHUCTHYeCKoro MHorouseHa. [TosTomy
yCJIOBHE BO BTOPOH 4acTH TeopeMbl HEOOXOAHUMO.

HokasartenbcTBO. PaccMoTpum cHauasna n-MepHOE KOM-
IJIEKCHOe NPOCTPaHCTBO L, U ero JHUHeiHoe npeobpasoBaHue A.
B KoMmjieKCcHOM MpoCTpaHCTBe JIOOOH KOpPeHb XapaKTepucThye-
CKOTO MHOTOUJIEHA SIBJISIETCS COOCTBEHHBIM 3HAUEHHEM, U CJelo-
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BaTeJ/bHO, A HMeeT COOCTBEHHOE 3HauUeHHe \,. B cumy npennoxe-
uust 14 waipercs (n— 1)-MepHOe HHBAapPHAHTHOE TIOAMPOCTPAHCTBO
Ln—_1.

Paccvotpum  orpanuuenne A("~1) mpeo6pasoBanus A Ha
Ly—1. Y Hero cyliecTByeT cOOCTBEHHOE 3HaUEHHEe A\, _1 H, CJEM0-
BaTeJbHO, 1 — 2-MepPHOe WHBApUaHTHOE MOANPOCTPAHCTBO L,,_2,
KOTOpOe, pa3yMeeTcsl, IHBApUaHTHO oTHocUTenbHO A. [lasee, mo-
c/lefloBaTeNlbHO paccmatpuBas orpanudenus A9 ua uuBapu-
AHTHBIX MOAMNPOCTPaHcTBax L,_; M BCeX ¢ = 2,...,n — 2 Mbl
MOJYYUM LEMOUKY BJIOXKEHHBIX WHBAapHaHTHBIX OTHOCHTENbHO A
MOJANPOCTPAHCTB

L1C...CLuo2CLyH_1. (11)

3nech MOAMPOCTPAaHCTBO L) HUMeeT pa3MmepHocTb k, k = 1,...,
n — 1. Ilpu atom s awboro i =n,n—1,...,2

(A= NE)(L:) € Li1. (12)

Tenepn BbiGepeM 6a3uc, CBsI3aHHBIA C MOCTPOEHHBIMU TIOAIPO-
CTpaHCTBaMH. DasucHblii BeKTOp €1 moMecTuM B Li. JlomosHUM
3TOT BeKTOp N0 6asuca e, ey B MoAanpoctpaHcTse Lo, 3TOT 6asuc
JOTIONHUM 1o 6asuca e, es, e3 B noanpoctpanctse L3. [Iponos-
JKas fnajgee TakUM »Ke o6pas3oM, MBI MOJYy4HUM 0asuc e,...,En,
B L,. ([Tocrenuuit BekTop momoJiHsier 6asuc B L,_1 10 Oasuca
B L,.)

[Ipu kaxnoMm k BeKTOp ej JIE€XHUT B WHBAPUAHTHOM IOATIPO-
cTpaHcTBe L, a 3HAUUT, ero 06pa3 pacK/agblBaeTcs 10 BEKTOpaM
C HOMepaMH, He 60JbIINMH, YyeM k. Takum o6pasom, MaTpuia mpe-
o6pa3oBaHusi A B TIOCTPOEHHOM 0a3nce — BepXHsisl TPeyroJbHas.

B KoMmmekcHOM TpOCTpaHCTBE Ha Ka)KJIOM 3Tare CYIlecTBO-
BaHHe COOCTBEHHOTO 3HAUeHHsI COMHEHMH He BhI3bIBaeT. B Bere-
CTBEHHOM IPOCTPAHCTBE MBI MpeArosaraeM, 4YTo BCe KOPHH Xa-
pPaKTepUCTHUECKOT0 MHOro4JjeHa BellecTBeHHbl. COTrjiacHO Mpen-
JIOXKeHHI0 9 I KaXK[I0T0 WHBAPHAHTHOTO MOAMNPOCTPAHCTBA BCE
KOpPHH XapaKTePUCTHUECKOT0 MHOT0YJIeHA OTPAHHUYUEHHS SBJSIOTCS
KOpPHSIMM XapaKTepUCTHYECKOTO MHOrouseHa A, a MoTOMY TaKke
BellleCTBEHHBI. TakuM 00pa3oM, U B BelL1leCTBEHHOM MPOCTPAHCTBE
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NpY HALIMX MPEeANONOXKEHHSIX HA KaXKJIOM 3Tale MOCTPOoeHHs Ga-
3Mca CYIIeCTBOBAHHE COOCTBEHHOrO 3HAYEeHHUs rapaHTHPOBAHO.

[lpuBeneM MaTPUUHYIO (DOPMYJHUPOBKY TEOPEMBI .

Jas aoboil keadpamuoil mampuyobl A Hatidemcs HeBvLpONCc-
dennas mampuua S maxas, umo mampuya S~'AS — eepxuas
Mpey2oibHASL ¢ KOPHAMU XAPAKMePUCMULECKOe0 MHoeoUreHa A
Ha OuaeoHal.

Ecau mampuua A seujecmeennas ¢ 8ewjecmaerHolMu KOPHS-
MU XAPAKMEpUCMULecK020 MHO20UACHA, MO U S moxcem bvimo
8bl6pana seu,ecmserHoll.

10. Teopema 'amunbroHa—Kanu. Tak HasweiBaercs cienyio-
as

Teopewma 6. [Tycmo p(\) — xapaxmepucmuueckuii MHO20-
unen auneiinoeo npeobpasosanus A. Toeda p(A) = O.

HokazateanbctBo. [lycth cHauama £ — KOMIJIEKCHOE
MPOCTPAHCTBO U A — ero JHHeiHoe MpeoOpa3oBaHue, UMelIee
KOPHH XapaKTepUCTHUECKOrO YpaBHEHHS Aq,..., A, (BO3MOXHO,
paBHBIE).

Paccmorpum JnHeliHoe npeoGpasoBanue P = p(A). Ham Hyx-
HO JI0Ka3aTh, YTO

P=(—1)"(A—ME) - (A — A.E) = 0. (13)

dTo Oymer N0Ka3aHo, ecau Mbl Mokaxkem, uto ImP = P(L) =
= {o}. BciomHuM noKazaTesbCcTBO TeOpeMbl O U OyIeM CUHTATb,
4YTO HyMepauus COOCTBEHHBIX 3HAYeHHUH COBMAfaeT C BBEJEHHOH
TaM HyMmepauuei. [eficTBue npeoGpasoBanus P cBomuTcs K mo-
CJIe10BaTENIbHOMY BBINOJHEHHIO TpeoGpasoBanuil (A — N\E) mas
i =mn,(n—1),...,2,1. Cornacro (12) (A — M\E)(L) C L,_1.
Jasnee, mocsenoBare/ibHO TIpUMeHsieM BKJtodeHde (12) ngs Bcex
t=mn—1,...,2, 1 B pe3y/bTaTe BUIUM, UTO [IPOHU3BellEHHE

(A= AE) -+ (A= \,E)

oToOpaxKaeT MPOCTPaHCTBO L B MOANPOCTPAHCTBO L. DTO MOA-
NPOCTPAHCTBO OJNHOMEPHOE M HHBapHaHTHOE, a CJIeL0BATEJNbHO,
cooerBeHHoe, U (A — ME)(Ly) = {o}. HUrak, nis KoMIJIeKCHOr0O
NPOCTpaHCTBA TeopeMa JokasaHa. Ho ee Jierko pacrnpocTpaHuTb U
Ha BellleCTBEHHbIE TPOCTPAHCTBA.
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VIMeHHO, MPOHM3BOMBHYID KOMIUIEKCHYIO MaTpuly A MOXKHO
paccMaTpUBaTh KaK MaTpHUILy JIMHEHHOTO rmpeobpa3oBaHus A KOM-
MJIEKCHOTO MPOCTPAHCTBA, U ecan p(t) — XapaKTepucTHUeCKHH
MHOTOYJIeH 3Toi Martpuubl, To p(A) = O H, cjaenoBaTesbHO,
p(A) = O. BelecTBeHHasi MaTpULla MOXKET PacCMaTPUBATLCS KaK
KOMIIJIEKCHAs, TTO9TOMY M KaKias BellleCTBEHHasi MaTpula YaAo-
BJIETBOPSIET CBOEMY XapaKTEPHCTHUECKOMY YPaBHEHMIO, a 3HAUUT
TepeMa BepHa U JJIs1 peoOpa30OBaHUi BeIleCTBEHHOrO MPOCTPaH-
cTBa. JTO 3aKAHUMBAET J0KA3aTeJbCTBO.

OnHOBpeMeHHO MBI TOJYUHJIN MaTPUUYHYIO (POPMYTHPOBKY TeO-
pembl [amunbrona—-Kasmu:

[Tpennoxenue 15. Kawodas keadpamnas mampuya yoo-
8/emsopsem ceoemy XapaKmepucmuiecKkomy YpasHeruio.

YIIPAJKHEHN S

1. [okaxuTe, 4TO KaxKAoe MOANPOCTPAHCTBO, Jexaulee B KerA,
M KaxK/0e TOANPOCTPAHCTBO, cofeprkailee Im A, HHBapHaHTHBl OTHOCH-
TesbHO A.

2. JlokaxuTe, 4TO CyMMa W [epeceuyeHHe HHBAPUAHTHBIX MOAMPO-
CTPAHCTB WHBaPHAHTHBI.

3. JlokaxkuTe, uTO pasMepHOCTb MOANPOCTPaHCTBa L, OMpeeseHHOr0
B npenJsoxennd 10 — yeTHoe yucIIO.

4. Ilycts A : L — L. Jloxkaxure, uto £ = Ker A @ ImA rorna u
Tosbko Toraa, korma Ker A2 = Ker A.

5. Myets £ = Ker A @ Im A. Kako#i Bua nmeer mMatpHua npeodpaso-
BaHus1 A B 6asuce e, ecJiM €1,...,e, € ImA, a e,41,...,e, € Ker A?

6. B nekoTopom 6asuce npeo6pa3oBaHHe 3ajaHO MaTpPHIEH

0 1

1 0 |°
CyuiectByet s 6a3uc, B KOTOPOM €ro MaTpula nuaroHasnbHas? Ecau na,
TO HalauTe 3TOT Oasuc.

7. Hatinure co6cTBeHHbIE 3HAUEHHST U COOCTBEHHBIE MOATIPOCTPAHCTBA
npeo6pa3oBaHus, 3aaHHOIO MaTpHLEH
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8. Kaxmo#l KBajpaTHOH MaTpHlle MOPsiAiKA 7 COMOCTABJSIETCS €e
TPaHCIOHUPOBAHHAs MaTpULa. DTUM Ofpe/e/eHo npeobpasoBaHue T mpo-
cTpaHcTBa MaTpull. Haiijiure ero co6CTBeHHBIE 3HAYEHHST U COOCTBEHHBIE
noanpocrpaHcTBa. JIOKaXKUTe W3 3THX COOOpPaXKEHHH, UTO KaxKaasi MaT-
pHlia OHO3HAYHO MPENCTaBAseTCss KaK CyMMa CHMMETPUUHON M KOCOCHM-
METPHUUHOH.

9. Ilyctb A — MOBOPOT TPEXMEPHOrO BEKTOPHOI'O MPOCTPAHCTBA BO-
Kpyr HEKOTOpPOH OCH Ha yros «, U A — MaTpuua 3TOro MOBOpPOTa B
HeKoTopoM Gasuce. Boipasure o uepes ajieMeHTH A.

10. Ilycts A nmuaronanusyemo. [lokaxkurte, 4To orpaHhueHve A Ha
JI060M MHBApPHAHTHOM MOJANPOCTPAHCTBE TAKXKe IUArOHAJHU3YEMO.

11. Tlpeo6pasoBanue A 3agaHo maTpulei

-2 4 -1
-5 8 =2
-9 13 -3

Haiinnte matpuny nepexoma K Kakomy-HMOyAb 6asucy, B KOTOPOM €ro
MaTpula BepXHsis TPEYroJbHas, a Tak:ke MaTpuly A B 3ToM Gaswuce.

12. Tlycth Matpyna A HeBeIpoxJeHa. IIpencraBbre MaTpuiy A~ ' Kak
MHOTOUJIEH OT A.

13. IlycTh npeobpasosanue A ynoBieTBopseT cooTHomerkO A% = A.
Jokaxwure, uto RgA = trA.

§ 5. IMHEMHBIE ®YHKLMMU

1. Onpenenenne pyHkuuu. Mbl Oynem paccMaTpuBaTh Jd-
HelHOe NMPOCTPAHCTBO L, BelllecTBEHHOEe UK KoMIleKcHoe. C10BO
<YHCJI0>, YIOTPebIeHHOe 6e3 YyTOUHEHHUS], 03HAYaeT KOMIJIEKCHOe
YUCJIO 17 KOMILIEKCHOTO NPOCTPAHCTBA M BeIleCTBEHHOE UHCJIO
IJ151 BEIleCTBEHHOTO.

Onpenenenue. bynem roBoputb, 4To Ha JMHEHHOM MHpo-
ctpaHcTBe L 3afiaHa yrkyus f oT OHOTO BEKTOpa, €CJIH KaXKJ0-
My BeKTOpy & € L cornoctaBieHo uucio f(x), a Takke, 4YTO 3afaHa
(YHKLHS OT ABYX BEKTOPOB g, €CJIM KaxK0H yIOpsiloueHHON nape
BEKTOPOB &,y 13 L COMOCTaBJIEHO YHCIO g(x,y).

@DYHKUHU Ha OGeCKOHEUHOMEPHBIX MPOCTPAHCTBAX, 3JEMEHTH
KOTOPBIX CaMH SBJSIOTCS (DYHKIMSMH, Ha3bBAOT PYHKYUOHA-
AAMU.
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[Tycts mpocTpancTBo £ uUMeeT pas3mepHocTb n. [Ipu BbiGpaH-
HOM 0asuce KaxkJIoMy BeKTOpPYy & U3 L COIOCTaBJIEHbl 1 €ro KOM-
nonent &%, ..., &". HamomHuM, 4To B MaTeMaTHueCcKOM aHaju3e
(YHKLHEH 0T n nepeMeHHbIX Ha3blBAIOT 3aKOH, KOTOPBIH CTaBUT B
COOTBETCTBHE HEKOTOPOE YHUCJIO KaXKAOMY YIOPsiA0YeHHOMY Habo-
py 13 n uuces £1, ... €™, BXoaAlLIeMy B ONpeleseHHYI COBOKYII-
HOCTb TakuxX HabopoB. Takum ob6pasom, mpu BeiOpaHHOM Oasuce
¢yHkuus f Ha sauMHelHOM mpocTpaHcTBe L 3amaercst (PyHKUMeH
OT N IIePeMeHHbIX, ONpe/e/eHHON Ha MHOXKECTBe BCEBO3MOXKHBIX
Habopos &1, ..., &". Ecau 6a3uc U3MEHHTCS, TOMY JKe BEKTOPY I
OyLYyT COOTBETCTBOBATb HOBblE KOMIIOHEHTbI, M, CJeIOBATEJbHO,
npexusas ¢yHkuus f OyneT 3agaHa HOBOH (PyHKLMeH OT m Iepe-
MEHHBIX.

2. JIunennble pyHKIMH. BBenem

Onpepnenenue. Pynkuus f Ha TUHEHHOM MpocTpaHCcTBe L
Ha3bIBaeTCs AUHEUHOU, ecau A7 JI0bX & U y U3 L U Ja1060ro
4ucJ/a o BBIIOJHEHbl PaBEHCTBA

flx +y) =f(z) +f(y), f(az) = af (x). (1)

YuTaTeab MOXKET 3aMETHUTb, YTO JHHeHHas (QyHKUMS Ha MPO-
cTpaHcTBe L He SIBJISETCS HOBBIM AJIsi HErO 00BbEKTOM. DTO B TOY-
HOCTH TO K€ CaMoe, UTO JIMHeHHOe oToOpaxKeHne L B OTHOMepHOe
apu(pMeTH4YeCcKOoe MPOCTPAHCTBO.

[Tpumep 1. OyHKuus, conmocTapasiioUlas KaxKaIOMy BeKTOPY
yucao 0 — auHediHas. DyHKUUSA, CONOCTABJAIOLIAS BCEM BEKTO-
paM OHO U TO K€ YMCJIO, OTJIHUYHOE OT HyJsl, He JHHeHHas, Tak
KakK 1Jis1 Kax a0k JauHeidHod ¢hyukuuu f(o) = 0.

[Tpumep 2. PaccMOTpUM reoMeTpUueCcKOe IPOCTPAHCTBO BeK-
TOpPOB — HarpaBjeHHbIX OTPe3KOB. BribepeM B HeM HEKOTOPBIH
(puKCHUpOBaHHBIH BekTOp a. Ka)kIoMy BEKTOpPYy X MOXKHO COMOCTa-
BUTb uKcio ¢ = (a,x). ScHo, uto paBercTBa (1) BBIMONHEHBI, H
Mbl UM€EM JIMHEHHYI0 (QYHKLHIO.

[Tpumep 3. [lyctb B n-mepHOM mpocTpaHcTBe L BhiOpaH 6a-
3uc e. ComocTaBUM KayKIOMy BEKTOPY & €ro i-l0 KOMIIOHEHTY B
6asuce e. OueBUIHO, UTO 3TO COOTBETCTBHE — JIMHEHHAas (yHK-
uus Ha £. Mbl 0603HaunM ee e*'. Tak MOMKeT ObITh MOCTPOEHO
n (PYHKUUH e*l, ...,e*". KoHeyHO, OHH 3aBHUCAT OT TOr0, KaKoH
6asuc B L Obla1 BblOpaH.
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[Tpumep 4. Paccmorpum npoctpanetso C (hyHKUUH, onpene-
JIEHHBIX U HerpepbiBHbIX Ha oTpeske [0, 1] (mpumep 1 § 1). [lycTs
v — ¢uxcupoBanHas ¢yHkuus us C. Torma Kaxmol (QyHKIUM Uu
13 C MOXHO COMOCTABUTb YHUCJIO

¢ /0 o(E)u(t) dt.

HerpynHo npoBepuTb, 4TO 3TO COOTBETCTBUE — JHWHEHHBIH (PYHK-
LIMOHAI.

Eute onun nuHedHbIN (DyHKIMOHAJ HA TOM ke npocTpaHcTse C
MBI TTOJTYUHM, €CJH COMOCTABUM KaxKI0H (DYHKLUHH u ee 3HaYeHHe
B HyJste u(0).

PaccmoTtpuM n-mMepHoe suHelHOe npocTpaHcTBO £ U BriGepeM
B HeM 0asuc ey,...,e,. J3HadeHHe JUHEHHOH (QyHKuNWH f HA Bek-
TOpe = MOXeT ObITb BblpaKeHO yepe3 KOOpPAMHAThl 3TOr0 BeKTopa

e
f(z) =f('er 4+ & en) = E(er) + -+ + & f(en).

Yucna f(eq),...,f(e,) He 3aBUCAT OT BEKTOpa &, a ONPeIeJSIIOTCS
TOJIbKO (pyHKUMeH f 1 6asucom. Mbl 10Ka3anu ciaenyoliee

[Ipennoxenune 1. Kawodan aunelinas ¢ynxkyus wa n-
MEPHOM AUMHELHOM NPOCMPAHCMBE 8 NPOU3BOAbHOM basuce e
3adaemcs AUHelHbLM 00HOPOOHbLM MHOSOUAEHOM

1

f(z) = o1& + -+ pn&” (2)
om Koopduram sekmopa 8 amom basuce. Koagpuuuermor mHo-
20UNCHA V1, ..., Pn PABHLL BHAUEHUAM (PYHKYUL HQ OQ3UCHbLX

8eKmopax.

3Hauenus (yHKuMu f Ha BekTOopax 06asuca e ymoOHO Hasbl-
BaTb KOMMNOHEHmMaMU WU Koapduyuenmamu GyHkuuu f B Oa-
3uce e. Marpuua JrHeHHOro 0TOOpaKeHHs n-MEPHOro MPOCTPaH-
CTBa B OlHOMepPHOe UMeeT pa3Meprl 1 X m, TO eCTb 3TO — CTPOKa
navbbl n. OHa HasblBaeTCsl KOOPOUHAMMOL CMPOKOLL JIUHEHHOU
¢yHkuuu. [IpenocraBuM uuTaTeI0 NPOBEPUTh, YTO 3TO — CTPO-
Ka [|¢1,...,¢n|. Popmyna (2) B MaTpUUHOM BHAE 3aMHChIBAETCS
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TaK:

51
f(@) = ller, - emll|| 2 || = ¥x 3)

gn
Kaxnasi crpoka ¢ mo dopmyse (3) omnpenessier JHHEHHYHO
¢dyHnkuuio. B camom neste, p(x+y) = px+@y U p(ax) = ap(x).
opmyna (6) § 3 BbipakaetT MaTpuly OTOOpaKeHHWsl B HO-
BbIX 0a3ucax 4yepe3 €ro CTapyio MATPHIy W MATPHLBl Mepexofa
K HOBBIM GasucaM. Tak Kak B OJHOMEPHOM apH(pMeTHUEeCKOM Mpo-

cTpaHcTBe 6a3uc (PUKCHPOBAH pa3 HaBceraa, /s JHHeHHOH PyHK-
UK 3Ta (popMysa MPUHUMAET BU]

@ = pS. (4)

3mech ¢ — cTpoka Koap(ULHeHTOB YyHKIMH B Gasuce e, a ¢’ —
cTpoka ee Koa(hduuueHToB B 6asuce e = eS. Pazymeercs, dop-
Mysy (4) Jerko TONYYHTb W HENOCPeNCTBEHHO. JleHCTBUTENBHO,
st J1o6oro i ¢; = f(e;) = po;. KoopauHaTHbl cToN0eL 0; BeK-
Topa €, ecTb i-H cronbel; MaTpuubl nepexoxa S. OTciona MmpsiMo
caenyert (4).

3. ConpsixeHHoe npoctpaHcTBo. B § 3 BBeneHw! onpeneie-
HUS JTUHEHHBIX OTepaluil /s JUHEHHBIX 0ToOpakeHni. B nprme-
HEeHUH K JIUHEHHBIM QYHKIUAM 3TH ONpeaesaeHus (GopMynUpyOTCs
TaK:

Onpenenenne. Cymmou nuHeHHBIX QyHKUMH f W g Ha-
3blBaeTcs (PyHKUHUS h, 3HaYeHHe KOTOPOH AJs J1I060ro BeKTOpa T
onpepensiercss paBeHcTBoM h(x) = f(z) + g(z). [Ipoussedenuen
JUHEHHON GYHKUMH f Ha wucso o Ha3biBaeTcs (PyHKUMA g, 3Ha-
YyeHUe KOTOPOH Ha BEKTOpe x ompepesercs Kak g(x) = af(z).

[Ipennoxenune 2. [lycmo f u g — aunelnole Qpynkuuu,
@ u Y — ux cmpoku Koagpuyuenmos 8 Hekomopom basuce e.
Tozda cymma f+g — auneinaa pyukyus, u ee cmpoxka K03gpdu-
yuenmos pasna ¢ + . Jaa npoussorvHoeo 4ucia o npousse-
denue of — auneiinas ynkuus, u ee cmpoka Koaguyuenmos
ecmo aup.

JlokaxkeM MepBylO 4acTb NpejsiokeHus. Bropas uactb noka-
3bIBaeTCs aHaJOTHYHO. [/ POU3BOJILHOTO BEKTOpA X 3HaUeHUs
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¢byHKuMil 3anuceiBaoTesl Kak f(z) = ¢x u g(x) = 1x. Torna 3Ha-
YyeHue CyMMBbI f+g Ha TOM 2Ke BEKTOpe PaBHO pX+1px = (p+1))x.
ITo MoKasbIBaeT, 4To f + g — JMHelHass PYHKLUHUS CO CTPOKOH KO-
3¢ pULHeHTOB (¢ + ).

[Tpennoxenue 3. Mroxecmso L* scex auHeliHbLX QYHK-
Yuti Ha n-mepHom Auretinom npocmparcmee L 1o OMHOULeHUIO
K 88e0eHHbIM Bblule AUHEHbIM Onepayuam npedcmasisem co-
6oLl n-mepHoe AUuHeliHoe NPpoCmpaHcmao.

JleficTBUTENBHO, CYLIECTBYeT B3aMMHO OAHO3HauHOEe OTOOpa-
JKeHHe MHoXKecTBa L* Ha MHOXKECTBO CTPOK MJMHBI n, NpHYeM
cymMMe (YHKIHMH COOTBETCTBYeT CyMMa CTPOK, a MPOU3BEIEHHUIO
(PYHKLUHH Ha YKCJIO0 — MPOW3BEJeHHe ee CTPOKH Ha 3TO UHCJO.
[TocKoabKY aKCHOMBI JIMHEHHOT'O NPOCTPAHCTBA BBIMOJNHEHb AJ15
ornepaudi CO CTPOKAMH, OHM OyLYyT BHINOJHEHbl U 1J5 ONepaLui
B L*. CnenoBatenbHo, L£* — JHHelHOe MPOCTPAHCTBO, U30MOPG-
HO€ TIPOCTPAHCTBY CTPOK JAJIHUHBI 7.

Onpenenenune. JIuHeliHoe npocTpaHcTBO L* BceX JHHEH-
HBIX (DYHKLUH Ha JMHEeHHOM NpocTpaHCTBe L HasblBaeTcsl conps-
ocerrHoim 1as L.

BriGepem 6asuc e B mpocTpaHcTBe L MW PacCMOTPUM JIHHEH-
Hole ¢GyHkunu ' (¢ = 1,...,n), onpenesnseMble paBeHCTBAMH
e*i(z) = &, rae & — i-a KoopaMHaTa BeKkTOpa z (pUMep 3). ITO
03Hayaert, uTo

e*’(ej):{(l)’ ifj (i j=1,...,n) (5
9 =J

WM, HHade, CTPOKA KO3((HIHEHTOB (BYHKIMK e** ecTh -5 CTpO-
Ka elMHU4YHOH Marpuubl. OTclofa Jerko cjaefyer, YTo (QPYyHKLHUU
e*! ... e*" nuneiiHo HesaBucuMbl. CTpoKa ||@1, . .., @, || packa-
IblBaeTcsl 110 CTPOKAaM eJMHHYHOH MaTpuubl ¢ Ko3(dULIUeHTaMu
©1y...,¢n. TaKuM 00pa3oM, MPOU3BOJIbHBIH 3JEMEHT MPOCTpPaH-
cTBa L£* packiajpiBaeTcsi mo e*’ (i=1,...,n), 4 93TH HYHKUHU

COCTAaBJISIOT B HeM 0asuc.
Onpenenenune. basuc e*l, ...,e*" B L* onpenessieMbli
dopmynoit (5), HasbiBaeTCs 6UOPMOSOHANLHOIM U B83AUMHbIM

6asucy ey, ..., e, NpocTpaHcTBa L.
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Anement f mnpocTpaHcTBa L£* €O CTPOKOH KO3()(PULHEHTOB
lo1, ..., @nl|l nMeeT pasnoxenue

f=ope .+ e (6)

Beenem crosiber e*, cocraBienHbii u3 gpyuxunit e*’. Teneps pas-
JoxkeHue (6) MOXKHO MepenucaTh B MATPHUHOH (opme:

e*l

f=lle1,... pnll = pe”. (7)

Takum o6paszom, cTpoka KoopauWHAT ajeMeHTa f € L* Bo B3auM-
HoM 6asuce €* COBMAfaeT C ero CTPOKOH Ko3(P(UIHUEHTOB B UCXOJ-
HoM 0asuce ey, ..., e, npocrpanctsa L. Ecnu nss npoctpaHcTBa
L* Tpraep:KUBaTbCs COTJIALIEHNs MUCaTh KOMIIOHEHTH BEKTOPA B
ctosbell, a 6a3uCHbIE BEKTOPH B CTPOKY, TO (opmyny (7) ciemo-
Basio Ol Hamucats f = e*7 7.

[lycts B £ Gasucel € U € cBsizaHbl paBeHCTBOM € = eS.
Haiinem maTpuiy nepexoma Mexny WX B3aUMHBIMH 0as3ncaMu e€*
v ™. Jlns atoro Hanumewm dopmyay (4) B Buzge (3) § 1, pewus ee
OTHOCHUTEJIbHO CTapblX KO3(P(ULHUEHTOB U TPAHCIIOHUPOBAB, UTOObI
3anucatb Ko3(pduurueHTsl B cTosbel. Mbl mosydum

Orciona cienyer

[Ipennoxenue 4. Mampuyetl nepexoda om 6asuca €* K
6asucy €™ 6 npocmparncmse L* 6ydem mampuya (S~H)T, mo
ecmb 6a3ucol c8a3aHbL QOPMYAOL

Ecnu ns1st mpoctpaHcTBa L£* BepHYTbCS K 3alHCH 3JE€MEHTOB
6asuca B crosbell, To CBI3b 6A3HCOB MIPUMET BHUJ

e* = Se’". (8)
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[TpocTpaHcTBO L* — Takoe XKe JUHEHHOe NPOCTPAHCTBO, KaK U
Jmo6oe 1pyroe, U, CJe0BATENbHO, HMEET CONPSKEHHOE MPOCTPaH-
cTBO L**, 3//eMeHTbl KOTOPOro — JIMHeHHble (pyHKLUUU Ha L*.

[Ipennoxenue 5. [Ipocmparcmso L** moscem 6Goimo
omosdecmerero ¢ L.

okasatenbcTBO. DUKCHpyeM omnpeleseHHbIH BEKTOP &
u3 L U comocraBuMm Kaxjaomy sjementy f € L* gucqo f(x). Ta-
KHM 00pa3oM, & MOXKHO paccMaTpUBaTh Kak (QyHKUMIO Ha L*. ITa
GyHkuus — nuHedHas. deitctButensHo, (f +g)(x) = f(x) + g(x),
U, CJeloBaTe/NbHO, 3HAaUeHHe, TPUHUMaeMoe & Ha CyMMe (pYHKLHUH
(f + g), paBHO CyMMe ero 3HauyeHHH Ha cjaraeMbiX. AHaJOTHYHO,
paBenctBo (af)(x) = of(x) osHauaer, 4yTo 3HaueHHe x Ha MPO-
U3BeJeHNN Ha of paBHO MPOM3BENEHMIO (v HA €ro 3HaueHHe Ha f.
Hrak, x MOXKHO OTOXKIECTBUTb C HEKOTOPBIM 3JeMeHTOM L**.

[Ipu sToM cymMMa U NpOU3BefeHHE Ha YHCJO 1Jis BEKTOPOB U3
L coBNajamT ¢ UX CYMMOH W NPOU3BEAEHHEM Ha YHUCJIO, €CJH HUX
MOHWMATh Kak (QyHKUMH Ha L*. JleHcTBUTENBHO, HaNpUMep AJs
CYMMBI, 9TO PAaBHOCHJIbHO paBeHCcTBY f(x + y) = f(x) + f(y),

Tenepb Mbl BUIUM, 4TO £ MOXKeT ObITb OTOXKIECTBJIEHO C II0f-
npoctpanctBoM B L**. Ho dim £ = dim £* = dim £**, u noanpo-
CTPAHCTBO COBMALAET CO BCEM MPOCTPAHCTBOM.

YITPA2KHEHU A

1. Moxet a1 AJ5 NHHEHHOH (YHKUMHU Ha JUHEHHOM IMPOCTPaHCTBE
L nyisi Beex x € L Boinogiastbes a) f(z) >0, 6) f(z) > 0.

2. Tlyctb a — (hUKCHPOBaHHBIH BEKTOP MN0CKOCTH. CONOCTaBUM KaK-
JIOMY BEKTOPY X IJIOLLAlb OPHEHTHPOBAHHOTO MapaJJesnorpaMmma, NocTpo-
€HHOro Ha X U a, uan 0, ecaiM BeKTOpBI KoJsMHeapHbl. [IpoBepbTe, 4TO
9Ta (DYyHKUHUS JMHEHHA, U HahauTe CTPOKY ee K03((HULHEHTOB B Oasuce
ei, ez, ecau a = aey + Pes. Mamenus 6asuc, nposepbre opmyny (4).

3. Ilyetp & — mnatypasnpHoe uyncso. ComocTaBHM KaxKIOMY MHO-
ro4jieHy CTelleHH He Bbllle 7 3HayeHHe ero k- MPOM3BOLHOH B TOU-
ke a. [IpoBepbTe, yTO 3THM omnpenesneHa auHeiHas QyHkuus. Hailinute

ee KOOpIWHATHYIO CTPOKY B Gasucax a) 1,t,t%,...,t", 6) 1,(t — a),
(t—a)?,...,(t—a)™
4. TlycTb e1,...,en € L u e, ..., e™ € L* — napa GHOPTOrOHAb-

HbIX 0a3ucoB. YOenuTech, 4To AJd Jboro z € £ u gas awobdoro f € L*
BBITIOJIHEHO & = "' (z)e1 +...4+-e* " (x)e, u f=f(e1)e™ +...+f(en)e™™.
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§ 6. KBAAPATUYHBIE ®OPMbI

1. bununeiinbie pynkuun. Bpezem cienyoliee

Onpenenenune. burunelinol Qynkyueti W OULUHEUHOU
¢opmoti Ha TMHEHHOM npocTpaHcTBe L HaspiBaeTcss GyHKUHUSA b oT
IBYX BEKTOPOB W3 L, JUHeHHas M0 KaXAOMY H3 CBOHUX apryMeH-
TOB, TO €CTh yIOBJeTBOpsifolas (/s JMIOObIX x,y U z U JI060ro
Yucsa <) paBeHCTBaM

b(z +y,2) = b(x,2) + b(y,2), blax,y) = ab(z,y),

b(xz,y +2z) =b(x,y) + b(x, 2), bz, ay) = ab(z,y). )

[Tpumep 5. [lape BeKTOPOB Ha MIOCKOCTH COMOCTABUM HX
CKaJIsipHOe Mpou3BeleHHe. B cuy U3BeCTHBIX CBOHUCTB CKaJsipHO-
ro NpOU3BeleHUs 3T0 — OUJIMHEeHHas (YHKLUS.

[lycts € = ||le1,...,e,| — Gasuc B £ . Eciu & und (i,5 =
= 1,...,n) — KOOpAHHATH BEKTOPOB & W Y, TO 3HaUeHHe OHJIH-
HelHOU (pyHKUUH b Ha 3TOH mape BEKTOPOB MOXKET ObITb BbIYMC-
JieHo coryiacHo (9) rak:

n n

b(may) =b X1 €4, T/]ej - f njb(eiaej)a
&ie; j=1 1,J

HJIU OKOHYATeJbHO

b(x,y) = _ Biy&'n’. (10)
1,J

n? uucen B;; = b(e;,e;) — 3HaueHus GUIMHERHON (QYHKUUH Ha
BCEBO3MOXKHBIX Mapax 0asHCHBIX BEKTOPOB — HAa3bIBAIOTCS ee KO-
appuyuenmamu 8 6asuce e. VIX 3amichiBalOT B BUIE KBaJPaTHOH

MaTpULbl TTIOPALKA 7.

B Pz ... B
p_| B B2z oo fon

Bnl Bn2 Bnn
DTa marpula HasblBaeTcsi mampuyeil OuAUMHelHOU PYHKyUU B

nanHoMm 6asuce. Kak Jsierko [IPOBEPUTb YMHO2K€HUEM MaTpUL, pa-
BEHCTBO (10) MOXKHO HanucaTb B MaTPUYHOM BHUJE!:

b(z,y) = x’ By. (11)
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Martpuua 6unuHeiHOH (QYHKIMH B CJIeAYIOLIEM CMbIC/Ie ONHO3HAY-
HO orpejesieHa: ecjau 3HaueHHe b(x,y) mast 06O mapel BEKTO-
poB moJaydaetcss no ¢opmyne (11) ¢ momoureto mMatpuusl C, TO

C = B, 10 ecTb 3jeMeHTH C' — 3HaueHus b Ha napax Oa-
3UCHBIX BEKTOPOB. [lefCTBUTENbHO, B 3TOM CJydyae Mbl HUMEEM
Bij = b(es,e;) = eiTCej, rie e; U e; — CTOJOLB eIMHHYHOH

matpuuel. [lpumep 4 § 2 ri1. V nokasbiBaeT, uto 3;; paBHO 3Je-
MEHTY c;; Matpulbl C.

[lpu 3ameHe Gasuca marpuua OUJIHHEHHOH (YHKLHH, pasy-
meercsi, MeHsiercsi. [losyudm 3akoH ee usMmeHeHusi. [lyctb x/
Uy’ — KOOpAHHATHble CTOJMOLb BEKTOPOB = H y B 0asuce
e = eS. Torma x = Sx’ uy = Sy’. Ilo dopmyse (11) ume-
em b(z,y) = (Sx')TB(Sy’) = x'(STBS)y’. [lockoabky MaTpuua
B’ pyukuuu b B 6asuce €’ o1HO3HAYHO OMpeeseHa,

B' = STBS. (12)

[TepemMHOXKast MATPHUIIbI, Mbl TOJYYUM BbIpaxKe€HHE MJIs dJeMeH-
ToB B’

By =Y ofolBu, (i,j=1...,n), (13)
k,l

B KOTOPOM 0F — 3/leMeHTBl MaTpHIbl iepexoaa S.

Bunnneiinas (yHKuus b HaseBaeTcs cummempuuroil, ecsu
1Jis1 M1060# napel BeKTopoB b(z,y) = b(y, x).

Ecau OuinHeliHast QyHKUHS CHMMETpUYHa, To b(ej,e;) =
= b(ej,e;) mas JAOOBIX ¢ U j, TO eCTb fBi; = [j;. DTO MOKHO
3anucartb Kak

B=pB".
Marpuua, KoTopasi CoBMagaeT co CBOEH TPaHCIOHHPOBAHHOM, Ha-
3biBaeTcs cummempuuroti. O6paTHO, MycTh OUIHHElHAs QYHKLUS

UMeeT CUMMETPUUHYI0 MaTpuly. Torna, mockKosbKy MaTpuua pas-
MepoB 1 X 1 He MeHfieTCs NPU TPAHCIIOHUPOBAHUH,

b(z,y) = (x"By)" =y B"x =y"Bx =b(y, ).

Mbl nokasanu
[Ipennoxenune 6. burunelinans QyHKUus CuMMEMpPUUHA
moeda u moavko moeda, Koeda ee Mampuya CUMMEMpUiHa.
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2. KBagpatuuHbie (popMbl.

Onpenenenune. Keadpamuurnoii popmoti unv keadpamuu-
HOU ¢yHKyuel Ha JUHEHHOM MPOCTPaHCTBe L Ha3biBaeTcs (PyHK-
uus k, 3HaueHHe KOTOPOH Ha J11060M BEKTOpe x ONpefeJseTcs pa-
BeHCTBOM k(z) = b(z,x), rme b — cummerpuyHasi GuaHHelHas
(hyHKLUS.

[Tpumep 6. CxasnspHoe Npou3BeaeHNEe BEKTOPOB — CHMMET-
puuHas OunuHediHas QyHKUUs. COOTBETCTBYIONIAs KBafpaTHUHAS
(YHKLHS CONOCTaB/sIeT BEKTOPY KBaapaT ero IAJHHBL.

[To 3anaHHON KBampaTHUHOH (hopMe k ONHO3HAYHO ONpefeJs-
eTcsl COOTBETCTBYIOIAs CHMMeTpHUHas OMJIHHelHass QyHKUHS b.
JleficTBHTENBHO, MYCTh & U Yy — NPOU3BOJIbHBEIE BEKTOPHL. Torna

k(z+y)=blz+y,z+y) =
= b(z,x) 4+ b(z,y) + b(y, z) + b(y, y).

Orcropa, ucnogbays by, x) = b(z,y), noaydaem

b(z,y) = 5(k(z +y) — k(z) — k(y)),

¥ 3HadeHHe b Ha JMIOOBIX BEKTOPaX BblpaXKaeTcs uepe3 3HadeHUS k.
Mampuueii ksadpamuuroil ¢popmb, Ha3bIBAETCS MaTpHLa Co-
OTBETCTBYIOUleH OUIMHEHHOH (DYHKIIUH.
CornacHo (11) mMbl HMeeM cjeayroliiee BbipaXKeHHe 3HAYEHHS
KBaJipaTUUHOU (DOpMblI Yepe3 KOOPAMHATHBIN CTOJOEl] BEKTOpA:

k(z) = x' Bx, (14)

WUJIW B PA3SBEPHYTOM BUIE
]

[TpaBasi yacte dopmysbl (15) — OIHOPOMHBIH MHOTOYJEH BTOPO#H
crenenu oTHocuTesnbHO &', ... &, (CobeTBEHHO, €l0BO <(op-
Ma», KOLIa-To YIOTpeGJsiBIleecs 3HAUUTEJBHO LIMpe, O3HAYaeT
<OJHOPOAHBIA MHOTrOYJIeH>.) [IpuBeneHHass 3amMUCh 3TOTO MHOTO-
YJleHa CONEPXKUT MOLOGHBIE UJeHbl: TIPH ¢ # j uneHsl (;;£°¢7 u
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ﬁjifjfi copnagaioT. [loaToMy mocse mpuBefieHHUs MOAOOHBIX uJie-
HOB (15) mpuHHMaeT BUJI

k(z) = B11(&M)? + 281261 €% + Boa(€3)? +2B136" €% + ... (16)

Onpenenenune. Kpagparnunas dopma k B 6asuce e numMeer
duaeorasbHblli 6U0, ecd B 3TOM Oasuce

k(z) = Zei(e’)?, (17)

TO eCTb ee MaTpHLa SIBJSETCS AMaroHaJJbHOM.

Teopewma 1. [lna kaxcdoii keadpamuunoil ¢popmel k cyuye-
cmeyem 6a3uc, 8 KOMOPOM OHA umeem OUASOHANbHYLLL BUO.

HokasatenbctBo. Ilyete B — Marpuua KBajpaTH4HOH
tdopmbl k B kKakoMm-nub6o Gasuce. [Ipumenum kK matpuue B mo-
CJ1e[I0BaTe/NbHOCTh 3J€eMeHTapHBIX NpeoOpa3oBaHUi, KOTOPYO AJs
yno6cTBa ONUCcaHUsl pa3oObeM Ha psj LIAros.

Lesb nepBoro 1ara — NpUBECTH MaTpULY K BUILY

€1 0O ... 0

: (18)

rie C; — cCUMMeTpUYHas MaTpula nopsaka n — 1.

Ecnu B ucxonno#t matpuue 51, = 0 mst Bcex 4 = 2,...,n, TO
B NpeoOpa3oBaHUsAX MEPBOro Liara HeOOXOOMMOCTH HeT, U Iepe-
XOIMM KO BTOPOMY LUary.

[lycte Halimercs ¢ > 1, nas koroporo f1; # 0. BoamokHbI 1Ba
cayyas:

1) OcnoBHO# cayuaii: B17 # 0. Ecium 310 Tak, BblUMUTa-
eM TEepPBYH CTPOKY, YMHOXKEHHYIO Ha MOAXOMSIINE MHOXHTEJH
(B1i/P11 ast i-B CTPOKH), M3 BCEX HUMKeNeXKaIlUX CTPOK, Y KO-
TOPBIX TEPBbIH 3JeMeHT oT/HYeH oT HyJas. [locsie storo B moay-
YeHHOH MaTpule BblUMTAaeM IePBBbIH cToJ0el, YMHOMXKEHHBIH Ha
Te Ke MHOXKHTEeJH, U3 CTOJOLOB C TeMH ke HoMepamu. (ITo
Kak pa3 cToJOLBl, UMEOIHe He PaBHBIH HYJIO MEPBBIA JIEMEHT.)
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B pesynbrate marpuiia B nepeitner B Matpuiy Bp Buga (18) ¢
€1 = Pi1.

2) OcoO6wiit cayyaii: f11 = 0, HO B1; # 0 IPH HEKOTOPOM 1.
B atom cayyae menaercs BcriomoraTesbHoe NpeoOpa3oBaHue:

Ecau f;; # 0, To -5 CTPOKa MepecTaB/sieTcss ¢ NepBoi, U i-i
cTosibel; nmepecrapjsieTcss ¢ nepsbiM. [locse atoro B mpeo6paso-
BaHHOH Matpuue (i, = Bi; # 0.

Ecau xe B;; = 0, T0 i-1 cTpoKka npudasiasieTcs K NepBoi U i-i
cTosibel, mpubaBssieTcss K nepeoMmy. B mpeoGpa3oBaHHON MaTpulle
okasbiBaetcs 31, = 201; # 0.

[Tocne BcromoratesbHOro Npeo6pa3oBaHUs MaTpula MPHUBO-
qutest K Buay (18) Tak e, Kak ¥ B OCHOBHOM CJlyuae.

[TycTb B pesynbTaTe k LIaroB Mbl TOJNYYUIH MATPULLY

g1 ... 0

By = 0 ... ¢k ) (19)

0 Ch

3nech C), — CUMMeTpPHUHAsl MaTpHlla Mnopsiika n — k, a yepe3
€1,...,EL 0003HAUEHBI TUATOHAJbHBIE JIEMEHThI, MOJyUeHHbIe Ha
NpOJIeJIaHHBIX IlIarax.

Caenyromuil k + 1-# mar COCTOUT B TaKOH IMOC/eI0BATEbHO-
CTH 3JeMEeHTapHbIX MPeoOdpa3oBaHUH MOCJENHUX N — k CTPOK U
NOoCJeAHUX N — k CTONOLOB MaTpUlbl By, KOTOpas pPaBHOCHJ/b-
Ha NpUMeHeHHIO Npeobpa3oBaHWi mepBoro mara Kk marpuie Ck.
B pesynbrare Mbl mosyuaem Matpuuly Bjyi, UMEWIIYIO TOT XKe
Bua (19) ¢ 66sbiuM Ha 1 3HaueHHeM k.

[Tocne n — 1-ro wara martpuua C),,_; UMeeT NMOpsaoK 1 W He
HYy’KJIaeTcsi B npeoOpasoBaHuu. B pesynbrate matpuua B Gyner
npeBpalleHa B IMaroHa bHY0 MaTpPUILY

€1
B, =

En
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BaxkHO 3aMeTHTb, UTO MOCJE KaXKAOrO 3JieMeHTapHOro Ipe-
00pa3oBaHUsl CTPOK OCYLIECTBJ/ISANIOCH TaKoe »Ke 3JeMeHTapHoe
npeo6pazoBaHue cTos610B. Ecin anemMeHTapHOe mpeoOpazoBaHue
CTOJIOLIOB PABHOCHUJBHO YMHOXEHHIO INpeoOpasyeMod MaTpHLbl
CrpaBa Ha MaTpuly S, TO TO XKe Mpeodpa3oBaHHe CTPOK PaBHO-
CHJIbHO YMHOXKeHHMI0 c/ieBa Ha maTpuiy S (m. 4 § 2 roi. V).

B pesysbraTe Bcell moc/enoBaTeNbHOCTH 3JEMEHTAPHBIX IIpe-
o6pasoBanuii Mbl nosydaeMm matpuuy B’ = STBS, rne S =
= Sj...SNy — npousBefieHHe BCeX MaTPHL, OCYLIECTBJSIOLIHUX
3/1eMeHTapHble NIPe0Opa3oBaHuUs CTONOLOB.

Mpbl nokasanu, tTakuM 06pasom, uTo Martpuua B’ sBisercs
MaTpuLel KBaapaTHuHOH (opmbl k B Gasuce €', KOTOpbIH CcBs3aH
C UCXOIHBIM 0a3ucoM e MaTpuLe# nepexona S. Teopema nokasaHa.

JlokasaTesnbcTBO faeT crnocob BblIMCATh MaTpUly nepexona S
K 6asucy, B KOTOPOM KBajpaTH4Has (popMa UMeeT NHaroHaJjbHBIH
Bul. /i 3TOro HY»KHO TNOMYTHO C NpeoOpa3oBaHUSIMHU MaTpH-
ubl B nenatb Bce 3jeMeHTapHble NpeoOpa3oBaHus cO CTOJAOLAMU
eIMHUYHON MaTpULbl. B KoHLE efMHHYHAs MaTpULlA [IPEBPaTUTCA
B NPOM3BENIEHHE BCEX IJE€MEHTAPHBIX MATPHUI], TO €CThb B HYXKHYIO
HaM MaTpuly S.

[Tose3Ho uMeTb B BHAY, YTO MOXKHO HCIOJb30BaThb J00YI0
10CJ/Ie/10BaTeJbHOCTb 3/1eMEHTAPHBIX NPeoOpa3soBaHUH NpPU eUH-
CTBEHHOM YCJIOBUU: 110CJIe KaXKJ0r'0 3JeMeHTapHOro npeodpas3osa-
HUS CTPOK [OJI?)KHO BBIIIOJIHATLCS TO K€ 3JieMeHTapHoe npeodpa-
3oBaHHe cTosOLOB. [Ipu 3TOM MOryT OBITb MOJY4YeHbl MaTPHULbl C
pa3/IMYHBIMU JHArOHAJbHLIMU 3JE€MEHTAMH W pasjMuyHble MaTpu-
bl TTEPeX0fa, MOCKOJIbKY TaKWX 0A3MCOB, B KOTOPBIX KBaapaTHY-
Has (hopMa UMeeT NUATOHAJBHBINA BHM, 6€CKOHEYHO MHOTO.

[Ipu mprBeneHUH KBaApaTUUHOH (POPMBI K A1MArOHaJbHOMY BHU-
Iy MOYKHO BOCIIOJIb30BaThCsl Memodom evi0eseHus Keaodpamos.
[Toxaxkem ero Ha npumepe. IlycTb 3amaHa kBagpaTHuHas dopma

k(z) =2(¢")% + 46 + 3(¢2)% + 4628 + 5(¢%)*.

3ameTus, uto Kos(puument npu (€)% ommuen ot Hyas, cobepem
BMeCTe BCe YJIeHbl, cofepxkalume &

2((€7)7 + 26767 + 3(€%) + 4€76° + 5(£%)%.
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JIoTIONIHHM BBIpaXkeHHe B KBaAPAaTHBIX CKOOKax A0 KBajpara CyM-
Mbl, IPUGABUB W BbIUTS 2(£%)2:

2[(€1)? +26'€% + (€%)%] — 2(€%)> + 3(&)* + 4628 +5(¢%)*.

Teneps k(x) = 2[(£' +£2]2+K/(z), rne k' — kBanpatuunas dopma,
3HaueHHUsl KOTOPOH 3aBUCAT TOMBKO OT £2 u &3:

K'(z) = (£%) +4£2¢% + 5(£%)%

K Hell MOXKHO MpuMeHHTb TOT xke npuem: k'(z) = (£2 + 263)2 +
+ (&%), Uraxk,
FIN2 L (F2Y2 4 (£3)2
k(z) =2()" + (€7)" + (£7)7,
rie
Fl_ ¢l | ¢2 2 _ 2 3 73 _ (3
£ =8 +8&, &=8+20, &=¢
[locsientune Gpopmysbl 3a4a10T NpeodpasoBaHre KOOPAMHAT MIPH Te-
pexofie K 6asucy, B KOTOPOM KBaipaTHuHasi GopMa UMeeT AHaro-
HaJbHBIH BULL.
B MeToze BbijesieHHs KBaApaTOB TAaKXKe BO3MOXKEH OCOObIA
cyuali, Koraa B KBaApaTHUHYI0 (OpPMY He BXOAST KBaapaThl KO-
OPAMHAT, a8 BXOAST TOJBKO MPOH3BeaeHHs. JloNyCTHM, 4TO ¢ HeHy-

NeBbIM Ko3(duuHeHToM 2312 BXOMMT mpoussesenue £'E2. Peko-
MeH/lyeTcsl 3aMeHa KOOpAHHAT

=48 2=-8, &= (i>2).

[locsie 3Toél 3ameHbl B KBaapaTHuHyl0 (DOPMY BOKAYT uJ/eHbI
2B12(£1)% — 2612(£2)?, u BoIIENIeHME KBaAPATOB MOXKET ObITb MPO-
JIOJI2KEHO.

[Ipu noxasartesnbcTBe TeopeMbl | Obljla NpenJoxkeHa oIpe-
JleNleHHasi MocJieloBaTeIbHOCTb 3J€MEHTAapPHbIX MpeoOpa3oBaHMH.
B ocHOBHOM c/iyyae MeToq BbAeNE€HHS] KBAAPATOB TOJBKO (DOPMOH
3aMUCU OTJIMYAeTCs OT NPUBEAEHHUS C IOMOILBbI0 3TOH MOC/eI0-
BaTeJIbHOCTH Npeodpa3oBaHuil. Pe3ysnbpTar, ofHaKO OTIMYAETCS 110
¢dopme. B Mertozme BblmeseHUS] KBaApaTOB Mbl MOJy4YaeM BbIpae-
HHEe HOBBIX KOOpIMHAT uyepes CTapble, TO ecTb Marpuiy S~ !, B
TO BpeMsl Kak MpPH I0Ka3aTeJqbCTBE TeopeMbl | Oblia mosydeHa
marpuua S.
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JlnaroHa/sbHBIH BUJI KBaApaTHUHOH (DOPMbI B BelleCTBEHHOM
MPOCTPAHCTBE Mbl OylIeM Ha3BaTb KQAHOHUHECKUM BUJOM, €CJIH
3JIEMEHTBI £ HA IMaroHaJd MOTYT ObITb paBHBI TOJbKO 1, —1 1 0.
B KoMm/IeKCHOM MpOCTPaHCTBe AHArOHaJNbHBIH BUI KBaApaTHUHOH
(OpMBl — KaHOHMYECKHH, ecsd Uhc/a Ha AHAroHa/d MOTYT paB-
HATbCA ToJbKo 1 nau 0.

Teopewma 2. [las kawcdoii keadpamuunoti gopmel cyuie-
cmeyem 6asuc, 8 KOMOPOM OHA UMeem KAHOHUYecKull 8uo.

Jnsa noxkasartenbctBa OyneM HCXOOWTb M3 JHAroHaJbHOI'O BH-
Ja KBaJpaTUYHOH (popMbl U clesaeM cJelylollee Npeobpasopa-
Hue. Ecu Kakol-nu6o M3 JHArOHAJbHBIX 3JIEMEHTOB £), OTJIHYEH
OT HYJIfl, TO pasfesuM k-1 CTPOKY M k-H cTo/10el MaTpHLbl Ha
€k B Cllyuae KOMIIEKCHOrO POCTpaHCTBa H Ha \/|ex| B cayuae
BELLECTBEHHOI'0 MPOCTPAHCTBA. DTO PABHOCHJIBHO HeJeHHI0 k-TOo
6a3uCHOTO BeKTOpa TO ke uucao. Chenas 3To IJs Bcex k TaKuX,
4To £, # 0, MBI IPUBeJleM KBaApPaTHUYHY (OPMY K KAaHOHHYECKO-
My BHLY.

3. Panr u uHaekc kBagpatuuHoil copmbl. CyliecTByer
MHOTr0 0a3HCOB, B KOTOPBIX AaHHas KBaipaTHuHas (Gopma HMeeT
KaHOHMUYecKUH BUA. KoapuuueHTH Npu KBagpatax KOOpPAMHAT
MOTJIM Obl OBbITb, BOOOIE TOBOPSI, CBOUMH /ISl KaXKIOTO M3 TaKUX
6asucoB. OMHAKO OKAa3bIBAE€TCSl, YTO OHU OJHH M Te 2Ke (C TOUHO-
CTBIO JI0 TIOPSIIKA UX PACIOJIOKEHHs), KaK Obl Mbl HH TPUBOLMIIH
KBaJpaTUYHYIO (POPMY K KAaHOHUYECKOMY BHIY

Teopewma 3. Pane mampuuwt keadpamuunoil popmol He 3a-
sucum om basuca.

IeiictBuTenbHo, o opmyse (13) matpuusl B u B’ kBai-
paTHUHOH (opMbl B [IBYyX 0asucax CBsi3aHbl paBeHCTBOM B’ =
= STBS, rne detS # 0. Orciona RgB’ = RgBS = RgB B
cuay npenJjoxenus 6 § 3 ri. V.

Ecnu kBagpatTuuHasi (opMa KMeeT NHArOHAJbHBIA BHI, TO
paHr ee MaTpPHULbl PaBeH YUCJY AHATOHAJbHBIX 3J1€MEHTOB, OTJIHY-
HBIX OT HyJs. TakuM o6pa3oM, 3TO UHCJIO He 3aBUCHUT OT Hasuca

Onpenenenue. Uucao He paBHBIX HYJI0 KOS(PPULHEHTOB
B KaHOHHYECKOM BHJE KBaApaTHUHOH (opMbl k Ha3blBaeTcs par-
eom k.

Urak, pane ksadpamuurnoil ¢opmer pasen pauey ee mam-

puubL.
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B xommjekcHOM MpoCTpaHCTBe BCe KBaApaTHUHBIE (DOPMBI Of-
HOT'O W TOTO 2Ke paHra r MPUBOAATCS K ONHOMY M TOMY Ke KaHO-
nudeckoMy BULy (£1)2 + -+ + (€7)%. Tenepb paccMOTpUM Belile-
CTBEHHOE MPOCTPaHCTBO L.

Onpenenenne. Ksanparnunyio ¢opmy k OGynem Hasbl-
BaTh NOAOHUMEALHO Onpedesernoll Ha oanpocTpancTse L' mpo-
crpaHctBa L, ecau k(z) > 0 misi 11060ro0 HEHYJIEBOTO BeKTOpa &
us L. dopma k ompuuamensvro onpedeserna va L', ecnu k(z) < 0
IJ1st I000T0 « # o u3 L.

Ecau roBopaT, 4TO KBanpaThyHas (opMa MOJOXKHUTENBHO HJIH
OTpHULATENbHO omnpejeseHa 6e3 YTOUHEHHS TOANPOCTPAHCTBA, TO
oHa obJsiaziaeT TaKUM CBOMCTBOM Ha BceM L.

KBanpatuunele dopmbl, 175 kKoTopbix k(z) = 0 uau k(z) < 0
TNpH JMI060M &, HAa3bIBAIOTCS, COOTBETCTBEHHO, MOJNOXKUTENBHO HJIH
OTPHULATENbHO N0AYONPEOeseHHbIMU.

Yno6HO cuMTaTh, YTO Ha HYJNEBOM MOJIPOCTPAHCTBE KaxKaas
KBajipaTHUHash (opMa M TOJOKHTEJIbHO ONMpefieieHa U OTPHUIla-
TEeJIBHO ONpejesieHa OJHOBPEMEHHO. B cuiy 3TOro corsameHus
BCeraa CyLIecTByeT (X0Tsl Obl HyJIeBOe) MOANPOCTPAHCTBO, HA KO-
TOPOM KBajfipaTH4Hasi (popMa OTPHULATENbHO ONpeleseHa.

Onpenenenne. Ilyets £(7) — mogmpocTpancTBo Mak-
CUMaJIbHOH pPa3MEpHOCTH CpeldH BCeX MOANPOCTPAHCTB, Ha KO-
TOPBIX KBaapaTH4yHas (Gopma OTpULATE/]bHO ompexeseHa. Yueso
dim £(7) naspiBaeTcss ompuyamenvrolm uHOEKCOM WM TIPOCTO
uHOeKcom KBaapaTHUHOH (pOpMBL. AHAJOTHUHO OTIpefessieTcs no-
A0%cUMeNbHbI UHOeKCe KaK MaKCHMaJ/IbHasi U3 pa3MepHOCTeH Mofi-
NPOCTPAHCTB, HA KOTOPBHIX KBaipaTH4Has (popMa MOJNOKHTENbHO
onpeeseHa.

JlokaxkeM Tak HasblBaeMblH 3aKOW uUHepyul KBaapaTHUYHbIX
thopm.

Teopema 4. Yucao ompuuamesvrolx U 4UCAO NOAOKHCU-
meAbHbLX KO3 PuyueHmos 8 KaHoHuueckom sude Keadpamuu-
Hotl Gpopmol He 3asucam om 6a3uca, 8 KOMOPOM OHQ npusedexa
K KQHOHU4eckomy udy.

JlokaxkeM cHavasa, 4To B J1I060M KaHOHUYECKOM BHZE (OPMBI
k 4uca10 KOI(p(PULUUEHTOB, paBHBIX —1, PaBHO ee OTPULATEeJbHO-
My uHzekcy s. Ilyctb B Gasuce ey,...,e, ¢opma k panra r c



288 Tnasa VI. Jluneiinoie npocmpancmea

HWHIEKCOM S UMeeT KaHOHUUeCKUH BUJ
—(E) = @ T ()

O603HauuM yepes L JHHeHHYI0 000/J0YKY BEKTOPOB €1, ...,€E; ,
a yepes Lo — JUHEHHYI0 000JI0UYKY OCTaJbHBIX Oa3HUCHBIX BeK-
tTopoB. Ilnsi mo6oro x € L1 uMeeM Gl — ... = ¢ =0,
k(z) = —(&H)? — -+ — (&%) < 0, ecau ToIBKO T # 0. 3HauuT, k
OTpHULATeNbHO omNpeseseHa Ha L1, U s = j.

Ha Lo dopma k mosoxuTe bHO MOJyONpeleseHHas MOTOMY,
uto £! = ... = ¢ =0 ana modoro x € Lo u k(x) = (&9H1)2 + ...
<o+ (€7)2. (Dopma MOKET PABHATHCS HYJO Ha HEHYJNEBOM BeK-
TOpE, eCad 1 < n.)

dim £, = n — j. Ilyets cymectsyer nommpoctpancto L)
pPa3MEepHOCTH § > j, Ha KOTOPOM K OTpPHULATEJNbHO OMNpejeseHa.
Torma, MocKoMbKYy cymma pasmepHocTeidl Lo v L£(7) Goabme n,
3TH MOANPOCTPAHCTBA MMEIOT HEHYJNEBOH BEKTOp 2z B Mepeceue-
nuu. Umeem k(z) < 0, tak kak z € L7 u k(z) = 0, Tak Kax
2z € Lo. IlonydyeHHOE MPOTHBOPEYHE MOKA3BIBAET, UTO j = § —
U0 KOI(P(PULHEHTOB, PaBHBIX —1, paBHO OTPULATENBHOMY HH-
JeKCy, U TIOTOMY He 3aBUCUT OT 6asuca. Hucso Ko3pPUIHEHTOB,
paBHBIX +1, TakKe He 3aBUCHUT OT (asuca, TaK Kak OHO PaBHO
r— S, a PaHr r ¥ UHJEKC s oT 6a3uca He 3aBUCAT. TeopeMa JoKa-
3aHa.

CrnenctBue. Yucao norosjcumervHolx u 4uci0 ompuya-
menvHbLX KO3puyuermos 8 1106om duacoHarbHom 8ude K8ao-
pamu4Holl opmol He 3asucam om 6asuca.

[Tos10XKHTENBHO OMNpesie/ieHHble KBaJpaTHUHble (DOPMbl UMEIOT
paHr n ¥ uHgekc 0 U NMPUBOAATCA K KAHOHHUUECKOMY BHIY

€+ + (€M) (20)

OtpuLuare/bHO ONpefie/leHHble KBafpaTHUHble (POPMbl UMEIOT PaHT
N W MHIEKC 1 M TPUBONSATCA K KaHOHMUYeckoMy Bumy —(&1)% —
o+ — (€™)2. TloN0XKUTENIbHO U OTPHUILATENbHO T0JYONpe/ieleHHbIe
KBajipaTHUHble (POPMBI paHra 7 NPUBOASTCS, COOTBETCTBEHHO, K
KaHOHHYECKHM BHIaM

) R e (S (S i (GO
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B BelecTBeHHOM MPOCTPAHCTBE KBaapaTHuHasi popma xapak-
TepU3yeTcst AByMsl YMCJIaMH B TOM CMBICJIe, YTO BCE KBaJIpaTHU-
Hble (POPMBI, Y KOTOPBIX 3TH Mapbl YACEN OTUHAKOBbI, TPUBOASTCS
K OJHOMY H TOMY e KaHOHHYeCKOMY BHIY. B KauecTBe Takux
YuceJ MOXKHO B3SiTh TMOJOXKHTEJNbHBIH M OTPULIATEJbHBIH HHAEK-
Chl, HJIM K€ DaHT, KOTOPbIH paBeH MX CyMMe, W OTPUIATEbHbIH
uHIeKc. HacTo BMecTe ¢ PaHrOM HCIIOJb3YIOT Pa3HOCTh MOJIOKH-
TEJIBHOTO ¥ OTPHLIATEbHOIO UHAEKCOB. DTa Pa3HOCTh Ha3blBaeTcs
cueHamypoul KBagpaTUUHOH (POPMEL.

OTMeTHM, UTO B BEIIECTBEHHOM MPOCTPAHCTBE UMEET MECTO

[Ipennoxenue 7. SHak demepmurnanma mampuiyol K8ao-
pamuunoll opmol He 3asucum om basuca.

310 cpasy caenyer us popmyani (12): det B = det B(det S)2.

CnenctBue. [lemepmunanm mampuiol NOLOHCUMEALHO
onpedeserHoll K8AOPAMUUHOL POPMbL NOLOHUMEAEH.

Yc/i0BHE  TIONIOXKHUTENBHOH  OMpele/JeHHOCTH KBaapaTHYHON
(dopMbl TaeT caenyollas TeopeMa, Ha3biBaeMasi kpumepuem Cuio-
secmpa.

Teopema 3. [aa noroxcumenrsvioli onpedesenHocmu K8ao-
pamuuHotl popmol Heobx00umo u docmamouro, 4mobsl MUHOPLL
ee mampuybl YOOBAEMBOPSAL HEPABEHCMBAM

Bir ... Bk
M, — S0 (k=1,....n). (1)
Bri o DBk

MuHope! Buna (21) Ha3bIBAIOTCSA eAQBHbLIMU MUHOPAML MaT-
pHLBL.

1°. Heo6xopumocTb. Ecnu kBagpatuuHasi dopma k MoJI0XKHU-
TeJIbHO OIpefie/leHa, TO OHa II0JIOXKUTEeJbHO ONpeleJieHa Ha KaxK-
JIOM MOANPOCTPAHCTBE, B YACTHOCTH, NIPU KaXKJI0M k Ha JHHeHHOH
o6os04Ke L}, 6a3UCHBIX BEKTOPOB €1, ..., e,. MaTpuua orpanuue-
Hus k Ha £, — 3TO Ta MogMaTpula, AeTePMHHAHT KOTOPOH M.
Tenepp pocTaToyHO coCaThCS HA TO, YTO AeTEPMHUHAHT MaTpPHLbl
MOJIO’KUTEJIBHO ONpefie/IeHHOH KBaJpaTHYHOH (DOPMBI TOJIOKHTeE-
JIeH.

HasoBem munop matpuubl B duaeonasbHeim, eciy IaBHAs
JIUaroHajsb COOTBETCTBYIOLIEH MOAMATPULBl JIEXKUT Ha [JaBHOU
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nuaroHaid B. B neldcTBUTEeJNBbHOCTH, Mbl J0KasaJd naxke 0oJee
CUJIbHOE yTBEpKIEHHE:

e B MaTpule IMOJOXKHUTEJbHO onpeaeﬂeHHoﬁ KBaﬂpaTH‘lHOﬁ
CpOpMI)I BCe NHaroHaJJbHble MUHOPBI NTOJOKUTEJIbHBI.

2°. JlocTaTOYHOCTb YCJIOBHSI JIOKaxKeM M0 UHIYKUWH. B onHO-
MepHOM NIPOCTPAHCTBe KBaipaTHuHas (opMa BE2 MOJI0XKUTENbHO
onpenenena, ecaun 3 > 0.

[IpenmnonoXum, 9TO yCJOBHE SIBJSETCS AOCTATOYHBIM JJIS TIPO-
CTPaHCTB pa3MEpHOCTH 7 — 1, U PaAcCMOTPUM KBaApaTHUHYIO
¢opMy k B n-MepHOM MpPOCTpPaHCTBe, AJsi KOTOpo# (11 = Mj,
My, ..., M, = det B nonoxurenbHbl. Orpanndyenve k Ha JuHEeH-
HOH 000J104Ke Oa3HUCHBIX BEKTOPOB €1, ...,€,_1 HUMEeT IOJIOKH-
TeJIbHbIE TJIaBHble MUHOPBI M7, ..., M, _1 W TI0 MpPeAroNoKeHHIO
WUHIYKUMH SIBJSETCS MOJOKHUTENbHO ONpefeNeHHbIM. DTO 03Hada-
€T, UTO MOJIOKUTEJbHBIH HHAEKC (popMbl k He MeHbllle, yeM 1 — 1,
a OTpHILIATeNbHBIH HHIEKC, COOTBETCTBEHHO, He GoJblie 1, TO ecTh
paBeH O uau 1, Tak Kak paHr k paBeH n.

JomycetrMm, 4To oTpuuartesbHbBIH MHAEKC k paBeH 1. B atom
caydae k MPUBOANTCS K KAaHOHMYECKOMY BHUIY

(€7 4+ (€2 =€)
[losToMy mneTepMHHAHT MaTpHLbl k OTpHLATENEH, YTO B CHJY
npefsoxKeHus 7 npothsopednt ycjaosuio det B > 0. Takum 06-
pasoM, kBaapatuuHas ¢opMa k uMeeT oTpuuaTesbHbIH uHAEKC 0
U PaHT 7, TO €CTb SBJSETCS MOJOXKHUTEIbHO OMpPeneNeHHON.

[Ipennoxenue 8. [lycmo 8 mampuye ksadpamuunoii ¢op-
Mol k 8ce enrasroie muropol omauuHo, om Hyss. Toeda eé ompu-
yamenvHolll UHOEKC paseH YUCAY nepemer 3HAKA 8 nocAed08a-
meavrocmu uucen 1, My, ..., M,.

Jlnst jokaszaTesnbCTBa BCIOMHUM MpPeoOpa3oBaHHs MaTpPHUIbL
KBa/IpaTUYHOH (hOpMBl, TIPUMEHEHHbIE TIPH J0KA3aTeJNbCTBE TEO-
pembl 1. B ocHOBHOM ci/lyuae K J11060H CTpOKe MOXKeT ObITb NpH-
6aBjieHa TOJIbKO BbIlLIeJeXKallas, a K JboMy cToN6Iy — TOJb-
KO pacriosioxkeHHast jieBee. [Ipy Takux rnpeo6pas3oBaHUsIX TJaBHbIE
MHUHOPBI MATPHUIBI HE U3MEHSITCS.

Ecnn Bce riiaBHBIE MHHOPBI MaTpULbl B OTJHUYHBI OT HYJS, TO
B uactHoctd M7 = (11 # 0. Ha nepBom mare mpeo6pa3oBaHus
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OymeT OCHOBHOH cjyuail W marpuua npusemercss K Buay (18) ¢
g1 =P #0.

JlonycTuM, UTO mocje k IIAroB MBI MOJYYHIM MatpHLy By
Buna (19) c HeHy/eBBIMH €1, ...,E), NPHUEM He BO3HHMKAJIO OCO-
6oro cayyasi. Torma mJisi JI€eBOro BepxXHeEro sjeMeHTa MOAMAaTpPHUILbl
Cy umeeM My = yilf)Mk, TaK Kak IJaBHble MHHOPbl HE MeHs-
quck. [loatomy vﬁc) # 0, Ha oYepenHOM Iare npeo6pas3oBaHUs
UMeeT MeCTO OCHOBHOH cJ/y4aH, M NoJy4deHHass MaTpuua Bpii
MMeeT HeHYJIeBBIE 3JIEMEHTH €1, . .., 4] = %If). Paccysknast Tak
IJ151 BCeX k, MBI IPHUAEM K AHArOHaJbHOH MaTpHIE C 3JeMeHTaMH
e1=M;u

i1 = k=1,....,n—1. (22)

Ecnn mbl monoxkum My = 1, To CMOKEM MPEACTaBUTh €1 B BHU-
ne €1 = My /My, u dopmyia (22) Gynet BepHa misi Bcex Ko3hhu-
[IMEHTOB B IHArOHaJbHOM BHIE KBampaTHuHOH ¢opmel k. OTciona
NpsIMO CJleflyeT 10Ka3blBaeMoe yTBepKIeHHe.

3aMeTHM, UTO M3 AOKA3aHHOTO IMpPEeNJOXKEeHHUS CJefyeT N0CTa-
TOYHOCTb yCJIOBHS B KpuTepruu CHJbBeCTpa.

4. TlonyropanuHeiHble (PyHKIMU. B KOMIJIEKCHBIX MPO-
CTPaHCTBax KBaJApaTH4YHble POPMBI UCMONB3YIOTCS penko. B mpu-
JIOXKEHHUSX KaK MPaBUJIO BCTPEUAIOTCS TaK Ha3blBaeMble SPMHUTOBBI
(hopMBI.

Onpepnenenue. PyHKUUS b OT AByX BEKTOPOB Ha KOM-
MJIEKCHOM JIMHEHHOM TPOCTpaHCTBe L Ha3bIBAETCS MOAYMOPAAU-
HeLHOU WM 3pMUmosoll buruneliHol GyHKUUeH, ecau s Jio-
ObIX BEKTOPOB X,y U 2z M JII0OOr0 KOMILJIEKCHOTO UYHUCHA (v

b(z +y,z) =b(z,2) +b(y,2), blazx,y) = ab(z,y),
b(z,y 4+ z) = b(z,y) + b(z,2), b(z,ay) =ab(x,y).

Otnnure nosyTopanvHeHHON PYHKIMK OT OUNHHEHHON B TOM, UTO
OHa He JIMHelHa 110 BTOPOMY apryMeHTY: MPH ero YMHOXeHHH Ha
YUCJO0 (v 3HaUeHHe (PYHKLHUH YMHOXAeTcsl Ha KOMIIJIEKCHO COMpsi-
JKEHHOE YHUCJIOo Or.

[lepeuncauM OCHOBHBIE CBOMCTBA 3TUX (PyHKUMH. JloKaseiBa-
I0TCSl OHM TaK »Xe, KaK COOTBeTCTBYIOIME CBOMCTBA OUJIMHEHHBIX
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¢byukuui. Huxke uepta Hag 6ykBoH, o603Hauawlleld MaTpully, Oy-
JeT o003HauyaTh 3aMeHY BCeX 3JIeMEHTOB MaTPULbl KOMILIEKCHO
CONPSI?’KEHHBIMH UHCJaMH.

Ecau B £ BboGpaH 6as3uc, TO 3HaueHHe IMOJYTOpPaJHHEHHOH
(YHKLHH Ha Mape BEKTOPOB & W Yy MOXKET ObITb BbIPaXKEHO ue-
pe3 KOOPAMHATHEl 3THX BEKTOPOB (HOPMYJIOH

)= B¢ =x"By.
i

B nasbiBaeTcsi MaTpulled moJayTopannHedHONW QyHKUHH. Ee sje-
MEHTHl DaBHbl 3HaYeHUAM b Ha nmapax 6asHCHBIX BeKTOPOB: [;; =
= b(e;, ;).

[Tpu 3amene 6asuca ¢ marpuuell mepexopa S Matpuua B 3a-
MeHsIeTCsl Ha MaTpHLLy

= STBS.

[Tonyropanunefinas GyHKUHs b HasbBaeTCA spMUMOBO CUMMEM-
puuroll, ecau aas 060 napsl BeKTopoB b(x,y) = b(y,z). Has
3TOro HeoOXOIHUMO U JI0CTATOYHO, YTOOBI B JI0OOM Oasuce s/eMeH-
TBl MATPHLbI 9TOH (QYHKLMH YIOBNETBOPSIN YCJIOBUAM [3i; = Bji-
10 paBHOCHUABLHO ycaoBuio BT = B Ha MaTpuIly MoJyTopau-
HEeHHOH (PYHKIHH.

Onpenenenue. Marpuua B, nas xoropoit BT = B, Ha-
3bIBAETCSl 3pPMUMOB0LL MaTpULleH.

OsleMeHThl 9PMUTOBOH MaTPULBl, CUMMETPUUYHbIE OTHOCHTEb-

HO TVIABHOH JMArOHa/M, KOMIJIEKCHO conpsikeHbl: B3i; = Bji,
YACTHOCTH, 3JIEMEHTHl HA [VIABHOH JHATOHAJH — BelleCTBEHHBIE:
Bii = Bii-

Onpenenenue. PDyHkuusa k Ha KOMIJIEKCHOM JIMHEHHOM
NPOCTPaHCTBe HasblBaeTCsl pmumosoil ¢opmoti, ecaun k(x) =
= b(z,x) npu Bcex x HJs HEKOTOPOH 3PMUTOBO CHMMETPHUUYHOM
MoJIyTOpaNnHEHHON PYyHKUNH b.

Jlnst 3anaHHOM 9pMUTOBOH popMbl k MOKHO Tak BbeIOpaTh 6a-
3UC, YTO ee MaTpula OyneT OMaroHajJbHOH C 3jeMeHTamu 1, —1
uau 0 Ha nuaroHasnu. [Ipu aToM A/ 3pMUTOBBIX (POPM CIpaBelIHB
3aKOH MHEPLMU: B MaTpHLE KAHOHMUYECKOTO BHAA YHCJO 3JeMeH-
TOB Ha MaroHa/, paBHBIX HYJIO, eUHHLE U MUHYC €IHHHUIE, He
3aBUCHT OT 6asuca, B KOTOPOM (popMa UMeeT KaHOHHYECKHH BHI.
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Takum o6pasom, 3pMUTOBBl (DOPMBI MO CBOHCTBAM OJMXKe K
KBaJIpaTUYHBIM (pOpPMaM B BEIIeCTBEHHOM MPOCTPAHCTBE, YeM K
KBaJIpaTUYHBEIM (popMaM B KOMIIJIEKCHOM MPOCTPAHCTBE.

YIIPA2KHEHUA

1. 3nauenue OunuHeHHOH (YyHKUMH b B HeKoTOpoM 0asuce 3aMHUCAHO
KaK MHOTOUJIeH OT KOOpAMHAT " U 1’ BEKTOPOB & U y:

b(z,y) =&'n' +&'n° — 280" +4%0° + 3¢ + 8%

Hanuumire matpuiy stodl OMIHHEHHOH (YHKLUHH, e€CJH IMPOCTPAHCTBO
a) TpexmepHoe, 6) YeTbIpeXMepHOe.

2. Kak usmenurcss Matpuia GUIHHEHHON PYyHKUMKU U3 3agauu 1 (a),
ec/Id MepelTH K 6asucy e = e1 + ea, €5 = ez +e3, e = e3?

3. Hanummure matpuiy kanpatuunoil popmet (£1)% + €162 4 (£2)2.

4. IlpuBennTe K KaHOHMYECKOMY BHAY KBaJApaTHUHYIO (GOpPMY C MaT-
puLed

12 3 12 3
a) |[2 4 51, o |2 45
3 5 8 359

M HalZiMTe MaTpULy Nepexona K KaHOHMYeCKOMY 6asucy.

5. Hyav-npocmparncmeom CUMMETPUYHOH OUNHHEHHOH (QYHKUHH b
Ha3bIBAETCS MHOXECTBO BEKTOPOB & TaKHX, 4YTO [JIs JIOOBIX ¥ BBINOJ-
HeHo b(z,y) = 0. IIpoBepbTe, UTO 3TO — JIHHEHHOe MOANPOCTPAHCTBO.
Kax cBsi3aHa ero pasmepHocTb s ¢ panroMm b? Kaxoil 6ymer marpuua
GyHKUMH b B 6asuce, nocjsegHHe s BEKTOPOB KOTOPOTO JeXaT B HYJIb-
MPOCTPaHCTBE?

6. B n-MepHOM IpOCTpaHCTBe 3afaHbl M KBagpaTHUHBEIX (opM. [Ipu
KaKOM YCJIOBHH CYIIeCTByeT 6a3uc, B KOTOPOM OHU BCe MOTYT OBITh Ipel-
CTaBJIeHbl KaK MHOIOUJIeHbl OT MePBbIX k < 1 KOOPAHHAT BeKTopa?

7. Ilyctb A — KBajpaTHast MaTpula NOPsSAKa n W paHra 7. Y KBaj-
patHuHoil hopmbl ¢ Matpuieit AT A ompenennte a) panr, 6) HHIEKC.

8. KBagpaTtuuHasi dopma ¢ mMaTpuleid B MOJOXKHUTENbHO OINpeeieHa

TOTAA U TOJNBKO TOT[A, KOTAA HaWAeTcsi BepXHssi TPEyroJbHas MaTpHia
R, det R # 0 Taxas, uto B = RT R. Jlokaxure 37o0.
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9. Hana xBampatuuHas ¢opma k. [Ipu kakom ycioBuu Halpercs
HEHYJIeBOH BeKTOp x, mJst KoToporo k(z) = 0?

10. Kakomy Heo6XOIMMOMY M HOCTATOUHOMY YCJIOBHIO JOJ/KHBI YIO-
BJIETBOPSITh TJIaBHble MHUHOPHI OTPHULATENbHO OMNpeleseHHONH KBaapaTHu-
HOH (hopMBbI?

§ 7. TEOPEMA YXOPJAHA

1. KopneBble moampoctpaHcTBa. PaccMoTpUM n-MepHoe
KOMILJIEKCHO€ JIHHEeHHOe MPOCTPaHCTBO L U ero JHHelHoe npeod-
pasoBanue A. IlyeTb Aj,..., Ay — BCe MOMApHO pasJHYyHBIE KOP-
HYM ero XapaKTepUCTHUECKOro MHOroYseHa. XapaKTepUCTHUeCKUH
MHOTOUJIeH peoOpa3oBanus p(t) packaaablBaeTcst Ha MHOXKHTEIN
B oflleM cjlyvae Tak:

p(t) = (1)t — )Rt — Xo)k2 o (8 — Ag)Fe.

VIMeHHO paay BO3MOXKHOCTH TAKOTO Pa3J/ioXKeHHsl Mbl MpefnoJara-
€M MIPOCTPAHCTBO KOMIJIEKCHBIM. Ec/iv XapaKTepucTHUeCKUH MHO-
rousieH JIHHeHHOro npeoGpa3oBaHHs BeLIECTBEHHOIO MPOCTpPaH-
CTBa HMMeeT TOJbKO BellecTBEHHble KOPHH, TO BCe CJeAyIOLIHe
HY2KE pe3yJIbTaThl CTPAaBEIJIUBBl U ISl TAKOTO TpeoOpa3oBaHus.

PaccmoTpuM panuoHanbHyo GyHKUHIO 1/p(t) U pa3ioxuM ee
Ha s/eMeHTapHble 1pobu. 115 HALIKMX Lesel pas/oKeHUo yI00HO
NpHUIaTh BUJ

1 t t
R T B AG N

p(t)  (t=A)h
[locne nmpuBenenuss K oblieMy 3HAMEHATeJNI0 Mbl MOJY4aeM TOXK-
JeCTBO

L=q(t)+- +gs(),

rae
fip®)
() = JRUPY ).
o) = N G 9
[TonuepkHeM, uto ¢;(t) — MHOrouseH, Tak Kak p(t) HeauTcs Ha
(t— Ni)ki.
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[loncTaBuM B moJiydyeHHOE TOXKAECTBO NpeoOpa3oBaHue A BMe-
CTO t:
E=Q;+---+Q.. (1)

[Tpeo6pasosanust Q; = ¢;(A) obmama0T TeM CBOHCTBOM, UTO
Q;Q; =0 mnpui#j. (2)

JleficTBUTENBHO, B pou3BesieH e ¢;(t)g;(t) BXOLAT BCe MHOXKHTe-
JIM, colepKallllecsi B pasJioKeHUH p(t), ¥ MpPH MOICTAHOBKE Ipe-
o6pazoBaHust A 3TO NpoM3BeleHHe M0 TeopeMe [aMUIbTOHA —
Ksnu npeBpaiiaetcs B HyJseBoe mpeobpa3oBaHue. YMHOxkas (1)
Ha Q; ¥ ucnoJb3ys (2), Mbl MOJYYUM AJist 06oro ¢ = 1,...,s

Terniepb MBI MOKEM Pa3OXKHUTh TMPOCTPAHCTBO L B MPSIMYIO CyM-
my. JeiicTByeM o6erMH dyacTsiMU paBeHCTBa (1) Ha MPOU3BOJIBHBIH
BEKTOp Z:

2 =Qy(z) + -+ Qu(z), (4)

TO €CThb & = X1 + - -+ + x4, Tae x; = Q;(z) € Q;(L). Paznoxkenue
TAKOTO BUA €JMHCTBEHHO. J[eHCTBUTENBHO, NOMYCTUM, UTO T =
=y1+-+uys ey € Q(L) (i=1,...,5). DT0 3HAYHT, UTO
HalIyTCsl TakMe BEKTOPHI z;, uTo y; = Q;(z;). Temepsb, meiicTBys
Ha 00e 4acTH paBeHCTBA

r=Qq(21) + -+ Qq(2)

npeoGpasoBanuem Q;, mbl mosnyuaem Q;(z) = Q;(z;) B cuiy
cBo#icTB (2) u (3), To ecTb x; = ¥;, K&K U TPeGOBAJIOCh.
PagenctBo (4) osHauaer, uto £ — CyMMa NOAMPOCTPAHCTB

Q;(£), a emUHCTBEHHOCTb PA3JIOKEHUs] PABHOCHUJbHA TOMY, UTO
cyMmMa TpsimMast:

L=Qi(L)® - ®Qs(L). (o)

[To npepnoxkenuo 3 § 4 nonnpoctpanctBa Q;(L) WHBAPUAHTHBIL.
OHM Ha3BIBAIOTCS KOpHesbimu TOAMpocTpaHcTBaMu. O6o3HaUMM
ux yepes K;, (i=1...,s). Mbl nokasanu
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[Ipennoxenune 1. Kakoso 6bl Hu 6bia0 AuHeliHoe npeob-
pasosarue A KOMNAeKCHO20 npocmpancmea L, amo npocmpam-
CMBO packAadvl8aemcs 8 NPAMYK CYMMY KOPHe8blx nOONpo-
cmparncme npeobpasosarus A.

Huke Mbl MOKa)KeM, Kak pasjiokHUTb KOPHEBOE MOAMPOCTpaH-
CTBO B MPSIMYI0 CYMMY HHBApHAHTHBIX MOAMNPOCTPAHCTB, HO CHa-
yasa J0KaxKeM

Mpennoxenue 2. K; = Ker (A — \E)* dus ar6ozo i.

JlokasateabcTBo. B npoussenenne (t — \;)*gq;(t) BxoO-
ISIT BCE MHOXHTEJH, COCTABJSIOUINE XapAaKTePUCTHUECKHH MHO-
rousied. [Toatomy u3 teopembl [amuibrona—Ksmau caenyer, uto
(A — )\iE)kiQi = O. It0 03Hauaert, 4TO AJs JN0OOro x € L BHI-
nonrero (A — X\E)*Q;(z) = o, 10 ecth Q;(z) € Ker (A — \E)™
n Q;(£) C Ker (A — \E)"

C npyro#i croponbl, nyctb =z € Ker (A—)\iE)ki. B kaxnoe
npeo6pasoBanre Q; mpu j # ¢ BXOLHUT MHOXHUTesb (A — )\Z-E)ki,
obpamatwmiuid = B Hysab. [lostomy dopmyna (4) mias Tako-
ro x umeer Bup = = Q;(z). 3nauur x € Q;(L£), u motomy
Ker (A — X\E)* C Q;(£). Mpennokenne 10KasaHo.

B cuny npensoxenust 2 dopmyaa (5) moxker GbITh HamucaHa
TaK:

L£=Ker(A—MNE)! @ @ Ker(A—A\E)". (6)

[Ipennoxenne 3. Cobcmsenroe nodnpocmparcmeo npu-
HaOAeKHcUm COOMBEeMCMBYOUWeMy KOPHEBOMY HOONPOCMPAaH-
cmey: Ker (A — NE) C K;. Kopresoe noonpocmparcmso K; e
codepacum HUKAKUX COOCMBEHHbIX BEKMOPOS, KpOMe BEKMOpPO8
u3 Ker (A — \E).

NokasateabctBo. 1. Ecmu (A—NE)(z) = o, To u
(A — \E)" (2) = o.

2. [lycetb & — HeHyneBolt BekTop, U A(x) = px. Torna

U He PaBHO HYJIEBOMY BEKTODY, €CJHU [ # A;

W3 aToro npensioxkeHusi, B YaCTHOCTH CJIElyeT, UTO Or'paHHue-
Hue A Ha K; MMeeT OJHO €JMHCTBEHHOE COOCTBEHHOE 3HaueHHe
i, U €ro XapakTepUCTHYECKUi MHOTousieH paBeH ()\; — t)%, rae
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d; = dim IC;. CorniacHo npensioxeHuto 9 § 4, xapakTepucTuyeckui
MHorousien A penutcst Ha (\; —t)% npu kaxaom i. Tak Kak cymma
KODHEBBLIX MOAMPOCTPAHCTB npsaMast, di + - -- + ds = n. [lostomy
APYTUX MHOXKHTeslel B XapaKTepUCTHUeCKOM MHOTo4J/leHe OBITh He
MOXKeT. DTO 3HAYMT, YTO XapaKTepUCTHYECKHH MHOrouJeH paBeH

Mu1 nokasanu

[Ipennoxenue 4. Pasmeprocms KopHeso2o noOnpoCmpar-
cmea pasHa KPamHoCmu COOMBEeMCmayoujeeo KOpHs 8 Xapax-
mepucmuueckom mroeounrene: k; = d; ors ecex i =1,...,s.

2. lluknyeckue moampocTpaHcTBa. PaccMOTpUM OHO KOp-
HeBOe MOANPOCTPAaHCTBO K; pa3MepHOCTH d; U OrpaHUYeHHe Mpe-
o6pasoBanus (A — N\;E) Ha Hem. OG03HaYWM 3TO OrpaHHUYeHHE
uepes B;. Ilpennoxkenne 2 osnauaer, uto BY' = O. Unmekc i
IJIs1 KpaTKoCTH OyneM mporyckaTb. [Ipeo6pasoBaHue, HeKoTOpas
CTeleHb KOTOPOro paBHa HyJeBOMY NpeoOpa3oBaHUIO, HA3bIBAETCS
Husbnomenmuoim. VITak, paccMaTprUBaeTcss KOMIJIEKCHOE JIMHEH-
HOe TIPOCTPaHCTBO K M ero HUJBIIOTEHTHOE npeobpasoBaHue B.

Ecau 6bl HUJIBIIOTEHTHOE Mpeobpa3oBaHue B nmesno co6CTBEH-
HOe 3HaueHHe, OTJIMYHOE OT HyJs, TO COOTBETCTBYIOLIMH c00-
CTBEHHBIH BEKTOp He oOpaTuJjics Obl B HYJb NPU AEHCTBUU J1000H
crerniend B. [losatomy enuHcTBeHHOE COGCTBEHHOE MOANPOCTPAH-
cTBO coBnagaet ¢ KerB.

BY(z) = o mis M060ro x, HO BIOJHE MOMKET CJYYMThCS, YTO
I/ KAKOro-To = OyneT Bh(x) = o npu h < d. Hucao h Takoe,
uto B (x) = 0, nHo B"~!(z) # o HasbiBaeTcs 6oicOMOLL BekTOpA .
Bekrtopel BeicoTHl 1 cocTaBasioT sapo B, To ecTb cobGCTBEHHOE
noanpocTpanctBo. [lycTb m MakcuMasibHasg Cpeid BBICOT BCeEX
BeKTOpoB. OHa HasblBaeTCs nOKaA3amesem HUAbNOMEHMHOCMU
npeobpasoBanud. fcHo, uto m < d.

Jlns BekTopa f BBICOTHI A MBI MOXKeM BBIOpPaTb BEKTOPbI

f. B(f), B*(f), ....B"71(f). (7)

Takas nocsie0BaTebHOCTb BEKTOPOB HasblBaeTcs yenoukoi. Ilo-
ceHui BekTOp B 310l Lenouke € = BP7L(f) — cobereennsii,
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rak kak B(e?) = B"(f) = o. ITpu stom ¢ € ImB"~!. U3 ckasan-
HOTO cJleflyeT

[IpennoxeHnue 5. Llenouka Oiurol h Hauunaemcs c ex-
mopa svicombsl h U KOHuaemcs cobcmeeHHbiM 6eKMOPOM, NpPU-
Haorexcawum Tm B 1,

Jlerko BHZETb, YTO BEKTOPHl LEMNOYKH JMHEHHO He3aBHCHMBL.
JleficTBUTENBHO, IYCTh v; — MePBbIH OTVIMYHBIHA OT HYJS KO3(PPHU-
LMEHT B JIMHEHHOH KOMOWHALUU

aof + -+ @B () + - +anaB" N (f) =0

[onelicTBOBaB Ha 06e YacTH paBeHCTBa MpeodpasosaHueM B ~i—1
Mbl nostyuuM «;BR1(f) = o u, cienosatensro, a; = 0 Bonpeku
TPeIOJIOKEHHIO.

[lpu neiicTBuM npeobpasoBaHus B Kaxablil BEKTOp U3 LeNoy-
KU (7) mepexomuT B CJeAYIOLIMH BEKTOD, a MOCJIeAHHH — B HyJe-
Boi. [lostomy nunHeliHast 060/104Ka LENOYKH BEKTOPOB SIBJISIETCS
h-MepHEIM HHBapHAHTHBIM MOANPOCTPAHCTBOM. Tak MOCTPOEHHBIE
TIOATIPOCTPAHCTBA HA3BIBAIOTCS YUKAULECKUMU.

[Ipennoxenue 6. [lepeceuenue uyuxkauueckozo noonpo-
cmparcmea ¢ cobcmseHHoim noonpPoOCMpParcmeom 0OHOMEPHOE.

JleficTBUTENbHO, TIYCTh COOCTBEHHBIH BEKTOP ¢ PasJ/oKeH MO
uenouke (7) g = agf + -+ + ap_1B""1(f). Torna

B(g) = aoB(f) + - + an_»B"1(f) = o.

Tax Kak BEKTOPHI LENOYKH JHHEHHO He3aBUCUMBI, BCe KOI(PPULIHU-
€HTBl B MOCJEe[HeH JUHEHHOH KOMOMHALUK paBHBI HYJIO, U OCTa-
eTcs paBeHCTBO g = 1B 1(f). JloGoii coBecTBeHHBIN BeKTOP
B LHUKJIUUYECKOM MPOCTPAHCTBE MPOMOPLHUOHANEH MTOCAEHEMY BeK-
TOPY LEMNOUKH.

[Ipennoxenue 7. [lycmo Ha sekmopax fi,..., f, nocmpo-
eHbL uenouku. Bekmopol amux yenouek 8 COB0KYnHOCmMu AuKeti-
HO He3aBUCUMbL, eCAU NUHELHO He3a8UcuMb. COOCMBEHHbLE BeK-
mopbl, KOMOPbIMU OKAHUUBAIOMCS L,eNOUKU.

OTO HETPYNHO MPOBEPUTb HHIYKLHEH 10 YMUCJIY BEKTOPOB B
oO6beMHeHUN BceX UernodeK. JlelicTBUTENbHO, €CJM B CHCTEME
OJIMH BEKTOP, TO OH 00513aTe/IbHO COOCTBEHHBIH H MOTOMY OTJHYEH
OT HYJIEBOTO.
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PaccMorpum o6beMHeHHe p LenovYeK U KaKyo-HUOyLb JHHeH-
HYI0 KOMOMHALMIO BEeKTOPOB 3TOH cHUCTeMbl, paBHyl0 HyJi0. ITo-
KaXKeM, 4TO OHa TpuBHasbHas. s 3TOro noiaelcTByeM Ha Hee
npeo6pasosanuem B. Tak kak B(B’(f;)) = B/T1(f;), mb noay-
YUM PaBHYIO HYJIO JIMHEHHYI0 KOMOMHALMIO BEKTOPOB 3TOH XKe
CHCTEMbl, HO COZEpXKAlllyl0 MeHblle cJaraeMblX, MOCKOJbKY BCe
COOCTBEHHBIE BEKTOPBI MEPEUAYT B Hy/b. Bce BEKTOPHI, BXOASALIHE
B 3Ty JHMHEHHYI KOMOMHALMIO, COCTABJASIOT 0ObelHHEHHe Leno-
ueK, NOCTPOEHHBIX Ha BekTopax B(fi),...,B(f,).

[To mpennosoxeHHI0 UHAYKUKHU Bce KOI(DMULIUEHTHl MOJyUeH-
HOU JIMHeHHOU KoMOWHALUMK paBHBI HyM0. Ho 3170 — Ko3hpuuu-
€HTbl UCXOHOH JIMHEHHOH KOMOWHALMH, CTOSILIIME TaM TIPH BEKTO-
pax, He SIBJSIOLIMXCS COOCTBEHHBIMH. 3HAUYMUT, UCXONHAS KOMOH-
Hall¥s MOTJIAa CONEPKATh HEHyJIeBble KOI(P(MHIHUEHTB TOJIbKO IIPH
co6cTBeHHBIX BeKTopax. CoOCTBeHHbIe BEKTOPH! IMHEHHO He3aBH-
CHMBI, U TIOTOMY HY OIHOTO HeHYJIeBOro KO3(p(pULHEHTa HET.

[Ipennoxenune 8. Ecau yukaiuueckue noonpocmpancmsa
Z1,...,2, colepycam AUHEUHO He3a8ucUMble COOCMEeHHbLe
8eKmopol e? € Z,t=1...,p, mo cymma Z, & --- D Z, —
npamas.

JleficTBUTENBHO, BEKTOPOM e?, ¢ =1,...,p 3aKaHunBaeTcH le-
noukKa, siBasouascs 6asucom noanpocrpancTsa Z;. O6bvennHeHHe
3TUX 0a3UCOB — JIMHEHHO He3aBUCUMasl CUCTeMa B CUJy IPemJIo-
JKEHUS 7, ¥ IOTOMY siBJisieTcsl 6a3UCOM B CyMMe MOAMPOCTPAHCTB.

Hama nesb — passoKuTb KOpHEBOe MPOCTPAHCTBO B MPSMYIO
CyMMy LHKJHYecKUX. M3 n10Ka3aHHOro mpeasoKeHUst BUAHO, U4TO
L7151 9TOro ynoOHee CTPOWUTb LEMNOYKM, HayMHAasg ¢ COOCTBEHHOrO
BeKTOpa.

[Iycte €’ — cobcTBeHHbH BekTOp. Cam mo ceGe oH 00pasy-
eT ueno4yky AauHbl 1. OH fAB/seTCS KOHLOM LENOYKH OOJIbIIeH
JIMHBI, €CJIH CYILIeCTBYeT BeKTop e' Takoi, 4To

0

B(e!) = €.

Tak onpeseseHHbIH BekTop e! HasbiBaeTcs npucoedunentoim K
eV. CylecTBOBaHHe IPUCOEIUHEHHOTO BEKTOPA PABHOCUIBHO COB-
MECTHOCTH CHCTeMBbl JIMHEHHBIX ypaBHEHHH

Bx = eO, (8)
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rae B — Martpula npeo6pasoBaHusl B KaKOM-1u60 Gasuce, a e’ —

KoOpAMHaTHBIHA cTosben Bektopa €’. EcrtecTBenHo, ecau mpuco-
eIMHEHHBbIH BEKTOp CYLIECTBYET, TO OH OINpeleseH C TOUHOCTBIO
no cjaraemoro us Ker B.

MoXXeT CAy4MTbCS, YTO CYIIECTBYeT BeKTOp €2, TaKod uTo
B(e?) = e! uam, uto 1o ke, B3(e?) = €. On naswiBaerca emo-
poblM npucoeOuHenHbiM, W BooOlle j-M npucoedurennvim K e’
BEKTOPOM HasblBaeTcs BeKTOp e/, ec/u

B(e?) = ¢/, 9)

rae e/=1 — (j —1)-i npucoenunenusiit. [locnenosarensHo npume-
HsSl 3TO PaBEHCTBO, MBI [0Jy4aeM

Bi(el) = €. (10)

[ycts € € ImB"~1. 310 o03mauaer, uTo cyllecTByeT BeKTOP
el=1, rakoit, uto ¥ = B"1(e~1), 1o ecth € obnanaer (h —
—1)-M NpUCOEUHEHHBIM, ¢ KOTOPOrO HAYHHAETCS [eNoYKa JIJHHBI
h. Eciu xe ¢° ¢ ImB", 10 ypasnenne B"(x) = e ne umeer
pellleHUs], a 3HAUMT, He MMeeT pelleHHs ypaBHeHue B(x) = e~ 1,
cucTemMa ypaBHeHHH Bx = e"~1 okaxercs HecoBMecTHO# U h-ro
MPUCOEIHHEHHOTO He CYILIEeCTBYET.

Eciu MBI mpoHyMepyeM BEKTOpbl 3TO LENOYKH B OGPATHOM
NOpsiiKe

e, el el (11)

TO TOJYYUM 0a3UC B COOTBETCTBYIOUIEM LHMKJIHYECKOM IOAIPO-
CTPaHCTBE, KOTOPBIH Ha3bIBAETCS H#OPOAHOBbIM OA3UCOM B ITOM
TMOANPOCTPAHCTBE.

3. CrpoeHre KOpHEBOr'o MOANPOCTPAHCTBA. I3 mpensoxe-
HHS O CJIeflyeT, UTO MHTEpeC MPEACTaB/SIT COOCTBEHHbIE BEKTO-
pbl, Jexamue B npoctpancteax Im B, h=1,....d — 1.

MHBapHaHTHOCTb KOpHEBOro MpocTpaHcTBa K 03Hauyaer, uTo
B(K) € K. Tak kak KerB # {o}, 3To BkJoueHHe cTporoe
B(K) C K. INoneiictBoBaB Ha 06e 4aCTH 3TOTO BKJIOUEHHS PE0D-
pasosanuem B"~1, mpr Buaum, uro B*(K) C B"~1(K) nas mo6oro
h u

{o} =BYK)c B YK)c...cB(K)CK.
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OGosHauum uepes V" mepeceuenne B"(K) = ImB" ¢ co6-
cTBeHHbIM mnoxnpoctpaHcTBoM Ker B. M3 npenbinyiux Bkiioue-
HUU caenyeT

{o}=VicVyitc. . cV'cKeB.

[Iyctb 7 — pasMepHOCTb COOCTBEHHOTO TOANPOCTPAHCTBA
Ker B. Bribepem B 3TOM moanpocTpaHcTBe 6a3uc caeqyoLUM 06-
pasoM: 6asuc B V4! nononnum g0 Gasuca B V42, MOJIyYeHHbIH
6asuc fomoJHMM 10 6asuca B V47® u Tak nanee. B pesyabrare
nonyuutesi Gasuc eY,...,e B KerB, ob6manaomuil TeM CBO-
CTBOM, YTO BEKTODBI M3 JI060r0 V" packiafblBaloTesi TOMBLKO 10
TeM BeKTOpaM 06asuca, KoTopbie JexaT B V.

[Iyctb 6asucHbI} BeKTOp e? aexut B V"1 Ho we B V. Tem
caMbiM OH mpuHaanexuT K ImB”", u ans nero cymectsyer h-ii
NIPUCOEMHEHHBII BEKTOp, HO He cyulecTByeT h + 1-ro. CaenoBa-
TeJIbHO, HAa HeM 3aKaHYMBaeTCsl LeNouKa JJIHMHE A.

PaccMoTpuM cucTeMy BEKTOPOB €, MOJyYaloLLylocss 00benu-
HEeHHEeM BCeX KOPLAHOBBIX 0a3HCOB, HAYMHAIOLIMXCS C BEKTOPOB
)

[Ipennoxenue 9. Cucmema sekmopos e asasemcs 6asu-
com 8 K.

W3 npensoxeHus 7 cjenyert, UTo € — JHMHEHHO He3aBUCHMas
cucrema. JlokaxeM, 4TO KaxKAblli BekTop x M3 K MOxHO pas-
JIOXKUTh 10 cucTeMe e. ClesaeM 3TO C MOMOLLBI0 HHIYKUHUH MO
BBICOTE BeKTOpa . BricoTy 1 HMelT co6cTBeHHBIE BeKTOPBl. OHU
pacKJIabIBAOTCS M0 6a3ucy €, . .., el, COCTaBIAIEMY YaCTh CH-
CTEMHI €.

onycTum, 4To yTBEpXKAEHHEe NOKa3aHO /151 BEKTOPOB BbICO-
Tel < h. PaccMOTpUM NpPOU3BOJIbHBIH BEKTOP « BBICOTBI h + 1.
Ilnst nero Bektop B"(x) — co6eTBennbii U npunaanexut Im B,
Cnenosatensto, B (z) € V"

Iycts dim V" = p. TTo mocrpoenuio 6asuca B Ker B BekTo-
pei €),...,eY — Gasuc B V", u B"(x) packnaniBaercs no stum
BekTOpaM. Bce oHHU uMeloT h-e mpucoenuHeHHble U, coraacHo (10),

B"(z) = c1B"(e}) + -+ + a,,B" (e]).

DTO 03Hayaer, 4To BEKTOp y = = — ajel — - — apeg yI0BJie-

TBOpsieT paseHcTBY B'(y) = o0, T0 ecTh umeer BhicOTy < .
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[To mpeamoJioxKeHHI0 HHAYKIMU Yy PaCKJAAbIBAETCS MO CHCTEMe
e. OTcroa cpasy nosydaercsi pa3JjoxkeHne M0 ITOH CHCTeMe.

Basuc e, noctpoenHblil B npenJsioxennu 9, Ha3blBaeTcs scopoa-
HOBbIM 6A3UCOM KOPHEBOTO MOANPOCTpaHcTBa I, a oObeiHHeHHEe
JKOPAaHOBBIX 6A3HMCOB BCEX KOPHEBHIX MOAMPOCTPAHCTB — aHopoa-
HosvLm 6asucom B L.

2KopnanoB 6asuc KOpPHEBOTO MOANPOCTPAHCTBA — OOBEAHHE-
HHe 0a3HUCOB IMKJIHYECKHUX MOAMpPOCTpaHCcTB. [loaToMy MBI moJy-
YyaeMm

[Tpennoxenue 10. Ecau B Husvnomenmmuoe npeobpaso-
sanue npocmparcmea KC, mo K pacnadaemcs 8 npamyro cymmy

K:ZI@"'@Z’F

yukaudeckux omwuocumesvio B nodnpocmpancme. Hx uucao
pasHo pasmeprocmu r cobecmeernnoeo noonpocmparcmsa Ker B.

4. Teopema 2Koppana. Jlwo6oe nmopnpoctpanctso 2 CK;,
WHBapUAaHTHOE OTHOCHTEJbHO B;, MHBapHAHTHO TaKKe M OTHOCH-
tesnbHo A. JleficTBUTesIbHO, AJs J06oro z € Z umeeM A(x) =
= Bi(z) + \iz € Z. [lostomy u3 npepioxenuit 1 u 10 mpsimo
caenyer

[Ipennoxenue l1. Ecau 6 komnaiekcHom npocmparncmse
L 3adaro aunetinoe npeobpasosarnue A, mo L — npamas cym-
MQ UHBAPUAHMHbLLY OMHOCUMENbHO A yuKkaiuuecKux noonpo-
cmpancms. Hx ducio pasHo obujemy uucay ecex uenouex 8
acopdarnosom basuce npocmparcmsea L, mo ecmv r1 + -+ + rg,
ede r; = dim Ker (A — \E).

KoppaHoB 6asuc mpocTpaHcTBa L — oObenuHeHHe 6a3ucoB
MHBAPHUAHTHBIX MOANPOCTPAHCTB, U 10 MpeasoxeHuto 2 § 4 marpu-
na npeobpasoBaHrs A B 3ToM 6asnce — KJETOUHO-AWAroHaJ bHaS.
[Ipu aTOM IHaroHa/bHbIE KJIETKH 3TOH MaTPULBI SIBJISIOTCS MaTpH-
LaM{ OrpaHHYeHUH A Ha COOTBETCTBYIOLIMX MOANPOCTPAHCTBAX.
[TosToMy, eciu Mbl XOTHM ITOJYYUTb BHUJA MaTpHLEBl Npeobpa3oBa-
HUS B 2KOPIAHOBOM 0asuce, Mbl JOJKHBI CHauyaja HamucaTb Mart-
pULly orpaHHYeHusi A Ha UMKJIWYECKOM MOANPOCTPAHCTBE.

[TycTh LMK/IHYECKOE TMOANPOCTPAHCTBO MPUHAIJIEKHUT KOPHe-
BOMY MOJNPOCTPAHCTBY ¢ COOCTBEHHBIM 3HAUEHHEM \; U HATSHYTO
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Ha BEKTOpbI e?, .. .,e;?. Mbl uMeeM

Alel) = B(e}) + Nieh,  (1=0,...,h),

u o dopmyaam (9)

0y _ .0 1y _ 0 1 hy _ ,h—1 h
Alej) = Aiej, Ale;) =e; + Niej, ..., Alej) =ei ~ + \iej.
Cro/1611bl MaTPULbl 1Pe00Pa30BAHUS — 3TO KOOPAUHATHbIE CTOJ10-
bl 06pa3oB 6a3ucHbIX BeKTOpoB. [lo3TOMYy MaTpulla orpaHHYeHUs
A B paccmaTpuBaeMoM 6asuce UMeeT BUJL

Ao 100 0
0 N 1 0
0 0 O 1
0 0 0 Ai

Matpuua Takoro Bua Ha3blBaeTCs #0pOaHO80l KAeMKOL TIPS -
Ka h + 1 ¢ coOCTBeHHBIM 3HaueHHeM \;. KjeTouHo-auaroHaabHas
MaTpHuIa, Y KOTOPO# KJETKH — >KOPIAaHOBBI, Ha3bIBAETCS Hopoa-
HOB0Ll MaTpULEH UM MAaTpPHLEH, UMeIOLEeH Hopdarosy dopmy.

M3 Bcero ckasaHHOro BoiTeKaeT meopema XKopdana:

Teopema 2. [as awbozo auHeiiHo20 npeobpa3osanus
KOMNAEKCHO20 AUHElH020 Nnpocmparcmea cywecmsayem 6asuc
(scopdaros 6asuc), 8 KOMOPOM eco MAMPUUQ umeem HopOaHO-
8y gopmy.

Kopnanos 6asuc ajs JaHHOTO MpeoOpa3oBaHUs, KOHEYHO, HE
efMHCTBeHHeH: Gasuc ef,...,e) B KaIOM KOPHEBOM MOAMpo-
CTPaHCTBE BBIOMpAETCs ¢ HEKOTOPHIM MPOU3BOJIOM, H MPHUCOENHU-
HeHHble BeKTOpbl 1o (opmynaM (9) ompeneseHbl He OJHO3HAUHO.
OnHako, Kak BHUIHO M3 MOCTPOEHHS, KOPHEBbIE MOAMPOCTPAHCTBA
U B KaXX[IOM M3 HHUX YHCJO COOCTBEHHBIX BEKTOPOB, C KOTOPBIX
HAYMHAIOTCS LENOYKH ONpe/ie/leHHOH AJIMHBI, ONpeNessioTCs reo-
MeTpPHYeCKH — MHBAaPHAHTHBIMM MOANPOCTPAHCTBAMH Npeodpaso-
BaHusa. Takum obGpas3oMm, KopaaHoBa (hopMa MaTpUlbl peodpaso-
BaHUs OMpe/ieieHa eIUHCTBEHHBIM 00pPa3oM C TOUHOCTBIO 10 MO-
pslKa PacriosioXKeHHUs! KJIEeTOK Ha IJIaBHOW JHArOHAJIH.
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5. IIpuBeneHne K xopaaHoBou popme. HaxoxneHue xop-
JnaHoBa 0asuca, Wi, Kak roBOpPAT, NMPHUBeIeHHe MaTpPHULBl MPeod-
pa3oBaHHUs K KOpHAHOBOH (hopMe, obJierdaercs TeM, UTO TIPU 3TOM
HeT HYXKIbl UCKaTb KOpPHeBble MoanpocTpaHcTBa. OHU nosyuarcs
aBTOMAaTHYECKH I10cJie TOro, Kak OYAyT MOCTPOEHbl COOTBETCTBY-
IOlIMe LHKJAHYeCKHe NoAnpocTpaHcTsa. [las mocTpoeHus mocsen-
HUX JOCTaTOYHO HAHTH .J1 KayKIOro KOpHS A; ero coOCTBeH-
HO€e TOAMPOCTPAHCTBO W BJIOXKEHHBIE B HEro TOANPOCTPAHCTBA
V}, .. .,V?i, onpefieiIloNINe, C KakKMX COOCTBEHHBIX BEKTOPOB
HaYMHAIOTCS 2KOPAAHOBHl 6a3UChl LUKJIMYECKUX MOANPOCTPAHCTB.
Cornacho onpegenennio Vi = (A — N\E)'(K;) N Ker (A — NE), Ho
TYT He Hamo Haxomuthb KC;. Ileso B ToM, 4TO

(A = NE) (L) NKer (A — NE) =
= (A= X\E)'(Ki) N Ker (A = \E). (12)

JleficTBUTENBHO, OO0 BEeKTOp = M3 L pPacKJ/aibiBaeTcsi B CyM-
My BEKTOPOB U3 KOPHEBBIX MOAMPOCTPAHCTB & = X1 + -+ + Ts H
(A — )\ZE)(x) =m0+t Yys, e y; = (A — )\ZE)(.IJ) € ICj, Tak
KaK KOpHeBble MOAMPOCTPAHCTBA MHBapHaHTHBL. [lpu aTom, ecau
x; #ompu i # j, T0 U y; # o, TaKk Kak Ker (A — NE) C K.
[To atuM cooOpakeHHsIM BEKTOp, He Jexalui B K;, He MOXKeT
nepelty B BekTop U3 K;. Otcropa cpasy cienyet (12) u

Vi = (A — NE)' (L) NKer (A — \E).

Paccmotpum B kaudecTBe mpuMepa npeobpasoBaHue A ILIeCTH-
MEPHOTO NPOCTPAHCTBA, 3alaHHOe B HEKOTOPOM 6asuce MaTpHLeH

2 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 1 0
A= 0 O 0 4 0 -9
0 0 -1 0 3 0
0 0 0 1 0 -2

HerpynHo nomcyutaTh, 4TO XapaKTepHUCTHUECKHH MHOrouseH A
pasen (A—1)3(A—2)3 u, cienoBaTesbHO, UMEIOTCS 1BA KOPHEBBIX
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MOANPOCTPAHCTBA pasMepHOCTH 3 Kaxaoe. HauHem ¢ KopHs A\ =
= 1.

1 0 1 0 0 0
00 0 0 0 0
00 0 0 1 0
A-E= 0 0 0 3 0 -9
0 0 -1 0 2 0
0 0 0 1 0 -3

Pemasi ognoponHyto cucteMy JIMHEHHBIX YpaBHEHHH C 3TOH Mart-
pHULeH, HAXOOUM, UTO COOCTBEHHOE MOANPOCTPAHCTBO HATSAHYTO Ha
BeKTOPHl @1 U a2 C KOOPAMHATHBIMM CTOJOLAMH, COOTBETCTBEH-
HO a; = HO,l,O,O,O,OHT Hay = ||0,O,0,3,0,1||T. CobcTBeHHOE
NOANPOCTPAHCTBO JIBYMEpHOe, a KOpDHeBOe — TpexMepHoe. 3Ha-
YUT, JOJI2KeH OBbITb OMH NPHUCOeJUHEHHbIH BeKTOp. UT0Obl HaliTH,
K KaKOMY COOCTBEHHOMY BEKTODY OH NPHUCOEIHHEH, HIlleM Tepece-
yenne V! coGeTBeHHOro mognpocTpaHcTBa ¢ Im (A — E), xoTopoe
HATSHYTO Ha CTOJOUBl MaTpulbl A — .

Jlerko samMeTuTb, uTO YeTBepThIH cTosbel A — E coBmajaer ¢
as. Tak Kak a; He packJajsBaeTcs 1o cronbéuam A — E, pasmep-
HOCTb CyMMBbI [IOANPOCTPAHCTB paBHA b, a CyMMa pa3MepHOCTeH —
6. 3HauyuT, nepeceyeHre OLHOMEPHO, U 6a3UC B HEM as.

PewiM cuctemy ypaBHenuil (A — F)x = ag U HallieM Koop-
QMHaTHEIA cToa6el ag = [|0,0,0,1,0,0|" nprcoenunensoro Bek-
Topa az. [Tocne atoro »oppaHoB 6as3uc MepPBOr0 KOPHEBOIO MOJ-
IIPOCTPAHCTBA IIOCTPOEH.

Jlast KopHSL A2 = 2 cocTaBJsieM MaTpULy

0 0 1 00 ©
0 -1 000 ©
0 0 -1 01 0
A_2E_00020—9
0 0 -1 01 0
0 0 010 -4

W3 ogHOpOMHOH CHUCTEMBl YpaBHEHHH C TAKOH MaTpULEH CJemyer,
YTO COOCTBEHHOE TOANPOCTPAHCTBO OAHOMEPHO, U ero Gas3uCHBIN
BeKTOp b HMeeT KOOpAMHATHENI crosden b = |[1,0,0,0,0,0]".
Tak Kax KOpHeBOe NMPOCTPAHCTBO TpPexXMepHoe, K b JOJKHBI ObITh
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IBa MpUCOeIUHEHHbIX BeKTopa. [lepBblii mpHcoeninHEHHBIH MOJY-
yaeM u3 cucreMsl (A — 2E)x = b. Ero koopauHaTHBIH CTOJI-
Gew by = [/0,0,1,0,1,0||". Bropoii nprucoenuHenHbiii — pelie-
Hue cucrembl (A — 2E)x = by. Ero koopauHaTHBIE cTOJG€Ll
bs = 1|0,0,0,0,1,0[".

Hrak, oppaHoB 6asuc COCTOMT M3 0a3UCOB Tpex LUKJIUYe-
CKHX TOJIPOCTPAHCTB: B OJHOMEPHOM MPOCTPAHCTBe 0asuc aj,
B JIByMepHOM — 6asuc as, as U 6asuc b, by, by B Tpexmep-
HOM MoOAMpocTpaHcTBe. KoopauHaTHBIE CTONOLBI 3THX BEKTOPOB
a;, ag, ag, b, by, by cocraBnsioT maTpuny mnepexoma S OT
UCXOfHOrO 0asnca K »KOpAaHOBY 06asucy. YUUTBIBasi MOPSIIOK, B
KOTOPOM MBI PACIOJIO?KU/IN Oa3HCHBIE BEKTOPEI, Mbl MOXKeM BEHITH-
cartb JKOpaHoBy Matpuiy A’, KoTopyio nmeer A B MOCTPOEHHOM
6asuce. B martpuue S BblaeseHbl XKOPAAHOBBI LEMOUKH, a B Mart-
putie A’ — COOTBETCTBYIOIIHE KOPAAHOBHI KJETKHU:

0lo ol1 0 o {0 0 0 0 O
110 00 O O 01 110 0 O
Of0 110 0 O
B HI R S
0 0 02 10
0j]0 0]0 1 1
ol1 olo o o 0 0 00 2 1
0 0 00 0 2

PeKOMEHHyeM YHUTaTeJIIo MIpoAeaaThb BCe OMMHMCAaHHbIE 3A€Chb BbIHUC-
JIEHHH.

YIIPAJKHEHU A

1. CKOJIBKO CYIIeCTBYeT »KOPIAHOBbIX MATPHLL, OTJAMYAIOLIUXCS KpaT-
HOCTSIMM XapaKTEePUCTHUECKUX YHMCeJ, YUCJIOM U pa3MepaMH KJIEeTOK, cpe-
I MaTpPHILl a) BTOPOro Mopsiaka, 6) TPeThero mopsiika, B) YETBEPTOTO
nopsiaka °

2. Haiinure »xopnaHoBy GopMy MaTpHULbl U MAaTPHLLy Tepexoaa K Kop-
naHoBYy 6a3ucy I/ npeoOpa3oBaHHsl, 3aJaHHOIO B UCXOHOM 6asuce Mart-
puLei
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6)

1/2

0

1 172

0



Irhasa VII

EBKJINAOBblI U YHUTAPHBDIE
NMPOCTPAHCTBA

§ 1. EBKNIMAOBbI MPOCTPAHCTBA

1. CkanspHoe mnpousBeneHue. JIMHeHHOe NPOCTPAHCTBO,
BBeJICHHOE B MpEeAbIAYIIeH raBe, CYLUIECTBEHHO OTIHYAeTCs OT
MHOKECTBAa BEKTOPOB OOBIYHOrO T€OMETPHYECKOTO MPOCTPaHCTBA
TeM, 4TO B JITHEHHOM NPOCTPAHCTBE He ONpesiesieHbl MOHSATHS [J1-
HBl BEKTOpa W yIJa MeX1y BeKTopaMu. B HacToslie# riase Mbl
U3y4YUM TaKhe MPOCTPAHCTBA, B KOTOPHIX 3TH MOHATHS OIpene-
JIEHBL.

B ra. I, ucrnonb3ys nsnMHy BeKTOpa M YToJ, Mbl OTpelNesnIn
CKaJISIpHOe TIPOU3BeJleHHe. 37echb yHOOHee MOCTYIHTb HA000pOT.
MBl akcHOMaTHUECKH ONpeles UM ONepaluio CKalspHOro YMHOXKe-
HUS, a JJIUHY U YroJ onpefeauM ¢ ee nomolipto. Onpenenenue
CKaJIIPHOTO YMHOXKEHHS 1J1 BELeCTBEHHbIX U 1J1f KOMIJIEKCHBIX
MPOCTPAHCTB (DOpMyJIHpyeTCcsl pa3/audyHo. DTOT naparpad mocssi-
ILl€H BEIEeCTBEHHBIM MPOCTPAHCTBAM.

OnpeneneHnue. BellecTBeHHOe JMHEHHOe MPOCTPAHCTBO
€ HasbiBaeTcsl e8kAuUO0BbIM, €CNM B HEM OIpeleseHa orepanus
CKAASAPHO20 YMHOMNCeHUs: JoObIM JBYyM BeKTopamM = W y u3 &
COMOCTABJIEHO BelleCTBeHHOe ukco (o6o3Hauaemoe (xz,y)), U 3TO
COOTBETCTBHE Y/OBJIETBOPSET CJENYIOLIUM TPeGOBAHUSIM, KaKOBbI
Obl HA OBLIU BEKTOPBI T, Yy U 2 U UUCJO

- (@) = (y,2).

@ty 2) = (2,2) + (y,2).
- (az,y) = a(z,y).

. (x,2) >0 nas Bcex = # o.

»-BOJN)—-
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Bynem paccMaTpuBaTh n-MepHOe €BKJHIOBO MPOCTPAHCTBO £.
Jlro6oe moxnpoctpaHcTBo £ B £ TakKe €BKJIKUIOBO MPOCTPAHCTBO,
TaK Kak JJIf ero BEeKTOPOB OMNpeJesieHO TO e caMoe CKaJsspHoe
YMHOXKEHHe.

OueBnpHbl TMpoCTeHIINe CAECTBHUS H3 NMEPEYHCIeHHBIX aKCH-
om. Tak kak (z,ay) = (ay,z) = ay,x), umeem

(z, ay) = oz, y). (1)

AHaJIOFI/I‘{HO JOKa3bIBaeTCA
(z,y+2) = (z,y) + (v, 2). (2)

MokHO naTb BTOpOe ONpefie/ieHHe eBKJH0Ba MPOCTPAHCTBA,
9KBUBaJIEHTHOE MEPBOMY.

Onpenenenue. BemecTBeHHOe JHHElHOe MPOCTPAHCTBO
Ha3bIBaeTCsl e8KkAU008bLM, €CAW B HEM 3aJaHa [MOJIOXKHUTENbHO
onpefesieHHas KBajpaTHyHas opma.

M3 nepBoro omnpenesneHusi caenyer Bropoe. [leficTBHUTe/bHO,
€CJ/IM B BellleCTBEHHOM JIMHEHHOM NPOCTPAHCTBE OMNpefeseHa ome-
palys CKaJspHOTO YMHOMKEHHS], TO 3TO — (DYHKIHS OT ABYX BeK-
TopoB. Akcuombl 2 U 3 u popmyJsbl (1) U (2) paBHOCHJBHBEI TOMY,
yto (hyHKUMs OuanHeiHas. AkcHoma 1 o3Hauaer, uTo OUJIMHEN-
Hast (YHKLHS CUMMETpPU4Ha, a akcHoMa 4 — 4TO COOTBETCTBYIO-
1as KBagpaTuuHas (opma MoJIoKUTebHO onpeneseHa. [lockonb-
Ky CHMMeTpHuHasl OW/JMHeHHas (PyHKLHs ONHO3HAYHO OIpejeJis-
eTCsl COOTBETCTBYIOIIEH KBaApaTUYHOH (hopMoH, obpaTHOe yTBep-
JKJIEHHE CTOJIb K€ OYEeBHIHO.

KoneuHo, B BeleCcTBEHHOM JIMHEHHOM MPOCTpPaHCTBE CyIle-
CTByeT OECKOHEUYHO MHOTO IIOJIOXKHTEJIbHO OIpeaes]eHHbIX KBan-
patuuHbIX (hopM. Bo BTOpoM omnpenesieHHH CI0OBO «3agaHas O3Ha-
YaeT, 4TO OfIHA M3 HMX BblJeJeHa U urpaer ocobyto posb. bBynem
Ha3bIBATh €e OCHOBHOU KBaApPaTHUYHOH (POPMONA.

[Ipumep 1. Ina BeKTOpOB reoMeTpH4eCcKOro MpocTpaHCTBa
CKaJsIsipHOe MpOoH3BelleHHe [ByX BEKTOPOB ONpejie/ieHO Kak Ipo-
U3BelleHHe UX [JIMH Ha KOCHHYC yryia Mexkay HuMH. Tak ormpe-
JleNleHHasi orepanys CKaJsIPHOrO YMHOXKEHHS 06JiafiaeT HYyKHBIMH
CBOHCTBaMHM, HO 3aBHCHT OT BbIOOpa €IMHMLIBI H3MEPEHHUs JIJIUH.
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[Tosromy, ecau maxas eduruya o.6para, BEKTOPE reOMeTpHYE-
CKOT'O MPOCTPAHCTBA 00PA3yIOT TPEXMepHOe eBKJINI0BO MPOCTPaH-
CTBO B OIIPe/IeIEHHOM 3/IeChb CMBICJIE.

[Tpumep 2. B n-mMepHOM apH(MeTHUECKOM TIPOCTPAHCTBE MBI
MOXKEM BBECTH CKasIfipHOe yMHOXEHHeE, COMOCTABHB CTOJIOLAM X
Uy 4MCIIO

x'y=¢&n' +--+ €, (3)
rae uepes & u 7' 0603HaYEHbBI 3J€MEeHThl CTOOUOB. Mcnombays
CBOHCTBA YMHOXEHHs MaTpHIl, YHTaTeJNb (€3 TPyAa MOXKET Mpo-
BEPUTb, UTO BCE YCJIOBHS, BXOJSILHIE B ONpe/e/eHHe, BbITOTHEHBI.
MHavye MoxkHO GblIO OBl CKa3aTb, YTO B KaueCTBE OCHOBHOH KBaj-
paTu4yHO# (popMbl BblOpaHa Ta, KOTOpas B CTaHAApTHOM Oasuce
apu(MeTHYeCKOro MPOCTpPaHCTBA (COCTOSIIIEM H3 CTOJOLOB €lH-
HUYHOH MaTpHLb) MMeeT KaHOHHUECKMH BHA. Takoe CKassipHOe
TNpOU3BeJeHHe Mbl OyIeM HasblBaTb CMAHOAPMHbIM CKAJISAPHBIM
TPOU3BEJEHHEM.

[Tpumep 3. CkansipHOe NPOU3BENEHHE B BEIIECTBEHHOM JIH-
HeHHOM IPOCTPAHCTBE MOXKHO 3alaTb, BbIOpaB KakKoH-nubo Gasuc
1 00BSIBUB €r0 OPTOHOPMHPOBAHHBIM. Torna ckaJsipHOe Npou3Be-
JleHHe BEKTOPOB BBIPA’KAETCH Yepe3 X KOMIIOHEHTbl B BbIOPaHHOM
6asuce dopmyJoi (3).

[Ipumep 4. B npocrpancTBe QyHKUMH, HENPEPLIBHBIX HA OT-
peske [0, 1], MOXKHO BBeCTH CKaJIsIpHOE TIPOU3BeieHHe M0 popmyie

(f.9)= [ f(t)g(t)dt.
/

Axcrombl 1-4 BBITEKalOT M3 HM3BECTHBIX CBOKCTB OMMpeeeHHbIX
HUHTErpasos.

2. lnauHa u yroa. B coorBerctBuM ¢ Gopmynamu § 4 ri. I,
BBEJIEM

Onpenenenne. Hasosem Oauwol sekmopa x ¥ 0003Ha-
4uM |x| uncno \/(z,x). Yerom MexKay BeKTOpAMH & H y Ha30BeM
KaXJ10€ YHUCJIO , YIOBJIETBOPSIONIEE YCIOBHIO

(z,9)
2| |y

(4)

cosp =
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B cuny akcuombl 4 n/MHaA BeKTOpa — BellecTBEHHOE HEOTPH-
naresbHOE YHCJO, MPUYEM OHA paBHA HYJIO TOTZA U TOJBKO TO-
rja, Korja BeKTop HysneBod. C ompenesieHHeM yria 1es0 00CTOUT
HEeCKOJIbKO cJioxKHee. HaM mpencTouT nokasaTbh, UTO BbIpaKeHHe
B MpaBoil yacTH paBeHCTBa (4) Mo aGCO/IOTHOH BeJHYKHE He Ipe-
BOCXOAHUT €IMHHUIbl. DTO CJeyeT U3 HepaBeHCTBA

(z,y)* < (z,2)(y,1), (5)

cBsi3biBaeMoro ¢ umenamu [lsapya, Kowu v bynsakosckoeo. Hu-
JKe MBI TTOJIYYMM 3TO HEPaBEHCTBO KaK CJENCTBUE U3 TeopeMbl 1.
Eute omHO Ba)KHOEe HepaBEHCTBO, Ha3bIBAEMOE HepaBeHCHBoM

mpeyeorbHUKa
|z +y| < ||+ |yl, (6)

caenyet n3 HepaBeHcTBa Komn-DbyHskoBckoro:

(x+y,x+y) = |:c|22+2(x,y)+|y\22 < .
< z)® + 2[2l|y] + |y|° = (=] + [y])*.

3HaK paBeHCTBa UMeeT MecTo, ecau (z,y) = |z||y|, To ecTb ecau
yroJl MeXAY T U y paBeH HYJIO, U TOJbKO B 3TOM caydae. Hepa-
BeHCTBO (6) /I BEKTOPOB — HAMpaBJIeHHBIX OTPE3KOB — O3Ha-
YaeT, YTO [JHHA CTOPOHBI TPEYTOJbHUKA MEHbIIE CyMMbl AJHH
OCTa/JIbHBIX €r0 CTOPOH.

Bexrtopel & W y Ha3bIBAOTCH NepneHOuKyAapHoiMU WIH Op-
moeoHanrvHoimu, ecan (z,y) = 0. DTO yCJOBHE BBHINOJHEHO, €CIH
XOTb ONMH W3 BEKTOPOB — HysneBoH. Ecin o6a BexkTOopa — HeHy-
JIeBble, TO 1O (opmyJe (4) yros Mexay HUMU paBeH /2.

[Ipennoxenune 1. Torvko Hysesoli seKkmop OpmocoOHaAEH
Kaxcoomy 6eKmopy npocmpaHcmasa.

HeiictButenbHo, ecau (x,y) = 0 0 BCeX y, TO, MOJOXKUB
y = x, noayuuM (z,z) = 0, 4TO BO3MOXKHO TOJIBKO MPH I = 0.

3. BripaikeHue CKaJsIpHOTO NPOU3BeEHUS Yepe3 KOOpHauU-
HATbl COMHOXKUTeNeA. EcC/IU B €BKJIUIOBOM MPOCTPAHCTBE BBI-
6paH 6asuc e, TO CKa/sgpHOe NPOU3BELEHHE BEKTOPOB & U Y, KakK
W 3HaueHHe J060H OMAMHEHHON (PYHKLMH, BbIpakaeTcs 1o (op-
mysie (11) § 6 r1. VI uepe3 KoopauHaTHbBIE CTOJMOUB X U Yy ITHX
BEKTOPOB!

(z,y) =x'Ty. (7)
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CorsiacHo ornpezesieHHI0 MaTPHULbl OUIHHEHHOH (YHKLHH 3/1eMeH-
Thl ¢;; MaTpulbl I’ paBHbI CKa/IsSPHBIM IPOU3BENEHUSIM (€;,€;), TO
ecTb
(e1,e1) ... (e1,en)
= e e
(en,€1) ... (en,en)
Ota marpuua HasbiBaetcs mampuyeti [pana 6asuca e.

Marpuna I'pama cummerpuuna. [lo kpurepuio CunbBecTpa Bce
ee IJIaBHble MHHOPBI MOJIOKUTENbHBI, B UACTHOCTH, CIIPaBeIIHBO

[Ipennoxenue 2. Jemepmunanm mamputol Ipama 11060-
2o basuca noAoHCUMeNeH.

AT0 npensokeHHe MoXKeT ObiTh 0600IIEHO CAeNYIOIHUM 00pa-
30M:

Teopema 1. Ilycmo z1,...,x;, — npoussosvnas, He 005-
3amenvHo AuHelHO He3asucumas, cucmema eexmopos. Toeda
demepmurHanm mampuyol, COCMABACHHOU U3 UX NONAPHLLY CKA-
AAPHBLY npoussedenu,

(x1,21) ... (z1,28)
det e .
(SL'k,ZL’1) (xk,xk)
NOAOJHCUMENEH, eCAU BeKMOpblL AUHELHO He3A8UCUMbL, U PaseH
HYAIO, eCAU OHU AUHElHO 3a6UCUMDL.

[TlepBoe yTBepxieHHe clefyeT U3 MpelNOXKeHHs 2, TaK Kak
JIMHEHHO He3aBUCHMble BEKTOPbI COCTaBJSAOT 0asuC B CBOeH JH-
HEeHHOH 000JI0UKe.

Jokaxem BTOpoe yTBepxkieHue. Ecsu BeKTOpbl JIMHEHHO 3a-
BUCHMBI, TO BBHIIIOJHEHO PABEHCTBO 11 + -+ + Xy = O, B KO-
TOPOM Cpeid KO3((PHLHEHTOB ecThb OTIIHYHbIe OT HyJs. YMHOXKas
3TO PABEHCTBO CKaJIIPHO Ha KaxK[bld U3 BEKTOPOB, Mbl IPUAEM K
CHCTeMe JINHEHHBIX yPaBHeHHH

a1 (21, 21) + - +ag(z,z) = 0,
ay (g, 1) + -+ oo, ) = 0,
KOTOPOH YLOBJETBOPSAIOT KOIPPUUUEHTH vy, . .., k. 1aK KaK CH-

CTeMa UMeeT HeTPUBHAJbHOE PelleHHe, TeTEPMUHAHT ee MaTpPHUILbI
paBeH HYJIIO.
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CnenctBue. Jlas awobvix 08yx 8ekmopos 8 es8KAUOO-
80M npocmparcmee umeem mecmo Hepasexcmso Kowu—Byws-
Kosckoeo (D), npuuem OHO BbINOAHEHO KAK PABEHCMB0 moeda u
moAbKo moeda, Koeda 8eKmopbl AUHEUHO 3a8UCUMbL.

[Tyctb Gasuc € cBsA3aH ¢ 6asucoM e MaTpuleid nepexona S.
Torna dopmyna (12) § 6 ri. VI nepenunchiBaercss B Bue

I’ = S7rS, (8)

N0Ka3blBalolleM CBSA3b MaTpull I'pama AByX pasHbIX 0a3HUCOB.

4. OptoronanbHble 6a3uchl. basuc, B KOTOPOM OCHOBHasl
KBajipaTHUHast (hopMa MMeeT KAaHOHHUYECKHUH BHJ, HA3bIBAeTCs Op-
mornopmuposanroim 6a3ucoM. Tak Kak OHa MOJOXKHUTEJNbHO OIpe-
JesieHa, MaTpuLa ['pamMa opTOHOPMHUPOBAHHOTO 6asnuca — eqUHHY-
Has: (e;,e;) =0 npu i # j u (e,e) =1 (4,5 =1,...,n). A0
3HAUUT, YTO BEKTOPbl OPTOHOPMHUPOBAHHOro 6asuca MONapHO op-
TOTOHANBHBI, @ 10 AJIMHE PaBHBI eJUHHIIE.

Jlnsi opTroHOpMHpOBaHHOTO Gasuca dopmysa (7) HMeeT BU

(z,y) =xTy =&t + -+ € 9)

B n-mepHom apudmeTHUecKOM mpocTpaHcTBe R™ cTaHnapTHBIM
6asuc sIBJSIETCS OPTOHOPMHUPOBAHHBIM OTHOCHTEIBHO CTAHAAPTHO-
ro ckassipHoro npoussenenns. Yueno /(x, x) = vxT'x HaswiBa-
eTcsl e8KkAuU0080L HOpMOLL CTONOIA X.

[IpennoxeHue 3. n HONAPHO OPMOCOHANLHOLY HEHYAEBbLX
8ekmopo8 hi,...,h, 8 n-mepHom esKiuO08OM NpoOcCMparcmese
cocmasasrom 6asuc. Pasioxncenue sexmopa no amomy 6asucy
3adaemcs gopmyiroli

x:zn: @ hi)y (10)

= Il

JeficTBUTENbHO, MaTpuLa U3 npousseneHuil (h;, h;) nuaro-
HaJlbHasi C HeHyJIeBbIMHU 2JleMeHTaMM Ha auaroHa/u. K3 teopemsl

1 caenyet, yto hq,...,h, cocTaB/asOT 6a3uc.
[Iyets 2 = ajhy + -+ - + aphy,. YMHOXKAS 3TO paBeHCTBO CKa-
JAPHO Ha M060H M3 h;, HaxomuM, 4to «; = (x,h;)/|h;|?, uTO

paBHocusbHO (10).
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Basuc u3 oproroHa/bHbIX BEKTOPOB HA3BIBAETCS OPMO2OHANb-
HoLm Da3UCOM.

Boluuciaum (z, x) ¢ nomouibio dopmynasl (10). ITockosbky
(hi, hj) = 0 npu i # j, monyuaem pasercmso [lapcesansi:

ep=y &) (11)

= [l

5. Oproronasnbubie MaTpunbl. [lyctb Gasuchl e U € = eS
oproHopmupoBanubie. Torna B dopmyse (8) IV =T = E, u dop-
MyJia IPUHUMAET BH,

STS = E. (12)

Hao6opor, ecau BeimosnHeHo ycgoBue (12), u ucxomHbli 6asuc
OPTOHOPMHPOBAHHBIH, TO MBI nodyuaem IV = E, u HOBBIH Gasuc
TaKkKe OPTOHOPMHPOBAHHbIM.

Onpenenenne. Marpuua, yIoBJAeTBOPSIOLIAS YCJIOBHIO
(12), HasbBaeTCs OpMOEOHAALHOL MaTPULEH.

Kak Mbl Buzesnn, opToroHajbHble MaTpUlbl U TOJbKO OHU MO-
TyT CJAYyKHUTb MaTpUllaMH Nepexofa OT OLHOr0 OPTOHOPMHPOBAH-
Horo Gasuca K apyromy. PaBeHcTBo (12) paBHOCHJIBHO PaBEHCTBY

ST =871, (13)
W3 cBoiicTB 00paTHOH MaTPHUIBI TeNepb CAEAYET, UTO
SST = F. (14)

DT0 03HaYaeT, UTO MaTpPHIlA ST rakske siBJsieTCs OpPTOTOHAJIBHOH.
O603HaYMB 3/1€MEHTbl MAaTPULEL S Uepe3 ¢, Mbl MOXKeM Halu-
caTb paBeHCTBa, paBHOCHJbHbIE (12) u (14):
E:o_{co_k: 0, 175,77 E:o_io_j: 0, 175,77 (15)
v 1, 1=3" k% k 1, i=j.
k=1 k=1
Brpouewm, nepBoe U3 paBeHCTB CJIeAyeT HemocpencTseHHo U3 (9),
TaK KaK CTOJOLBl MAaTPUIbI Mepexofa — KOOPAHHATHBIE CTOJOIbI
HOBBIX 0A3HMCHBIX BEKTOPOB B CTapoM OasHce.
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[TpousBenenne SU nByX opTOroHasbHbBIX Matpuu S u U —
oproronanbHas matpuua. Heicteuteanno, (SU)T = UTST =
= U187t =(SU) L.

Bbluncnsis npetrepMHHaHT ofeux uacTed paBeHcTBa (12), MbI
nonyunm (det S)? = 1. 3HauuT, N8 OPTOrOHANBHOEH MATPHILbI
det S =1 uan —1.

PexomeHnnyem unTtaTesio MPOBEPUTH, UTO J0Oass OPTOrOHAJNb-
Hasl MaTpula Mopsiaka 2 UMeeT OfMH U3 JIByX BHUIOB

6. OproroHajbHOe JONOJHEHHe MOANpocTpaHcTBa. [lycThb
& — k-MepHOe MOANPOCTPAHCTBO B 71-MEPHOM €BKJHAOBOM MpO-
cTpaHcTBe £.

Onpenenenue. OpmocoHanrvroim OONOAHEHUEM TIOLNPO-
cTpaHcTBa &' HasblBaeTCsi MHOXKECTBO BCeX BEKTOPOB, OPTOTrO-
HaJIbHBIX KaxXA0My BeKTOpy u3 &’. DTO MHOXKECTBO 0003HAYAETCS
et

[Ipennoxenue 4. Opmoconaroroe donoanenue k-meprozo
nooOnpoCmpaHcmea 8 n-mepHom npocmpancmee ecmo (n — k)-
MepHoe noonpocmparcmeo.

JokaszateanbcTBo. [lycth ai,...,ar — 6asuc B £'. Bek-
TOp = NeXHUT B £ Torma M TOJLKO TOTAA, KOraa

cosa  sina
sinae  —cosa

cosa —sina
sina  cosa

‘ . (16)

’ WA ’

(x,a1)=0, ... ,(z, ax) =0. (17)

JleficTBUTeNbHO, ecad € £+, To pasenctBa (17), pasymeercs,
BbINoJIHeHbl. O6GpPaTHO, MPU BBIMOJHEHUM 3THX PAaBEHCTB T OPTO-
roHaJjieH Jo6oMy a 13 £, MOCKOIbKY

k k
(z, a) = | z, Z)\iai = Z)\i(:r, a;) =0.
i=1 i=1

Bribepem B £ opToHOPMHpPOBaHHBIH 6a3uc U 0003HAYMM uepes
al,...,a? kommnoHeHTh BekTopa a; (i = 1,...,k) B 3TOM Oa-
suce, a yepes £L, ..., " — KOMIOHEHTH BekTopa x. Ycaosus (17)
3aMUIIyTCsl TOTJA B BUIE OJNHOPOIOHOH CHUCTEMBI M3 k JIMHEHHBIX
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ypaBHEHI/Iﬁ C N HEU3BECTHbIMHU!

apg +--+afg" = 0,

oz,ifl +o+apg™ = 0.
PaHr matpuLpbl cucTeMbl paBeH k, MOCKOJNBKY €e CTPOKH — CTpO-
KW U3 KOMIOHEHT BEKTOPOB Gj,...,dr — JHHEHHO HE3aBUCHMBI.
Takum 06pasom, MHOKecTBO &'F ompesensieTcsi OJHOPONHON CH-
CTeMOH JIHHEHHBIX YpaBHEHHUH paHra k U noTomy siBasieTcs: (n—k)-
MepPHBIM MOANPOCTPAaHCTBOM. [Ipe/ioKeHHe 10KA3aHO.

Paccmotpum (£/1)1 — oproronasibHoe monosHeHHe OpTOro-
HaJIbHOrO JOMOJIHEHHs moanpocTpaHeTBa €. Kaxabiii BekTop 13
&' oproronasen kaxaomy Bektopy u3 £+, Tlostomy & C (£/4)+.
Ho dim(&'*t)t =n — (n — k) = k. Urak, (&)t =¢".

OueBunHo, uto & u 'L He UMel0T 06IIKX HEeHYJIeBBIX BEKTO-
pOB, a CyMMa HUX pasMepHocTell paBHa n. OTciona caenyet

[Ipennoxenue 5. EBKAu0080 npocmpancmeo — npamas
cymma 1106020 c80e2o NOONPOCMPAHCMBA U e20 OPMOSOHAALHO-
20 OONOAHEeHUA.

IlBa moxmpoctpaHcTBa £ u £ HA3BIBAIOTCS OPMOZOHALbHbL-
mu, ecmu " C ' Torna u £ C "+, 1ak kak (z, y) = 0, ecau
zef nyel.

7. OproroHanbHble NpoekuMu. Tak kak & = &' 'L, kax-
Ibli BeKTOp = € £ OfHO3HAUHO PACKJA[blBAETCS B CYMMY BEKTO-
poB 11 € &' M a9 € £'". BeKTop 1 HAa3bIBAETCS 0PMOCOHAALHOLL
npoexkuueti x Ha &'. Jlerko BHIETb, UTO Ty — OPTOrOHAJbHAS
npoekuus x Ha E'*.

Haiinem opToroHasbHyo mnpoekuuio x Ha £ B MpeAnosoxe-
HHH, uTo B £’ 3aaH HEKOTOPBIA OPTOrOHaMbHBIH 6asuc hy, ..., hy.
JlonosHKUM 3TOT 6a3UC 10 OPTOrOHAIBLHOrO 6a3nca B MPOCTPAHCTBE
£, TPUCOEIVHHUB K HEMYy MPOU3BOJILHBIA OPTOrOHAJbHBEIE 0asuc
Riit,- -, h, us %, Tak kaxk cymma € u ' npsimas, uckomoe
pas/oXxeHHe BEKTOpA & €IMHCTBEHHO, W Mbl, TPYNIUpYs Cjarae-
Mble B opmyie (10), nomydaem

k

= il
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Eciu k = 1, npoekuuss umeet Bua 1 = ((x, h)/|h[*)h, u Mbl
BUIMM, 4TO TpaBas dacTb ¢opmyasl (18) — cymma mpoekuuni
Ha OpPTOrOHAaJIbHble OJHOMEpHbIe IOANPOCTPAHCTBA, HATAHYTblEe Ha
hi,...,hi. Tak xe wucrosxosbiBaercss popmyna (10), a 3Haywr,
paBerctBo [lapceBans (11) siBasietcss o6o6iienneM TeopeMsl [1u-
tharopa.

JliHa opTOroHasbHOH MpOEKUUH BeKTopa = He OoJiblle ero
nnunbl. JlefictButensro, us (x1,x2) = 0 ciaemyer

|2? = o+ a2 [P = |1 P+ |22 P > |2 2

Jlnuna | 2| opToromanbHoii mpoekuuu x Ha £’ obaanaer
CJIeyIOIMM CBOMCTBOM MHHHMaJbHOCTH, 0000MIAIOIIUM TEOPEMY
0 IJIMHe TIepreHIUKYAsIpa U HAKJIOHHOH U3 3JIeMeHTapHOlH reomer-
pHH.

[Ipennoxenune 6. [lycmo x1 — opmocoHarbHas npoeKyus
x Ha &', Toeda das aoboeo sexmopa y € E', omauurozo om x,
BLLILOAHECHO

lz2| =]z —a| <[z -yl
JokaszatenbcTBo. OG03HauUM x; — y uepe3 z (puc 55).

Torna

|z —y[> =21+ 22 —y|* =

=|z+aP=(2+x2, 2+ 22) =

= |22+ 2(x2, 2) + |22 |
Ho (z, z2) = 0, 1aKk KaK 2z € &', u caenoBarenbho |z — y|> =
= |22 ]? + |z |?. OTclona HEMOCPENCTBEHHO BHITEKAET 10KA3bIBaE-
MO€ yTBEpXKIeHHE.
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8. Meron oproronaamsauumn. DPopmyna (18) cayxurt oc-
HOBOH METO/a, MO3BOJISIONIEr0 MPOU3BOJIBHBIN 0a3uc eBKJHA0BA
MpOCTpPaHCTBA MPeo6pa3oBaTh B OPTOTOHAJNBHEBIH, @ 3aTEM B OpTO-
HOPMHPOBAHHBIH. DTOT METOZ Ha3bIBAETCS Memodom OPmocoHa-
ausayuu Fpama—IlImuoma.

[Tyctb B € 3anaH HeKoTOpBIH 6a3uc f1,. .., f,. [lonoxum hy =
= f1. 3aTem U3 BeKTOpa fo BBIUTEM €r0 OPTOTOHAJIBHYIO MPOEK-
U0 Ha JIHHEHHYIO 060J09KY hq U MOJOXKHUM ho PaBHBEIM MOJYyYeH-
HOH PasHOCTH:

(f2, )
ho = fo — =~""—=h .
2 = fo D 1
Otmernm, uto ho packnagbiBaercss 1Mo fi = hy u fo, mpHUeM

ha # o0, TaK KaK B MPOTHUBHOM caydae f; U fo Obliu 6l mpornop-
[[MOHAJIbHBI.

Bynem nponosikate TakuM ke obpazoMm. [lomycTum, 4To mO-
CTPOEHBI NIONAPHO OPTOrOHAJ/bHbIE HEHYJIEBBIE BEKTOPHI A1, . . . , Ak,
npuyeM anas gawoboro ¢ < k BeKTOp h; packJaiblBaeTcs IO
fi,-- ., fi. Tonoxum

k
(fr+1, i)
hiet1 = fre1 — E — i - (19)
; | hi |
i=1
Bexrop hpy1 — npoekuusi fi41 Ha OPTOTOHAJ/IbHOE JONOJHEHHe
JUHEeHHOU 060/04KU hy,...,h; U MOTOMY OpPTOrOHaJieH BceM h;
npu ¢ < k + 1. Takum o6pazom, BEKTOpPHl hi,...,h,41 MONApHO
OpTOTOHAJIBHBI.

Kpome Toro, hyy1 packaanbiBaercs mo fi,..., frki1, TaK Kak
st qodoro ¢ < k BekTop h; packaameiBaetcss mo fi,..., fi.
Otciona caenyer, uto hjyg 0, TIOCKOJIbKY HHauye BEKTOpbI

+
fi,--+, fre+1 OKazanuce Obl TMHEHHO 3aBUCHMBL.

[Tocsie Toro, kak 6yzmeT mpeo6pa3oBaH MOCJENHUH BEKTOD fi,
MBI TIOJTYYHM OPTOTOHAJNBHYIO CHCTEMY H3 7 HEHYJIEBBIX BEKTOPOB.

Hrak, Hamm mnoctpoeH oproroHaspHbH 6asuc h. Ot Hero
MOXKHO MepelTH K OPTOHOPMHPOBAHHOMY 6a3HCy € M3 BEeKTOpOB
e; = hi/|hi], (i =1,...,n). 10 Ha3bIBaETCS HOPMUPOBKOL Oa-
suca h.

[TocmoTpum Ha marpuuy nepexona S ot 6asuca h k 6asucy f.
M3 paBenctsa fi = h; u Gopmyisl (19) BunHo, 4to f; npu m06oM
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J packJ/azneiBaeTcs no hi,...,hj, mpuyeM ero KoopiuHaTa 1o h;
paBHa 1. [To3TOMY 3/1€eMeHTBI MaTpHUIbI Nepexoaa a; PaBHBI HYJIIO,
€CJIM OHM HU2KEe TJIaBHOU JuaroHasnu (npu ¢ > j), U eIUHHULE TPH
i = j. Takum o6pa3oM, 3Ta MaTpHlla — BEepPXHfAs TPeyroJbHas
(m. 3§ 1 r1. V) ¢ exMHHIIAMHU Ha TJIaBHOH IHaroHalu.

[Iyctb 6a3uc e mosnydyeH HopMuUpoBKOH 6asuca h. Torma h =
= eD, rne D — nuaroHasjbHas MaTpulla C MOJOXKHTEJNbHbIMH
sneMmeHTaMy Ha auaroHand. Ecau f = hS, 1o f = eD.S, npuuewm,
KaK JIerko BUAeTb, MaTpuua R = DS — tpeyrosnbHas, Kak U S,
U ee JIHarOHaJIbHbIE 3JIEMEHTHI MOJIOKUTEbHBI, XOTS BO3MOXKHO H
He paBHbI enuHule. Tenepb Mbl MOxeM c(hOpMYIHPOBAThH

[Ipennoxenune 7. Ecau opmoeonarvroeiii 6asuc h nosyuen
opmoconaiusayuetl 6asuca £, mo mampuua nepexoda S om h
k f — sepxmsan mpeyeoavnasn ¢ edunuyamu na duazonaiu. Ecau
6asuc e noayuen Hopmuposkoil 6aszuca h, mo mampuya nepe-
xo0a R om e k f — sepxuas mpeyzoroHas ¢ nNOAOHUMENbHOIMU
JuQeoHasbHbIMU INEMEHMAMU.

3ameuanue. [lo cyuecTBy MeTon OpTOroHasU3alUu — Me-
TON TIPUBENEHHS TMOJOXKHUTENbHO OINpefe/eHHOH KBaaipaTHYHOM
dopmbl K auaroHasbHoMy BHAy. MeTon, NMpUMeHeHHbIH MpH 10-
KasaresbcTBe TeopeMbl 1 § 6 ri. VI, B ciyyae mosoxuresbHO
onpesiesleHHON (POPMBI OTIHYAETCH TOJBKO MOPSIAKOM BbITOJIHEHUS
3JIEMEHTAPHBIX ONepaLyi.

9. QR-pa3noxenue. Tak HasdbiBaeTcs Cjelylollee pasJioxe-
HHMe MaTpHUIbl HA MHOXHTEJH, 4aCcTO HCIOJb3yeMOe B MPUJIOKe-
HUSX.

[Ipennoxenune 8. Ecau mampuua A Hesviposdena, mo
oHa MoOxcem Ovimb npedcmasiena 8 8ude npoussedequs A =
= QR, ede () — opmoeconarvrasn, a R — 8epxuas mpeysoroHas
mampuya, npuuem OuacoHAAbHble dremermol R nosoxcumens-
HobL.

HokazateabctBo. Cronbupl A — KOOpAUHATHBIE CTOJO-
Ubl BEKTOPOB a1, .. ., Gy, APUPMETHUECKOTO MPOCTPAHCTBA B CTaH-
IapTHOM 6asuce €. DTH BEKTOPbI COCTABJAIT 6a3UC &, IIOCKONBKY
A HeBBIpOXKIEHAa. A — MaTpulla Nepexofa OT € K a, TO eCTb
a=eA.

Ecnn g — 6asuc, mosydeHHBIH M3 a OpPTOTOHa/NW3alMed H
HOPMHpPOBaHHEM, TO a = gR, rie R, KaK Mbl BHAEJM BbIIE, —
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BEpXHssl TPeyToJibHAs MaTpPUIA C TOJOXUTEJNbHBIMU JIHaroHa/b-
HBIMH 3JIeMEHTaMHU.

Marpuna nepexona () OT CTaHAAPTHOTO 0a3uca € K OPpTOHOP-
MHUPOBaHHOMY 0asucy g — opToroHaspHas: g = e(Q). Iloatomy
a = eQR. Ho, ¢ npyroit cropons, a = eA. Orciona A = @R,
KaK 3TO U TpeboBasoCh.

10. O6bem mnapannenenunena. PaccMoTpuMm k JIMHEHHO
HEe3aBUCHUMBIX BEKTOPOB fi,..., fi B n-MEPHOM €BKJIHUIOBOM IIpO-
crpanctBe. [lon k-meprown napaarerenunedom { f1,..., fi}, no-
CTPOEHHBIM Ha HHX, MBI OyIeM MOHHUMAaTb MHOXKECTBO BCEX HX
JIUHEHHBIX KOMOMHAUMH ¢ Koa(pduuueHtamu «;, 0 < a; < 1,
(i =1,...,k). Bekropsl f1,..., fi Ha30BeM pebpamu napasnene-
nunena. Ecau pebpa ynopsiioueHsl, napaJJesenune]] Ha3biBaeTcs
OPUEHMUPOBAHHBLM.

[Mapannenenunen {fi,..., fx—1} €CTECTBEHHO Ha3BaTb OCHO-
sanuem napasnenenunena { fi,..., fr}, a 6bLcomoti, COOTBETCTBY-
IOIEd 3TOMY OCHOBAaHHIO, Ha30BeM MJHHY |hy| OpTOroHasbHOH
NpoekUuu hj BeKTOpa fi Ha OPTOTOHAJbHOE AOMOJHEHUEe JTUHEH-
HOU 000JIOYUKH f1,..., fr_1.

O6beM onHOMEpPHOro mNapajJesenurnena {f} Mbl ompenesnm
Kak [JHHYy ero enuHcTBeHHoro pebpa: V{f} = |f|, a obovem
k-meprozo napasnesenuneda V{fi,...,fr} onpemesumMm no uH-
IYKIHMH Kak Tpou3BelieHHe oObeMa OCHOBaHMs Ha BeicoTy. [lpu
TAaKOM ONpelesleHHH 00beM MapaJsijiesienuneia MOXKeT OKa3aTbCs
3aBHUCSILMM OT TOPsiIKa, B KOTOPOM 3amnucaHbl pebpa, HO U3 TO-
Jy4eHHOH H¥ke dopmynsl (21) ans o6bemMa Mbl YBHAHM, YTO B
JIeHCTBUTEbHOCTH TaKOH 3aBHUCUMOCTH HeT.

Ecnn pebpo fi, oproroHasbHO ocTaibHbIM pedpaMm, To hy = fi

VA i fed = VAL =1 el (20)

Orcrona serko 3aMeTHThb, 4TO 00bEM MPSMOYTOJNBHOIO TapaJie-
Jenunena (y KoToporo pe6pa MONapHO OPTOrOHAJbHBI) PaBHSETCS
NPOU3BEJIEHHIO IJIUH pebep.

Paccmotpum n-mepHbiil napagnenenunen {fi,..., fn}. Ipu-
MeHsis K f1,. .., [, Tpollecc opToroHanusauuu (6e3 HOPMUPOBKH),
MBI 3aMeHsieM OdepenHOH BEKTOp ero MpOoeKIHeHd Ha OpPTOrOHa/b-
HOe JIOTOJTHEHUEe JIMHEHHOH 060/I0UKH MPeIbIAYILIHX BEKTOPOB U B
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pesysbTaTe CTPOMM n-MEPHBIH MPSMOYTOJNBHBIN NapaJsJesenunes

{h1,...,hy}, HMeEIOIWHH TOT 3Ke 0OBEM.

Marpuna I'pama I'j, cucreMsl BeKTOpoB Ay, ..., h, — Auaro-
Ha/sbHas ¢ snementamu |hi|?, ... |h,|? Ha nuaronanu. [Tostomy
V{fi,.. o, fo =V{hi,...,hn} = |h1] ... |hn| = Vdet Ty.
[lycte S — marpuua nepexona ot hi,...,h, K f1,..., fn. Cornac-

Ho mpeagiokeruio 7, det S = 1, u motomy det I'y = det(STT,,S) =
= detI';,. HUrak,

V{fi,..., fa} = \/detT;. 1)

[TepecraBus BekTOphbl Gasuca f, Mbl moayuyum Gasuc f' = fP,
rae P — martpuua, nosydeHHas U3 eIMHUYHOH MPU MOMOLLH Tepe-
CTaHOBKHM cT0J16110B. det P = +1, 1 u3 popmyssl (8) ciexyer, 4To
detI'yr = detI'y. D10 mOKasbiBaeT, uTo o6beM NapaJJesendnesa
He 3aBHCHT OT MOpPsJKa, B KOTOPOM 3allHCaHbl pedpa.

[Iyctb € — mnpousBosbHBIE 6asuc, a F — MaTpulla U3 KO-
OpIMHATHBIX CTOJOLOB BeKTOPOB f1,..., f, B 3TOM Oasuce. IdTa
MaTpula — Matpuua nepexoza ot e k f. [Tostomy 'y = FIT F.
Ortciona B cuay (21)

V{fi,..., fn} =|det F|\/detT, = |det F| V{e1,...,en}.

B YaCTHOCTH, AJisd OPTOHOPMHPOBAHHOI'O 0asuca e
V{fi,. s fa} = | det . (22)

3HaMeHHTOe HepaBeHCTBO Anamapa

(det A)? H Zazk

k=1 1i=1

BbIpaxkaeT TOT (hakT, 4To oObeM mapasiesenunena {ai,...,a,}
He TIpeBbIlIaeT 0ObeMa NPSIMOYTOJNBHOrO NapaJienennnena, peépa
KOTOPOTO 110 JJIHHe PaBHBI ero pedpam.

Ecsi eBKIMIOBO TIPOCTPAHCTBO OpHeHTHpoBaHo (m. 6 § 1
ri1. VI), MBIl onpenesuM 06%em n-mepHO20 OPUEHMUPOBAHHOZO
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napaaresenuneda Kak ero o6beM CO 3HAKOM ILIIOC, €CJH €ro
pe6pa COCTABJISIIOT MOJOXKHUTEJBHO OPHEHTHPOBAHHBIH Gasuc, U CO
3HAKOM MHHYC B MPOTHBHOM caydae. Torma st MOJIOXKHTEJb-
HO OPHEHTHPOBAHHOIO OPTOHOPMHUPOBAHHOrO (GasMca Mbl HMeeM
Vi{fi,..., fn} =det F, a B obuieM ciayuae

Vi{fi,....fn} =det FVi{e1,...,en}. (23)

Dopmysbl 3TOr0 MyHKTa OBLIYM MOJYYeHbl HAMU A n = 2,38 § 5
ra. 1.

YIIPA2KHEHHNSA

1. IIpoBepbTe, UTO B NMPOCTPAHCTBE MHOTOYJIEHOB CTENeHH < 2 CKa-
JISIPHOE TPOM3BE/IeHHe MOXKHO ONpelesuTb (hopMysoi

1

(P, q) = / p(t)q(t)dt .

—1

a) CocraBbTe MaTpuiy I'pama Gasuca 1, t, t2. 6) C MOMOIIBIO MaTPHIIBI
nepexofa Haliaute Matpuily I'pama 6asuca 1, (t—1), (t—1)%. B) Hafinxute
Yros Mex1y MHOrouJeHamu t2 4+ 1 u ¢ + 1.

2. [lonnpocTpaHCTBO €BKJMA0BA NPOCTPAHCTBA 3a[JaHO B OPTOHOPMH-
poBaHHOM Gasuce ypaBHeHHeM &' + €2 4¢3 + ¢* = 0. Hailnure opToHOp-
MHPOBAHHBI 6a3UC B 3TOM MOANPOCTPAHCTBE.

3. Myctb dim€ = 4 u £ C £ 3anaHo B OPTOHOPMUPOBAHHOM Gasuce
cucTeMoi

§&1+&+8=0, §2+&+&=0.
Haiiute: a) Gasuc B £'%, 6) oproroHabHyio npoekuuio Ha £ BeKkTOpa
11, 2, 3, 4.

4. JlomyCTHM, 4TO BCE 3JIEMEHTbl OPTOTrOHA/JIbHOH MAaTPHULBl MOpsiaKa
n paBHbI MexK1y COOOH Mo abcoJOTHON BesinunHe. a) Uemy paBHa abco-
JIIOTHAsl BeJMYMHA 3/eMeHTa Takod MaTpuubl? 6) Jlokaxute, 4To TakHe
MaTpULEl CYIIECTBYIOT, ecn n = 27, rie k — HaTypasbHOe UHCIIO.

5. Haiinure QQ R-pasiiokeHre MaTpHIbl

11
P

6. Moxaxwure, 4To ) R-pasiiokeHHe MaTPHULbl €1HHCTBEHHO.

13 1
., 06) || 2 4 -3
11 -1
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7. B d4eTbipeXMepHOM €BKJMAOBOM MPOCTPAHCTBE TPEXMEPHBIH mMa-
paJiiesienunes MOCTPOEH Ha BEKTOPax, MMEIMIHX B OPTOHOPMHPOBAH-
HOM Oasuce KoopauHaTHble cTOJIOUb |1, 1, —1, 0||T, 1, 1, 1, —1||T
u |1, 1, 1, 1||”. Haiiaure o6bem napasienenumesa.

§ 2. NIMHEUHBIE MPEOBPA3OBAHMS
EBKJIMAOBbLIX MPOCTPAHCTB

1. IIpeoGpa3oBanue, conpsizKeHHOe faHHOMY. Bce, ckasaH-
HOe B Mpenblayllel IJ1aBe O JUHEHHBIX Peo0pa3oBaHUAX JHUHEH-
HBIX NPOCTPAHCTB, OCTAETCS, KOHEUHO, B CHJe U [JIS1 €BKJIUAOBBIX
npoctpancTB. C BBeleHHEM CKaJIIPHOTO TPOHM3BEleHHUs Mpeodpa-
30BaHHs MPUOOPETAIOT HOBHIE CBOMCTBA, MOJOOHO TOMY, KaK BeK-
TOpPBl IPUOOPETAIOT AJUHY.

Onpenenenune. JluneitHoe npeo6pazoBanre A* eBKJIHUIO-
Ba NIPOCTPAHCTBA HA3BIBAETCS CONPANEHHbLM IPEOOPa30BaHUIO A,
ecsId [J151 JII0ObIX BEKTOPOB & U Y UMEET MeCTO PaBEHCTBO

(Alz), y) = (z, A"(y))- (1)

JonycTuMm, uTo NaHHOe Mpeodpa3oBaHHe A HMEET CONpsKeH-
Hoe A*. BriicHMM, Kak CBsiI3aHbl MaTpPULbl Npeobpa3oBaHuit A u
A* B HekoTopoM Oasuce e. O603HAUUM 3TH MaTpHllbl depe3 A
n A*, a KOOpAHHATHBEIE CTOJOIBI BEKTOPOB = H Y Yepe3 X U Y.
Torna paBeHcTBO (1) MOXKHO mepenucaTb B KOOPAHHATHOH (popme
(Ax)TTy = xTT' A*y, rne I' — marpuna ['pama 6asuca e. Brinos-
HHUB TPaHCIIOHUPOBaHUeE, MOJydyaeM

xTATTy =xTT A*y. (2)

JleBasi u nmpaBasi yacTb (1) sABASIOTCS OUAUHEHHBIMH (DYHKIH-
amu, a ATT u TA* — matpuusl 3Tux QyHKuMid B 6asuce e. Eciu
3HaueHUsi PYHKUHE paBHBI IpH JIOOBIX & H Y, TO MaTPHULBl 3THX
¢yHKUUE paBHBL [loaTOMy

ATD =T A*. (3)

Hrak, matpuubl npeo6pasosanuit A u A* cBfi3aHbl COOTHOLIEHHEM
(3). B gactHoCTH, ecan 6a3uc OPTOHOPMHPOBAHHBIH,

Ar = AT (4)
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[Ipennoxenune 1. Kaxndoe aunetinoe npeobpasosanie es-
KAUO008a NPOCMPAHCMBA umeem eOUHCMBEHHOE CONPAHCEHHOE
npeobpasosarue.

Jlst nokasaTesbCcTBA BeIGEpEM OPTOHOPMHPOBAHHEIE 6asuc e
U pacCMOTPUM JIMHelHHOe Tpeobpa3oBaHue B, marpuua koToporo
B Gasuce e pasHa A”. Ilogcrasum B BMecTo A* B ompenese-
e (1). DTo mpuBeeT K OYEBHIHOMY PaBEHCTBY JJs MaTPHIL
(Ax)Ty = xT(ATy). Takum o6pasom, B siBisieTCs CONPSKEHHBIM
s A. Ecau 6bl MMeJsioch J1Ba Npeo0pPa30BaHHUS, CONPSI?KEHHBIX
OfHOMY U TOMY ke A, TO B cuay (4) UX MaTpPULbI COBNAAAIN Obl.
[pensoxkenue noxasaHo.

[ockonbky (AT)T = A, us Gopmyasl (4) BeITeKaet, 4To

(A)" = A. (5)

Jlnsi mo6bix 1ByX mpeoGpasoanuit A u B us (AB)T = BT AT
noJiyyaem
(AB)* = B* A", 6)

M3 toit xe opmysbl (4) clenyer, UTO XapaKTepUCTHUECKHE
MHorouJieHsl A u A* coBrnagaot. CyeoBaTesbHO, XapaKTepPUCTH-
YyecKHe 4yucsa npeobpa3oBaHUil U UX KPAaTHOCTH OJUHAKOBHI.

CoOcTBeHHbIe MOATPOCTPAHCTBA, OJHAKO, CYLIECTBEHHO OTJIH-
yatorest. meeTr mecto

[Ipennoxenue 2. Cobcmeennoe noonpocmpancmso npe-
obpasosarnus A, npunadirexcauiee cOGCMBEHHOMY 3HAUEHUIO A,
u cobcmeennoe noonpocmparcmeo A*, npurnadisexcauiee cob-
CMBEHHOMY 3HAUEHUIO |1, NPU N 7 [L OPMOCOHAAbHDL.

D10 npelsioKeHHe PABHOCHJIbHO CJENYIOLIEMY YTBEPKIEHHUIO:
ecau cobcmeennbie sekmopol npeobpasosanuii A u A* npunad-
aexcam pazAutHolm cO6CMBEHHbIM 3HAUEHUAM, MO OHLU OPMO20-
HQNbHbL.

JTlokaxkem ero. Ilyers A(z) = Az u A*(y) = py, npudem A #
# . Torna

(A(x), y) = Az, y).

Ho nnHaue mMoxHO MOJIY4YHUTb

(A(@), y) = (z, A%(y)) = pl(z; y).
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W3 stux mByx paBeHcTB caenyeT (A — u)(x, y) = 0, oTKyna
(x, y) = 0, KaK 1 TpeGoBasOCh.

[penanoxenue 3. Ecau nodnpocmparcmeo &' unsapu-
QHMHO OMHOCUMENbHO npeodpasdosanus A, mo eco opmoeoHaLe-
Hoe donoinenue E' UHBAPUAHMHO OMHOCUMENbHO CONPSKHCEH-
Hoeo npeobpasosarus A*.

JNokasartenbcTBo. Ham mano, uro mgst kaxmoro x us &’
o6pas A(x) rtakxke gexur B £'. [Toaromy (A(x), y) = 0 ans awo-
6oro y € &'+, Ho 310 pasHocuibHO (z, A*(y)) = 0, U caenosa-
tesbHo A(y) € £'%, KaK U TPe6oBaIoCh.

B xayecTBe mpusoKeHHUs TOHSATUS COMPS2KEHHOro mpeobpaso-
BaHHUs IalUM eOMeTpPHUUeCcKOoe HCTOIKOBaHHe TeopeMbl Ppearosp-
Ma 1Js cucteMbl Ax = b M3 n ypaBHEHWH C n HEU3BECTHBIMH.
JInist 3TOro pacCMOTPUM M-MePHOE eBKJHIOBO MPOCTPAHCTBO U Op-
TOHOPMHPOBaHHBIH 6a3uc B HeM. Kaxnbi# cTos16en 6yneT Koopau-
HaTHBIM CTOJIOLIOM HEKOTOPOro BeKTOpa, a Marpuua A — maTpu-
uell nrHelHOrO NpeobpasoBaHus A.

CucreMa COBMECTHa, €CJIM CYLIECTBYeT TaKOH BEKTOP &, UTO
A(x) = b, To ecTb b MPUHANMEKUT MHOXKECTBY 3HaueHHH Im A
npeoGpasoBanust A. C Ipyrodl CTOPOHBI, COTpPsiKEHHAsi OIHOPOM-
nas cucrema A’y = o paBHocuabHa ycaosuio A*(y) = o, To
ecTb siBJsieTcs cucTeMoi ypaBHeHUH s Ker A*. Takum o6pasowm,
TeopeMa PpearosbMa SKBUBaNEHTHA CEIYIOLIEMY YTBEPKIEHHIO:
b € Im A Torma u tosbko Torna, Korna (b,y) = 0 mnas m06oro y €
€ Ker A*. MBI npuxoauM K Tako# ee (pOpMY/IHPOBKE:

[Ipennoxenune 4. Muoxecmso 3Hauenuil npeobpasosa-
Hus A cosnadaem ¢ opmozoHanrbHbLM OONOAHEHUeM A0pa eco
CONPANEHHO20 NPeobpa308arUL:

ImA = (Ker A*)*L.

B ran. V mbl nokasanu teopemy Ppenronbma (ass 6osee 06-
ero cjyvasi), Ho ¥ 3Ta ee (hOPMYJHPOBKA JIETKO MPOBEPSIETCS.
IeiicteutenbHo, yeaosue y € (ImA)L no onpenenenuto o3Haua-
et, uto (A(z), y) = 0 aasa Joboro x. ITO TO XKe camoe, UTO H
(x, A*(y)) = 0, 1 BblNOJIHSAETCS 1JIsT BCEX & TOTJA M TOJBKO TO-
rna, korna A*(y) = o. Takum o6pasom, y € (Im A)L paBHOCH/IBHO
y € Ker A*.
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2. CamoconpsikeHHbIe IIpeobGpa3oBaHud. JlnHeliHoe npeos-
pasoBaHHe A eBKJHIOBA NMPOCTPAHCTBA HAa3bIBAETCS CAMOCONDA-
acenmoin, ecan A = A*. 1o paBHOCHIBHO ToMy, uTo (A(z), y) =
= (z, A(y)) mas nw06bix = U y. U3 dpopmyasl (4) caenyer

[Ipennoxenue 5. Ecau 6a3uc opmoHopmMuposanHolLii, npe-
06pasosarnue A8AEMC CAMOCONPANEHHbIM MO20a U MOAbKO
moeda, Koeda eeo mampuua CUMMEmMpPUUHQ.

CoOCTBeHHblE 3HAYeHHsT W COOCTBEHHBbIE TMOANPOCTPAHCTBA
CaMOCOMNPSI)KEHHBIX TIpeoOpa3oBaHUi 00/1aJaI0T PSAOM BaXKHBIX
CBOMCTB, K HM3y4YeHHI0 KOTOPBIX MbI MepexoinM. Huxxe Ham nBa-
Kbl TIPUIETCS] BOCIOJb30BAThCS CJAEAYIOIMMH 3aMedYaHHUsIMU:
orpannueHre A’ caMoCOMpsiKEHHOro mpeoGpaszoBaHust A Ha Jiio-
6OM HHBapHaHTHOM MOJMPOCTPAHCTBE SIBJSETCS CaAMOCOMpPSIXKEH-
HpiM. CoOCTBEHHBIF BEKTOP OrpaHHYeHHsi siBJseTCs COOCTBEH-
HBIM W A/ npeoOpasoBanusi. O6a yTBep:kaeHHs1 oueBUaHbL. OHH
cpasy CJeIyloT M3 COOTBETCTBYIOILIMX OMpeleseHUd W TOro, 4to
A’(z) = A(z) pJast TeX BEKTOPOB, AJIsl KOTOPHIX ompepeseHo A’

Teopewma 1. Bece kopru xapakmepucmuueckoeo MHo204Ae-
HQ CaMOCONPANEHHO20 NPeobpa308aArUL BEUECMBEHHbL.

HokasarenbctBo. JlonycTum, 4TO CaMOCOMPSKEHHOE
npeoGpasoBaHHe A KMeeT He BelIECTBEHHBIH KOpeHb XapakTe-
pUCTHUEeCKOro MHorouseHa. Torna corsiacHo npensoxenuto 10 § 4
ri1. VI cyliecTByeT OByMepHOe WHBapHAHTHOE MOANPOCTPAHCTBO
&', He conepxaiiee co6CTBeHHbIX BeKTOpPoB A. OG03HauKM yepe3
A’ orpannuenue A na &’. Tlockoabky A’ — camocompsikeHHOe
npeoGpa3oBaHHe, B OPTOHOPMHUPOBAHHOM 0asKce OHO OyaeT HMETh
CUMMETPUYHYIO MaTpPHLL

3
Bl

XapakTepucTHUeCKHH MHOTOYJIEH 9TOH MaTpuibl ecTb A2 — (o +
+Y)A+ (ay — B?), a ero nuckpumuHant paseH (o +v)% —4(ay —
— B?). Tlocennee nerko npeoGpasyercsa B (o — )% + 432, Caeno-
BaTesJbHO, NHCKPHMHHAHT HEOTPHLATEJEH, XapaKTepUCTHUECKHH
MHOTOUJIEH HMeeT BelleCTBEHHbI KOpeHb, a MpeoOpa3oBaHKe
A’ — CcOGCTBEHHBIH BEKTOp, YTO MPOTHBOPEUYUT BBIOOPY MOAMPO-
crpadctBa £'. Teopema nokasaHa.
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JlokazaHHOe yTBepKAeHHE NOMYCKaeT MaTpPUUHYIO (OPMYJH-
POBKY:

[Ipennoxenue 6. Ecau A — sewjecmsennas cummempuy-
Has mampuya, mo ece KopHu ypaswenus det(A — \E) = 0 se-
ujecmeerol.

U3 npensoxkenus 2 HeMOCPeACTBEHHO BbITEKAeT

[Ipennoxenune 7. Cobcmsennvie nodnpocmpancmsea ca-
MOCONPANCEHHO20 NPeobpa308aHUsL NONAPHO OPMOSOHANbHDL.

TouHo Tak e U3 NpenJsoXKeHUs 3 caenyeT

[pennoxenue 8 Ecau nodnpocmparncmeo E' unsapu-
AHMHO OMHOCUMEAbHO CAMOCONPANCEHHO20 npeobpa3osanus
A, mo opmozonaisroe donosnenue E' amoeo nodnpocmpan-
cmea — Mmaxxe UHBAPUAHMHO OMHOCUmMeNbHo A.

Tenepb Mbl MOXKeM [10Ka3aTb OCHOBHYIO meopemy O Camoco-
npANceHHbLX Npeobpaso8anuax.

Teopema 2. [lycmov A — camoconpscenroe npeobpasosa-
Hue esxkaudosa npocmparcmsa E. Toeda 6 £ cyuwecmsyem op-
MOHOPMUPOBAHHBLL 6a3uc U3 cobcmeaerHoix 8eKmopos A.

JdokaszateabcTBo. Ob6o3Hauum uepe3 L cymMMy cOOCTBEH-
HBIX IIOANPOCTPAHCTB NpeoOpa3oBaHUs A M JOKaxeM, YTO OHA
coBmagaer ¢ £. CymMa co6CTBEHHBIX MOANPOCTPAHCTB — HHBAPHU-
aHTHOE MOANPOCTPaHCTBO. JleHcTBUTENBHO, eCc/M BEKTOp « pac-
KJIablBA€TCH B JIMHEHHYI0 KOMOHWHALMIO COOCTBEHHBIX BEKTOPOB
(mpuHameKaM KaKuM Obl TO HH OblJIO COGCTBEHHBIM 3HAUEHH-
sIM), TO €ro 00pa3 pacKJaiblBaeTCs MO HUM XKe.

W3 npensioxkeHusi 8 cyefyer, YTO OPTOrOHAJNbHOE IOMOJHEHHE
L Takxe WHBapUaHTHO. JlOMycTHM, YTO MOAMPOCTPAHCTBO L+ —
HeHyJIeBOe M pacCMOTpPUM orpaHuuenne A’ mpeoGpasoBaHust A Ha
L1, d10 camoconpsikeHHoe peodpaszoBaHue U MOTOMY OHO HMe-
€T BellleCTBEHHble XapaKTePUCTHYECKHEe YHCJIA U, CEeI0BATENbHO,
XOTb OJIMH COOCTBEHHbIH BEeKTOp. DTOT BEKTOP — COOCTBEHHbIH U
nas A u joskeH nexatb B L. Tak Kak oH HeHy/neBoH, B L oH
Jiexkatb He MoxeT. [loslydyeHHOe MPOTHBOpeUHe MOKa3biBaeT, YTO
Lt — HYJIeBO€ MOMAINPOCTPAHCTBO, U L coBnajaer ¢ £.

[TockoabKy cyMMa COOCTBEHHBIX MOANPOCTPAHCTB — MPs-
Masg cymMMma, TpeOyeMblil 6asuc B £ MOXHO BBIOpaTb Kak 00b-
eIMHeHHe OPTOHOPMHUPOBAHHBIX 0a3UCOB COOGCTBEHHBIX TMOATNPO-
cTpaHCTB. IToT 06asuc GymeT OpPTOHOPMHPOBAHHBIM, TaK Kak
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BEKTOPB! 0asuca, Jexallie B pa3HbIX COOCTBEHHBIX MOANPOCTPaH-
CTBaX, OPTOrOHAJ/bHBI 110 NPeIJI0KEHHUIO 7.

JlokasaHHas Teopema AOMYCKaeT MaTPUUHYIO (POPMYJIUPOBKY:

[Ipennoxenue 9. Ecau A — cummempuunas mampu-
ya, mo cyujecmsyem Opmo2OHAAbHAL MAmMPUYa S maxas, 4mo
S~YAS — duaeconanvras mampuya.

JleficTBUTENbHO, MaTpULAa A 3a1aeT caMOCOTIpsiKeHHOe MPeos-
pa3oBaHMe B OPTOHOPMHpPOBaHHOM 0asuce. B kadyectBe S MOXKHO
B3ATb MaTpULY Ilepexofa oT 3Toro 6asuca K 6asnucy, NoCTPOEHHO-
My B TeopeMe 2.

Jlost TeopeMBl 2 cripaBe[inBa 00paTHast TeopeMa:

[Ipennoxenune 10. Ecau cyujecmsayem opmoHOpMUPOBAH-
Holll 6a3uc us cobcmsaerHbLx 8eKMOPO8 AUHelH020 npeobpasosa-
Husa A eskaudosa npocmparcmea, mo A — camoconpsicerroe.

JeficTBuTeNbHO, B TakoM 0a3uce MaTpulla NpeoOpa3oBaHUs
IUaroHaspHasi, a MOTOMy CUMMeTpu4yHas. A = A* mo npensoxe-
HHUIO D.

[IpuBeneM reoMeTpUuecKylo XapaKTEPUCTHKY CaMOCONpSKEH-
Horo npeo6pasoBanus. B teopeme 1 § 3 roi. IV Mbl pacematpu-
Ba/M, B 4YacTHOCTH, a(puHHOe NpeoOpa3oBaHUe IJIOCKOCTH, CO-
CTosllllee B CXKATHH (PacTsKEHHH) 110 ABYM B3aWMHO IepIeH.IH-
KYJISIDHBIM HalpaBjeHUsM. B n-MepHOM eBKJMIOBOM NPOCTpPaH-
cTBe 0000llleHHeM Takoro npeodpaszoBaHusi OyleT cxKaThe MO n
TNONapHO MeprneHIUKY/ISpHbIM HanpasjaeHUsiM. Bribepem opToHOp-
MUPOBaHHBIH 6a3uc Tak, 4TOObl €ro BEKTOPbl MMeJH JaHHble Ha-
npasneHus. Torga Kaxablii 6a3UCHBI BeKTOp e; NepeljieT B eMy
IIPONOPLIHOHA/BHBIE BEKTOP Aje;, e A; — KO9(P(ULHUEHT CxKATHS.
[To npennoxenunto 10 npeobpasoBanre GyneT caMOCONPSKEHHBIM.
Hao6opor, camoconpsizkeHHOe peodpa3oBaHUe C MOJNOXKHUTE/bHBI-
MU COOCTBEHHBIMM 3HAUEHHSIMH SIBJSIETCS CxKAaTHEM 10 m Momap-
HO NepHeHAUKYJSPHBIM HalpasjaeHUsiM. HyjseBomy co6CTBEHHOMY
3HAUEHMIO COOTBETCTBYET yxKe He CxKaTHe, a IIPOeKTUpOBaHHe, a
OTpULATENbHOMY COOCTBEHHOMY 3HAUEHHI0 — MPOU3BELEHHE CxKa-
TUS U CUMMETpPHH.

PaccmoTtpuM Tenepb HaxoxKaeHHe OPTOHOPMHPOBAHHOrO 6a3u-
ca M3 COOCTBEHHBIX BeKTOpOB. BriGpaB HekoTopbli Gasuc (ymoo-
Hee OPTOHOPMHPOBAHHBIN), cocTaBiseM MaTpuly A npeo6paso-
BaHusl. HaXxomum KOpHH ee XapaKTepHCTHYECKOTO MHOTroudJseHa
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det(A — AE) u 1/ KaXHoro KopHsi — 6a3uc B COOCTBEHHOM
MOAMPOCTPAHCTBE KaK (PyHIAMEHTAJbHYIO CHUCTEMY pEIIeHHH CH-
crembl (A — AE)x = o. Jlng mpocTeiX KOPHEH eIUHCTBEHHBIN
BeKTOp 6asuca cJjenyeT MPOHOPMUPOBATD, a I KPaTHBIX KOpHeH
NoJIyuyeHHBbIH 6a31C HYKHO OPTOrOHAJIM30BaTh U HOPMHUPOBATh.

Pasywmeercs, nis NpakTHUeCKOrO pellleHHs BbIUMCAUTENbHbIX
3aflay Takas I0CJeJ0BaTeJbHOCTb AEHCTBUH He NPUMEHHMa M3-
3a TPYOHOCTeH, CBSA3aHHBIX C pelleHHeM ajireOpauyecKux ypas-
HEHWH BBICOKOT'O MOPsAKAa, U APYTHMX HE MeHee BECKHX MPHUMH.
31ech TPUMEHSIOTCS COBCEM NPYTHE METONbl, U3JI0KEHHE KOTO-
pbIX He BXOJAHMT B Hally 3ajaady. [losicHUM, oqHaKo, OMHY M3 TaKUX
NPUUMH Ha TpocToM mnpumepe. JlOMyCTHM, YTO Mbl TPOU3BOIUM
BBIYHCJIEHUS] C OKPYIJIEHHEM, YUWTHIBAasi JBa NECATUYHBIX 3HAKa
nocJie 3amsiTON, U HaM HYKHO HaHTH XapaKTepUCTHUECKHE UhC/Ia
MaTpHULbI

1 0,03
0,03 1

[Ipu BbIGpPaHHOH TOUYHOCTH MCTHHHOE XapaKTepHUCTHUECKOe ypaB-
Henne A2 — 2)\ + 0,9991 = 0 mocsie OKpyI/eHHs TNpeBpaTUTCs
B ypaBHeHue A2 — 2\ + 1 = 0, u Mmbl Hafizem X} = )\, = 1.
OnHako yMHOXeHHe Matpuupl Ha crondus |[1, 1)|7 u ||1, —1||"
T0Ka3bIBaeT, YTO HAa CAMOM [le/le XapaKTePHCTHUECKHMH YHUCIaMH
aBasroTess A1 = 1,03 1 Ay = 0,97.

3. N3omoppu3m eBKIMIOBBIX MPOCTpaHCTB. J(Ba eBKJH-
JOBBIX TpocTpaHcTBa € W & Ha3BIBAIOTCS USOMOPHHLLMU, €C-
JIM CYIIECTBYeT B3aMMHO OJHO3HauHOEe JIMHEHHOe O0TOOpaKeHHe
A: & — &, npu KoTopoMm

(A(z), Aly)) = (z, y) (7)

AJs mobbiX © U y u3 €. Takoe oToOpakeHHe HA3bIBACTCS U30MOp-
@u3mom eBKJIULOBBIX MPOCTPAHCTB.

Takum o6paszom, TepMUH <H30MOP(PU3M> HMeeT pas/UuHble
3HaueHHs B 3aBUCHMOCTH OT KOHTeKcTa. Ec/iM peub HAET O eBKJH-
JIOBBIX TTPOCTPAHCTBAX, TO MPH U30MOP(H3Me MOMUMO JUHEHHOCTH
TpefyeTcsl cCOXpaHeHHe CKaJIPHOTO IPOU3BeleHHUSs.
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Jlnst Toro, uToOBl Ba €BKJWIOBBIX MPOCTPAHCTBA ObLIH M30-
MOp(HBI, pazymeeTcsi, HeOOXOAUMO, YTOOBI ObIIM PaBHBI UX pas-
MepHOCTH. JlefiCTBUTENbHO, B MPOTHBHOM CJyuyae OHM He H30-
MOpP(HBI 1axke KaK JHUHeHHble npocTpaHcTBa. OKasblBaeTcs, UTo U
3TOTrO JIOCTATOYHO.

Teopema 3. Jlobvie dsa esxkaudoseix npocmparcmea 00-
HOU pasdmepHocmu usomop@uel. Eexaudosel npocmparcmsa
pPA3HbLX padmepHocmell He U30MOp@HbL.

Jlns mokasatesibCTBA MEPBOTO YTBEPXKIEHHsT BbIOEpEM B Kax-
JIOM M3 paccMaTpHBaeMbIX MPOCTPaHCTB & U € MO OPTOHOPMHPO-
BaHHOMY Gasucy. OTo6paxenue A : £ — £ 3a1aauM, CONOCTABAS
BekTopy = € £ BekTop A(r) € £, UMelOIME Te Ke KOOPIAHHATHI.
Martpuua 3Toro otTo6paxkeHus efMHUYHAs, 103TOoMy A OyIeT B3a-
UMHO ofiHO3HauHbIM. I3 opmydibl (9) § 1 cienyert, 4To npu Takom
0TOOpaKeHUU COXPaHSeTCs CKaJssipHOe MPOU3BENEHHE.

MHTepecHO OTMETHTh, 4TO ycJjoBue (7) odeHb cujbHoe. M3
Hero cjenyer, 4To A — suHeHHOe oToOpakeHHe W, GoJjee TOro,
UHBEKTHUBHO. JleHCTBUTEIBHO, PACCMOTPUM MTPOU3BOJIBHBIH BEKTOP
x 13 € W mpousBosbHOe yucao «. CKanspHBIH KBagpaT BeKTO-
pa A(ax) — aA(z) moxHo 3anucath B Bume (A(azx), Alaz)) —
—2a(A(az), A(x)) + o?(A(z), A(x)). Yuutsisas (7), BuauM, 4to
310 paBHO (aw, az) — 2a(ax, ¥) + o?(z, =), T0 ects Hymo. Ta-
KUM 00pa3oM, A(ax) = aA(z). AHalOrHYHO [0Ka3bIBAETCS, UTO
Az +y) = Alz) + Ay).

Hanee, nycts z € Ker A, To ecTb A(z) = 0. DTO 3HAUUT, 4TO
(A(z), A(z)) =0, u B cuay (7), uro (z, ) = 0. Takum o6pasom,
anpo A — HyseBoe, U A HHBEKTHBHO.

B o6uiem ciyyae A He B3aUMHO OJHO3Ha4YHO, HO ecqin dim &€ =
= dimé&, To us dim& = RgA no npemnoxenuto 7 § 3 ra. VI
caenyet, 4to A siBasieTcss u3oMophusMoM. Mbl 10Kasanu

[Ipennoxenue l1. [Ipoussossvroe omobpasxenue esKkau-
dosa npocmpancmea 8 e8KAUA0B0 NPOCMPAHCMBO MOLL KHe pas-
MEPHOCMU S18ASeMCsL U3OMOPPUIMOM, eCALL OHO COXPAHSEMm CKa-
as,pHOe npoussedenue.

4. OproroHasbHble npeoOpa3oBaHus. [Ipeo6pasoBanue A
€BKJMI0BA MPOCTPAHCTBA £ HA3BIBAETCS OPMOCOHAAbHLIM, €CJIH
OHO COXpaHsieT CKaJssipHOe MPOH3BENEHHE, TO €CThb €CJH YCJOBHE
(7) BeImOMIHEHO msist JIOOBIX BeKTOpoB U3 €. M3 mpensoxenus 11
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CJle[lyeT, UTO OpPTOrOHAJIbHOE Mpeobpa3oBaHHe SIBASETCS M30MOp-
¢dusmom &£ Ha ceds.

[Ipennoxenune 12. Ecau npeobpasosarue opmo2oHanbHo,
U MOAbKO 8 IMOM CAy4ae, CONPANCEHHOe emy npeobpasosarue
a6451eMest 06PAMHLIM K HeMy.

[eiicTBuTenbHO, 0 (opmyie (7) umeeM (z, A*A(y)) = (z, y),
wn (z, A*A(y) —y) = 0. dto o3Hauaer, yTo BekTOp A*A(Y) — ¥
OPTOTOHAJIeH JIIDOOMY BEKTOPY MPOCTPAHCTBA H, CJeI0BATENBHO,
siBJsieTcsi HyJeBbiM. [Tockosbky paBeHcTBO A*A(y) = y BbINOJ-
HEeHO MUl BceX ¥y, mpeobpasoBaHue A*A sBjsieTCs TOXAECTBEH-
HBIM, UTO PaBHOCHUJIBHO IOKa3blBaeMOMY yTBepxkaeHuw. O6partHo,
u3 paBeHctBa A*A = E jierko moayuuts (7).

[Ipennoxenue 13. Ecau 6a3uc opmoHopmuposanHoiii, mo
npeobpasosarue opmo2oHaLbHO Mmo20a U MoAbko moeda, kozoa
€20 Mampuya A8ASemMcs OPMOSOHAALHOU.

D10 mpsiMo caenyeT U3 GopMysbl (4) U IPeabIAYIIETO TPeIo-
KEHHUS.

[Ipennoxenune 14. Cobcmeennole 3HaueHus 0pmo2oHanb-
HO20 npeobpas3osarus no MoOyAtO PABHbL eOuHuYe.

MHaue 1 ObITb He MOXKET: AJIsl JIIOOOr0o COOCTBEHHOr0 BeKTOpa
x Mbl uMeeM |A(z)| = |A||z|, a npu opToronanbHOM npeoGpaszopa-

Onnaxko B § 4 Mbl 10Ka)keM 6oJiee CUIbHOE yTBEPXKIEHHUE:

Bce KOpHM XapaKTepUCTHYECKOrO MHOIO4JeHa OpTo-
FOHAJIbHOIO NPeoOpa30oBaHUs M0 MOAYJIO PaBHBI elU-
HHULE.

[Mpennoxenue 15. Ecau & — nodnpocmparncmeo, unsa-
PUGHMHOE OMHOCUMEAbHO OPMO20HANbHO20 npeobpasosarus A,
mo ezo opmoeonavroe donoanenue E' maxace unsapuanmno
ommuocumesvro A.

JleficTBUTENIbHO, OPTOrOHA/bHOE PeoOpa3oBaHUe B3aUMHO Ofi-
HO3HAUHO, ¥ TI0TOMY MepPeBOAUT KaxkK0e MOAMNPOCTPAHCTBO B MOJ-
MPOCTPAHCTBO TOH ke pasMepHocTH. Tak Kak &' WHBapHaHTHO,
umeeM A(E’) = &’'. TomeiictByeM Ha 06e YacTH 3TOTO paBeHCTBA
npeo6pazosanueM A*. Msl nonyunm A*A(E') = A*(E'). Has op-
TOroHaJsbHOro npeodpasosanusi A*A = E u notomy A*(£') = &'.
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Tenepp moctaTouHO cocaathes Ha mpepgoxkeHde 3: ecau &' WH-
BapHaHTHO OTHOCHTEJbHO A*, To £'" MHBapMaHTHO OTHOCHTENBLHO
(A*)* = A.

Teopema 4. [lycmo A — opmoeonarvroe npeobpasosarue
n-meproeo esxaudosa npocmparcmsa E. Toeda £ — npamas
CYMMQ NONAPHO OPMOSOHANbHBIX OOHOMEPHLLY U O8YMEPHbLX
noonpocmpancms, UHBAPUAHMHLLY OMHOCUMENbHO A.

B cuay npennoxenuss 14 co6CTBEHHBIMH MOANPOCTpPaHCTBA-
My MoryT ObiTh TOsbKO Ker (A — E) u Ker (A + E), ecin onu
HeHyJeBble. Ho B s060M ciydae, HysleBble OHU HJIH HET, CyMMa
S = Ker (A—E)@XKer (A+E) — vHBapuaHTHOE MOAMPOCTPAHCTBO.

Bekropsl u3 Ker (A — E) u Ker(A + E) oproroHa/bHbl.
HeiictButensho, ecnn A(z) = = u A(y) = —y, 10 (2,y) =
= (A(2), A(y)) = —(z, y).

Takum o6pasom, S packiaanblBaeTcs B MPSMYI0 CyMMYy Mornap-
HO OpPTOrOHaJ/IbHBIX HHBAPUAHTHBIX OLHOMEPHBIX MOANPOCTPAHCTB!
JIOCTAaTOUHO B35ITb OJHOMEPHbIE MOANPOCTPAHCTBA, MOPOKIAEMBbIE
BEKTOPaMH OPTOHOPMHPOBAHHBIX 0a3HCOB B TMOANPOCTPAHCTBAX
Ker (A —E) u Ker (A+E).

Ecnin § = &, teopema nokasana. [Ipu aToMm Jerko 3amMeTHTb,
4To npeobpazoBaHUe 06JafaeT OPTOHOPMHPOBAHHBIM 6A3HUCOM H3
COOCTBEHHBIX BEKTOPOB M IMOTOMY SIBJSETCS HE TOJbKO OpTOro-
HaJbHBIM, HO U CaMOCOTPSIXKEHHBIM.

Eciu S # &, nopnpoctpanHcTso S+ Henynesoe. OHO HHBapH-
aHTHO (IO MPeNJIoKEeHHIO 15) U He COMEPKUT COOCTBEHHBIX BEKTO-
pOB, TaK KakK BCe COOCTBEeHHbIe BEKTOPbI JexkaT B S. O603HaUNM
yepes A’ orpaHuuende A Ha moampocTpaHcTBe S, Mbl BUANM,
4TO XapaKTepPUCTHUECKHH MHOTouJeH A’ He HMeeT BelleCTBEeHHBIX
kopHeit. Otciona cieayet, uto dim St — yeTHoe umca0 (MHOrO-
YJleH HeYeTHOH cTermeHHW 00s3aTesbHO HMeeT BelleCTBEHHBIH KO-
peHb).

JlokaxeM 1Mo MHAYKIHH, 4To ST pack/aibiBaeTcs B NMPAMYIO
CYyMMY [ONapHO OPTOrOHAJBHBIX ABYMEPHBIX MOANPOCTPAHCTB, HH-
BapHaHTHBIX OTHOCHTeNbHO A. Ecan dim S+ = 2, to yTBepxe-
HHMEe OUEBHUIHO.

[IpennosioxKum, uTO MBI J0Ka3aju TeOpeMy AJs MPOCTPAHCTB
pasMepHOCTH 2k — 2, U JOKaxeM ee IJsi 2k-MepHOr0 MPOCTpPaH-
ctBa. Ilo caenctsuio us mpepsoxenus 10 § 4 ri. VI B S+ cy-
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LeCTBYeT IBYMepPHOe HHBapHaHTHoe mnoanpoctpaHctBo &;. Ero
OpTOrOHa/NbHOE JOTONHeHHe £ — HHBAapPUAHTHOE MOAMPOCTPAH-
CTBO pasmepHocTH 2k — 2. K orpanunyenunio npeo6pasosanus A Ha
&~ Mbl MPUMEHUM TpearnoJoxkenre HHAyKLUKH. [lognpocTpaHcTBa
Es,...,E, Ha KOTOpPble pacmanaercs £i, MHBAPMAHTHBI OTHOCH-
TesibHO A. OHHM TIONApHO OPTOrOHAJbHBEI U OPTOTOHAJBHEL & .

Kpome Toro, S+ = & @ & . Ilo npeanonoxeHuo HHLYKIHH
Er =& &, 3HaunT, St =505 0 --- O &.

Takum o6pasom, £ = S @ ST, npuueM nepsoe ciaraemMoe pac-
najaeTcs B MPAMYIO CYMMY OJHOMEPHbIX MOMapHO OPTOTOHAMbHBIX
VHBAPHAHTHBIX TIOANPOCTPAHCTB, a BTOPOE CJlaraeMoe — B Ipsi-
MYI0 CyMMY ABYMEpHBLIX TOMapHO OPTOrOHA/JIbHBIX MHBAPHAHTHBIX
noanpoctpancTs. Teopema noKasaHa.

Boibepem B KaxkI0M U3 MOAMpocTpaHcTs &, .. ., Ek, Ker (A —
—E) u Ker (A+E) mo oproHopMHpoBaHHOMY Ga3ucy U 00beIHHUM
Bce 3TH 6a3ucel. Mbl MOJNydyUM OPTOHOPMHUPOBAaHHBIH 6asuc B £.
Kak cnenyer u3 npennoxenus 2 § 4 ra. VI, matpuua npeobpaso-
BaHMs B 3TOM 0asuce OyleT KJeTOUHO-AHAroHaabHod. OnHoMep-
HBIM MHBAapUAHTHBIM TOJANPOCTPAHCTBAM OyAyT COOTBETCTBOBATH
KJIETKH nopsiika 1, To ecTh uucsa | uin —1 Ha nuaroHanu. JBy-
MEepHBIM TOANPOCTPAHCTBAM COOTBETCTBYIOT KJETKU Nopsaka 2.
Kaxpnas rtakas ksaeTka — MaTpula OrpaHHuYeHMs IpeoOpas3oBa-
Husi A. Tak kak 0as3nc OpPTOHOPMHMPOBAH, OHAa OPTOTOHAJNbHA U
umMeet Bua (16) § 1 mpu HekoTOpOM A

W13 nByx marpun (16) § 1 Bropast marpuua cuMmerpuuHa. Ec-
JIK OTPaHHUEHHE HMeeT TaKylo MaTpPUILy, TO OHO He TOJIbKO OPTOro-
HaJbHOE, HO U CaMOCOIPSIXKEHHOe, U MOTOMY HMeeT COOCTBEHHbIH
BekTOp. J{ByMepHble WHBapHaHTHble MOANPOCTpaHCTBA B ST He
cofepKaT COOCTBEHHBIX BEKTOPOB, a 3HAYMT, KJETKOH Mopsiaka 2
Oyner nepsas u3 marpul (16) § 1, MaTpuia moBopoTa MIOCKOCTH
Ha yroa .

Takoe npencTaB/ieHHe MAaTPHULBI OPTOTOHAIBHOTO TPpeoOpas3oBa-
HUSI U3BECTHO KaK pasAojcenue Ha NAOCKUEe 8paujeHus, Tak Kak
KaXJI0My JByMEPHOMY MOJIMPOCTPAHCTBY COOTBETCTBYET MOBOPOT,
U 3TH MOBOPOTHI MOTYT OCYLIECTBJATbCS MOcaenoBaTenbHo. Hano,
OIIHaKO, TIOMHHUTb, YTO B OOIIEM CJay4dae HMEITCS COOCTBEHHBIE
MOJMPOCTPAHCTBA C COOCTBEHHBIMM 3HadeHUsAMH 1 u —1.
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5. CunryngpHoe pasaoxenue. [lyctb A — maTtpuua pasme-
pos m x n. Torna AT A — kBanparnas maTpuua nopsinka n. Tak
KakK 3Ta MaTpHIla CHMMETPHYHA, COIVIaCHO TpeJoKeHHI0 9 Hali-
JleTcsl OPTOTOHAJbHAsl MaTpuua (), Takas, uTo QT(ATA)Q = A,
rie A — nuaroHasbHasg Matpuua. [Ipy 3TOM Mbl MOXKEM YNOpPsIO-
YUTh CTOJOLBI () TakK, 4TOObl 3JeMeHThl Ha auaroHand A pacro-
JlaraJIuch B HeBO3pacTalolleM MOPsIKe.

Takum obpasom, njs Jaw060H MaTpuubl A pasMepoB m X n
HalileTcsl OpTOroHaJ/bHasl MaTpulla () Nopsinka n, 1/1s KOTOPOoH

(QTAT)(AQ) = A, (8)
rme A — JHaroHaJibHasi MaTpulla nopsgaka n
A=diag(\i,. . ), AL A > .. > A

DTO TPOCTOE 3aMeyaHue CJAYKUT OCHOBOH pa3J/ioKeHHs Mart-
punbsl A B mpousBeenue tpex mMatpul (10), KoTopoe HasbIBaeTCs
CUHRYAAPHOIM PASAOHCEHUEM.

Cron6ubl Matpuubl A umeoT BbeicoTy m. O0603HaYUM HX
g1,...,8,. [lof OpTOroHaIbHOCTLIO CTOJIOLOB BCIOAY Aajee OyneT
NOAPa3yMeBaTbCsl UX OPTOrOHAJBLHOCTb KaK BEKTOPOB apuMeTH-
YeCKOro TPOCTPAHCTBA OTHOCHUTEJBHO CTAHAAPTHOTO CKaJsspHOTrO
npousBeieHus (X, y) = X' y; HOpMOL cTONGIA HA30BEM eBKJIHJIO-
By [JIMHY COOTBETCTBYIOLIEr0 BEKTOpPA, TO ecTh |x| = vxTx.

Tak kak A = (AQ)T(AQ), snement \;; MaTpuupl A pa-
Ben grg;. Eciu i # j, 10 gl'g; = \;jj =0, u cros6upl oproro-
Ha/bHbI. JlMaroHasbHble 3J€MEHTBl MaTpUIBl A — 3TO KBaapaThl
HOpM cTONOLOB: g g; = ;. OTClofa ciieflyet, B 4aCTHOCTH, YTO
Ai >0, i=1,...,n. O6osnauum Rg AT A yepe3 7. OueBUJIHO,
yto 7 < RgA < min{m, n}. Cob6cTBeHHble 3HaYeHHs PacroJo-
JKeHBbl B HEBO3PacCTalolleM MOpsiiKe, MOITOMY A1 = ... = A, > 0,
aAy1 ==X\, =0. CnenoBarenpHo, g,41 = --- =g, =0, a
nepBble 7 CTOJOLOB g1, .. ., &, HeHyJeBble. IX HOPMBI paBHBI

ai:\/)\_i i=1,...,7. 9)

[IpoHopMupyeM HeHy/eBble CTOJOUB MaTpulsl A(Q), pasmenus
KaxAbld cronber, Ha ero Hopmy. Mel mosyuyum wmatpuny Pi.
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B Hefi 7 cTOJIOGLOB BBICOTHI 17, KOTOPbIE MOMApPHO OPTOrOHAJBHBI H
HOPMHPOBAHBI.

JIto60li HaGop OpPTOroHa/JbHBIX W HOPMHUPOBAHHBIX BEKTOPOB
MOXKHO JIOTIOJIHUTb [0 OPTOHOPMHPOBaHHOTO Gasuca. [las srtoro
JOCTAaTOYHO BBIOPATb KaKOH-MO0 OPTOHOPMHMPOBAHHbBIH Gasuc B
OPTOTOHA/IBHOM JONOJHEHHH JIHHEHHONH 060JI0YKH JaHHbIX BEKTO-
pos. Ilostomy .1060# HaGOp OpPTOrOHANbHBIX U HOPMHPOBaHHBIX
CTOJIOLOB MOXKET OBbITh JOMOJHEH 10 OPTOrOHAJIbHOH MaTPHLIBI.

HUrak, ecnu r < m, IOMOJHUM MaTpuuy P; 10 OpTOroHa/b-
Holl Marpuubl P = || P;|Ps|| nopsinka m. Kpome toro, paccmor-
puM auaroHasbHyto Matpuuy D, = diag(ai,...,a,.). [lpu n > r
IOTIOJIHUM €€ m — 7 HYJIEBBIMH CTONIOLAMH, a MIPH m > I TaK M0-
JIyUEHHYI0 MATPHUILy JAOMOJHHUM €Il m — 7 HYJEBbIMH CTPOKAMH.
[TocTpoeHHyI0 B pe3ysbTaTe MaTPUILy padMepoB m X n 00603HAYHM

yepe3 D.
D, |O
O 10 ||’

JlokakeM, 4To
JleficTBUTENBHO, IOCAEHNE 1 — 7" CTONOIOB NPOU3BEEHHS B TIpa-
BOHM YacTW HyJeBble, TaK KaK HYJNEBLIMU SIBJASIOTCS MOCJEIHUE
cron6upl D. [lepBble 7 cTOMO110B 3TOr0 NPOU3BEEHUS MOJAYUAIOT-
csl YMHOXKEHHMEM CTOJIOIOB MOAMATPHIIbI P} Ha COOTBETCTBYIOLIHE
JUaroHajbHble 3j7eMeHTh D,., To ecTb uucaa (9). 3HauWT, OHH
PaBHBI g1, .. ., .

YMHOXKMM 06e yacTu 9TOro paseHcTBa cnpasa Ha Q1. Tak kak
() — opToroHaJsbHasi MaTpULa,

AQ = PD = || P

A=PDQT. (10)

M3 nosnyueHHoro paBeHcTBa cJjenyer, yto RgA = RgD = r.
Takum o6pazom nokasaHa

Teopema 5. Kawdas mampuya A pasmepos m xn u panea
r mogicem Goimo npedcmasaena Kax npousdsederue (10), ede P u
() — opmoeorasbHble Mampuybl NOPAO0K08 COOMBEMCMBEHHO M
un, a D — mampuya pazmepos m x n, 8ce sLemeHmol KOMOPOL
pPaBHLL HYAIO, 3Q UCKAOUEHUEM di11 = Q1, ..., dpp = Qu., NPUYEM
a; >0, (i=1,...,7).
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[lycts p = min{m,n}. dnementsl dii,...,d,, MaTpuusl D
Ha3bIBAIOTCS CuMeyripHoimu qucaamy Matpuubl A. [lepBble r U3
HUX onpenenstoTes popmysoi (9), a ocTanbHble, €CIH €CTh, HYJH.
KBanpaTHas maTpuLa NopsinKa n U paHra r UMeeT n CHUHTYJISPHBIX
quceJs, U3 KOTOPBIX 7 TOJOXKHUTE/bHBL.

Cros161bl MaTpuLl ) U P COCTaBJSIOT COOTBETCTBEHHO nepsbL
U 8mopotll cuneyripHole 6asucor matpuubl A. IlepBblii — 3To
6asuc B R", a Bropo#t B R™.

JInisi BBISICHEHUSI TeOMETPUYECKOr0 CMBIC/Ia CHHTYJISIPHOTO pas-
JIO)KEHUS PACCMOTPUM JIBa €BKJHMIOBHIX mpocTpaHcTBa L U M U
BbIGepeM B HHUX OpTOHOpMHpoBaHHble 6asuckl € U f. [TycTb 0T06-
paxenue A : L — M B 3T0H nape 6a3nucoB HMeeT MaTpuly A.
Pasnoxenue A = PDQT sanumem kak D = PT AQ. 1o 3HauuT,
4TO mepexos OT € U f K mepBoMy CHHTYJIsipHOMY 6asucy q = eQ
U BTOPOMY CHHTy/AsipHOMY 6asucy p = fP B mpocTpaHcTBax L U
M, MBI OJy4UM MaTpuLy oToOpaxkeHus D.

BcnomuumM, yto corsacHo Teopeme 2 § 3 rai. VI pasa oro6pa-
keHust A : L — M M0XHO Tak BbIOpaTb 6a3HCBl B TPOCTPAHCTBAX
L v M, 910 Matprua otobpakeHus: OyIeT UMeTb BHJ

E.|O
st

Cefiuac Mbl J0Ka3anu, 4TO, OFPaHUYMBAsICb OPTOHOPMHUPOBAHHBI-
MU 6a3ucaMU, MOXKHO HOOUTHCS CXOAHOTO pe3y/bTaTa: efHHUYHAS
MaTpula B JIeBOM BepxXHeM YIVIy 3aMeHfeTcsl Ha QMaroHaJjbHYIO
MaTpULY C HEHYJEeBbIMH CHHTY/ISPHBIMH YHCJAMH MO IUarOHAJH.

[TpucmorpeBuinch K popmyJe (10), MOXKHO 3aMeTHTh, UTO 3Je-
MEHTbI [OCJeAHUX M — r CTOJAOLOB MaTpUlbl P yMHOXalOTCS Ha
HyseBble 37eMeHTbl D. To ke camoe MOXKHO CKasaTb U O I0CJe]-
HUX 1 — r cTpokax Martpuibl Q7. 3HauMT, ecau Mbl MPOMYCTHM
3TH CTOJOLBl U CTPOKH, KaK U HyJeBble 3JeMeHTHl B [D, paBeHCTBO
He Hapywutes. Hrak,

A= P D.QT, (11)

rie (1 — MaTpuIa, COCTaBJeHHAasl U3 MEPBBIX I CTOJNOLOB MaTpH-

el Q.



§ 2. Jlunetinvie npeobpa3osarus e8KAUO0BbLX NPOCMPAHCME 337

Dopmyna (11) HasbiBaeTcsl cokpaujerHoti opmoLl CUHTYJISIP-
HOTO Pa3JIokKeHHs.

CHHTryJIsIpHOE pa3yioXKeHHe MaTPHIbl HMeeT BayKHbIe MPHJIOXKe-
HHS K BBEIUHCJIUTENBHON MaTeMaTHKe, O KOTOPBIX MOKHO NTPOYECTb,
Hanpumep, B kHure: Kaxanep, Moysep, Haur [16].

6. IlonsipHoe pa3iomxenue. Jlanee Mbl OyfeM Npennosaratb
matpuiy A kBanapatHo#i: m = n. BepHemcs Kk dopmysne (10) u
nepenuileM ee, BCTAaBUB [Ba COMHOXHTeNs, NPOU3BeleHHE KO-
TOPHIX PaBHO eauHWuHOH MaTpuue: A = (PQT)(QDQT). Tlpu
TaKOH pacCTaHOBKe CKOOOK Mbl Pa3soXUIM A B IPOU3BelleHHe
oproroHanbHo# Matpuubl U = PQT u cuMMeTpuyHOH MaTpHilbl
S = QDQT. Kopuu xapaKTepHCTHUECKOTO MHOTOUYJIeHA MaTpH-
bl S HeoTpULlaTe/NbHbl — 3TO CHHTYJSPHBIE UHCJIa MaTpPHULbl A.
Mbl nokasanu, TakuM 00pa3oM, 4TO MPOM3BOJbHYIO KBaIpaTHYIO
MaTpuly A MoKHO passiokuTh B npousBeneHue A = US oproro-
HaJbHOH W CHMMETPUYHOH MaTpHILl, MPUIEeM XapaKTePHUCTHUECKHE
qpcsla CUMMETPHYHON MaTpPHIBl HEOTPHILATENbHBL.

KoneuHo, MOXKHO NMOCTYNHTb HECKOJIBKO HHAUE: HanmucaTb A =
= (PDPT)(PQT). 310 npuoaut Hac Kk pasnoxkenuto A = S1U,
TJle OPTOrOHAaJNbHbBIM COMHOXKHUTEJb PacloioxKeH cnpasa. OTMeTHM,
4yTo B 00OMX CJyuyasX OPTOrOHa/JbHAs MaTpULA OIHA M Ta XKe:
U = PQT, cummeTpuuHble MaTPHUIBl Pas/iMyHbl, HO HX XapaKTe-
PUCTHUYECKHE UHCJIa COBMAJAIOT.

Passio’keHne KBafpaTHOH MaTpHIbl B TPOHU3BENEHHE OPTOTO-
HaJIbHOH ¥ CHMMeTPHUUHON MaTPHILE! C HEOTPHIIATEIbHBIME XapaK-
TEPUCTUYECKUMHU 4HCcIaMH (B KakOM Obl TO HH ObLJIO MOPSIIKE)
Ha3bIBAETCS NOAAPHOIM PASLIOHCEHUEM.

['eomeTpryecKyl0 HHTEPIPETALHIO MOJISPHOTO PA3JOKEHHUS MBI
NOJyYUM, ec/I1 OyieM paccMaTpPUBaTb MATPHULbl KaK MaTPHLbl JH-
HeWHbIX NpeoOpa3oBaHUi B HEKOTOPOM OPTOHOPMHMPOBAaHHOM Oa-
3uCe eBKJIHJ0BA MPOCTPAHCTRA.

Teopema 6. Kasodoe aunetinoe npeobpasosanue A esKkau-
dosa npocmparcmea MONCHO PASAOH UMb 8 NPoussedeHue op-
MOCOHANbHO20 U CAMOCONPAINCEeHH020 npeobpasosanuti A = US
uru A = S1U. llpu amom cobcmeernrole 3nauenus u moeo u opy-
2020 CaMOCONPANEHHO2O NPeobpasos8anus HeOmPUYAmMmesbHbl —
OHU PABHbL CUHSYASPHLIM Yuciam npeobpasosanus A. basuc us
cobcmeenHvlx 8eKkmopos S — nepsoill cuneyaiproll 6asuc A;
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basuc u3 cobcmsenHblx 8eKmMopos S; — 8mopoli CuHYyAApHbLL
basuc A.

[Ipeo6pasoBanue U mnepeBOAWT MepBbIE CHHIYJAspHBIH Gasuc
npeobpasoBanus A Bo BTOpoi. JleHicTBUTENBHO,

UQ =PQTQ ="P.

[Ipu adduHHOM nMpeobpa3oBaHUU MJAOCKOCTH MHOXKECTBO BeK-
TOPOB 3TOH MJIOCKOCTH TNpeo6pa3yeTcsi HEBBIPOKIEHHBIM JIHHEH-
HBIM NpeoOpaszoBaHueM. Teopema 2 § 3 rai. IV paBHocusbHA no-
JISIDHOMY Pa3J/I0XKeHHIO TaKOTo Npeo6pa3oBaHusl.

7. CuHryaspHble 4HcJa JUHeHHOT0 IpeoOpasoBaHus. Pac-
CMOTPUM (DYHKLHIO OT BEKTOpa

_ (A"A(z), 7)
Ecau €1,...,€" — KOOpOMHATHl BEKTOPa & B OPTOHOPMHPOBAH-

HOM 0asuce e U3 COOCTBEHHBIX BEKTOpOB IpeobpasoBaHus A*A
(1.e. mepBoM cuHTy/IsipHOM Gasuce A), To A*A(z) = A\€le; + ...
oo+ A€Men u

/\1(51)2 +o Tt /\n(fn)2
(€2 4+ ()2

Ecsin 31ech 3aMeHUTh Bce COOCTBEHHbBIE 3HAUECHHS HA MaKCHMaJlb-

HOe A1, TO IpoOb He YMEHBIIMTCS U CTaHeT paBHOH M. [loatomy

Bcerna p(x) < A;. AHaJOrHUHO JIETKO MOJMYUHTB, 4TO p(X) = Ay
Ho ¢ npyro#t ctopoHsl,

p(z) =

2
_ (Alz), Alz)) _ |A(@)|
p(l‘) - 2 - 2
|| ||
Kak MbI BUOEJIHU, 3TA BeJHUYWHA 3aKJ/I0UeHa MeXKAy MUHHUMaJbHbIM
U MaKCHUMaJbHBIM COOCTBEHHBIMH 3HaueHHUSIMH )\n )41 /\1, a OHH
paBHBI KBaJpataM CUHTYJAAPHBIX YUCEJ vy U (1. HOSTOMY

A
an < % <an. (12)
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HepagencTBo mokasbiBaeT, 4TO MaKCHMajbHOE CHHIYJSPHOE
YHCJ0 (v — MaKCHMaJjbHOE OTHOLIEHHe, B KOTOPOM MOXET H3-
MEHHTBCS JJIMHA BeKTopa npu npeobpasosannu A. [1pu 3TOM, Kak
JIErKO BH[IETb, AJIsl MEePBOr0 BEKTOpa €1 MEePBOTO CHHIYJSIPHOIO
6asuca |A(e1)| = ailer] = aq. AHAJOTMYHBIE CMBICT UMEET (vy,.

Ecan © — cobeTBeHHBIH BekTOop mpeobpaszoBaHus A ¢ cob-
CTBEHHBIM 3HaueHHeM p, To |A(z)| = |ul|z|. [losTomy oueBHIHO,
4TO MOMAYJIU COOCTBEHHBIX 3HAYE€HWH |p1],...,|un| mpeobpasosa-
HHsE A 3aKJ/I0YeHbl MEXAY ero MHHHMaJbHBIM W MaKCHMaJsbHBIM
CHUHTYJISIPHBIMU YHCJIAMHU:

an < |pil < aq, 1=1,...,n.

Jlns BBISICHEHUS] TeOMETPUUYECKOTO CMBICJA CHHTYJISPHBIX YH-
cesl pacCMOTPUM JMHeHHOe IpeoOpa3oBaHHe A eBKJHLOBA IPoO-
CTPaHCTBA U ero moJjspHoe pasnoxkenune A = US. Hatinem obpas
eIMHUUHON c(epbl, TO ecTh MHOXKECTBa C ypaBHeHUeM |z| = 1,
npu npeo6pasoBanuu S. B opToHOpMHpOBaHHOM 6asuce U3 c00-
CTBEHHBIX BEKTOpOB IpeobpasoBaHus S BekTop y = S(x) nMeer
KoopauHaThl 0 = ;&' tne £ — KoopaMHaThl BeKTOpa . By-
JIeM, KaK M BbIIIE, CYHUTATb, UTO 1 = Qg = ... = «, > 0, U
Qpy1 =+ =a, =0. Torna & =n'/a; npu i <7 un/ =0 npu
j>r. U3 |z| =1 caenyer Toraa, 4to

—~ (n')? - .

Yo <L =00 > ). (13)

i
Takum o6pasom, mpu r = n npeoOpaszoBaHue S NEPEBOANUT eUHHY-
HyI0 c(pepy B SJJIMICOUA, a NIPH 7 < n — B 00JIAaCTh 7-MEPHOTO
MPOCTPAHCTBA, OrpaHUYeHHYI0 aJnncounoM. [Ipeobpasosanne U
He MeHsieT moJiyoceil atoro aJauncouna. [lostomy Ha cHUHryssip-
Hble yhca npeobpazoBaHuss A MOXHO CMOTPeTh KaK Ha MOJyOCH
3JUTUTICOUAIA, B KOTOPBIE A MepeBOIUT eNUHUYHYI0 cepy, CUUTast
COOTBETCTBYIOIHE TIOJNYOCH HYJEBBIMH, €CJIM Pa3MepHOCTb CHH-
)Kaercs.

YIIPA2KHEHUA

1. B 6asuce e c matpuueil I'pama I' npeo6pasoBaHue A uUMeeT Mat-
puny A. a) Haiinure Matpuiy conpsizkeHHOro npeo6pasosanus. Haiinure
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coOCTBEHHBIE TMOANpPOCTpaHCTBA 6) nmpeoGpa3oBaHust A, B) npeoGpaszosa-

Husa A*
-1 -2 1 1
o e B Pt

2. Ilycts mpeoGpasoBaHue A BelleCTBEHHOTO JIMHEHHOTO MPOCTpaH-
cTBa £ B HEKOTOPOM 0asuce UMeeT CHMMeTpHuHYylo MaTpuly. Jlokaxure,
4TO OHO JHAroHaJHU3yeMo.

3. Haiinure Bce sinHeliHble MpeoOpa3oBaHUs, KOTOPBIE ABJAIOTCA Kak
OpPTOTOHANBHBIMH, TaK U CAMOCOIPSI?KEHHBIMH.

4. CKOJIbKO CyLIeCTByeT OPTOHOPMHPOBAHHbBIX 0a3UCOB M3 COOCTBEH-
HBIX BEKTOPOB JAHHOTO CaMOCOTIPSI2KEHHOTO Npeo6pa3oBaHusi, eCIH y ero
XapaKTePUCTHUECKOrO MHOTOYJIeHa a) HeT KpaTHBIX KOpHe#, 6) ecTb
KpaTHble KOPHU? BO3MOXKeH /i HEOpPTOroHaJ/IbHbIH 6a31MC U3 COOCTBEHHbBIX
BEKTOPOB CaMOCOMPSIKEHHOTO peoOpa3oBaHusi?

5. Ha#inure matpuiy nepexoza S K OpTOHOPMHPOBAHHOMY 0asucy U3
COOCTBEHHBIX BEKTOPOB NpeoOpa3oBaHus, 3alaHHOTO B OPTOHOPMHPOBAH-
HOM Gasuce matpuuedl A, u Hanuumute maTpuny A’ nMpeo6pasoBaHUS B
HalileHHOM GasHuce.

2 1 1
A=|1 2 1
1 1 2

6. OproroHanbHoe peo6pa3oBaHue, 3aaHHOe MaTpULel

oo =OoO
o= OO
_ o O O
o O O

B OPTOHOPMHPOBAHHOM 0a3uce, pasjoxUTe B IPOU3BeLeHHE IBYX Bpalle-
HUH BO B3aWMHO MEPHeHAUKY/IAPHBIX 1BYMEPHbIX MOANPOCTPAHCTBAX.
7. Halinure cuHTry/asipHOE pasJ/oykeHHe MaTpHULbl

0 1 0
1 0 1|

8. Ilosyunte moJsipHOe pasjioxeHHe NPeoOPa30BaHMS, 3aJaHHOTO B
OPTOHOPMHPOBAHHOM 6a3Hce MaTpHieH

o || 0 L 5) V2

0 01" 0

1
i
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9. Kakue CHHTYJ/IsIpHBIE UKC/Ia Y KBAApaTHOH MaTpuibl A nopsiika mn,
ecii RgA =17

10. TlycTth o, B ¥ ¥ — MakCHMaJbHble CHHTYJISIDHBIE YHC/Ia MATPHUIL]
A, B u AB cootBercTBeHHO. JIoKaXKUTe, 4TO

v < aB.

§ 3. ®YHKUMHN HA EBKJIMAOBbIX
MPOCTPAHCTBAX

1. JIuneiinble pyHkuu. Bbidop 6asuca B JUMHEHHOM IIPO-
cTpaHCcTBe £ yCTaHaBJIHBaeT HU30MOP(HU3M MexKay L U ero compsi-
JKEeHHbIM L£*. B 3TOM NMyHKTe MBI MOKa)KeM, 4TO 1Jis €BKJHI0BA
npocTpaHcTsa &£ CyLIeCTBYeT TaKOH H30MOP(HU3M, He 3aBUCALIUH
oT 6asuca.

Onpenenenue. Ecau oy nuHeliHo# ¢hyHKuMH f Ha eBKJIU-
JIOBOM TIPOCTPaHCTBe HalieTCsi BEKTOP a TakoH, uto f(z) = (a, )
L7 JII000ro x, TO (PYHKLHUS Ha3bIBAeTCS peeyAspHoli, a BEKTOp
a — ee npucoeduHerHvim BeKTOPOM. ['0BOPAT Takxke, 4TO (PyHK-
1S npucoedurHera BEKTOPY a.

Kax Jerko BHUieTb, KaXKJIOMY BEKTOPY MPHCOEIHHEHA HEKOTO-
past perynspHas JuHeliHas GpyHkuus (cm. npumep 2 § 5 1. VI).

Bri6epem B eBKJMIOBOM MPOCTPAaHCTBe 0a3HC € U BbIpasuM B
HeM CBSI3b KOOPIMHATHOI'O CTOJOLA & BEKTOPA a U CTPOKH KO3(-
¢unuenrto f ero npucoennHennoit ¢pynxkuuu f. s nponsBoJib-
HOT'O BEKTOpa x

f(z) = (a, ) = a’I'x.

C npyroit croponsl, f(x) = fx, u notomy f = a’T’, uiu
f7 =Ta. (1)

B oproHopmupoBaHHOM 6a3uce 3Ta (hopMyJa BBEIVISAUT 0COOEHHO
npocto: f1' = a, To ecTb KOIPPULKMEHTH PerynspHO (QyHKIHUH
paBHbI KOOpAHMHATAM ee MPUCOeJUHEHHOI0 BEKTOopa.

BenoMHuM, UuTO KO3(PUIUEHTH! JUHEHHON (PYHKIUHK B 6a3uce
e — 3TO0 ee KOOpPAMHATH B 6a3uce e*, GUOPTOrOHANBHOM 0a3UCy €.
Orcropa cienyer, 4To paBeHCTBO (1) MOXKHO paccMaTpUBaTh Kak
KOOPJIUHATHYIO 3alUChb JIMHeHHOro otodpaxeHus [ mpoctpaHcTBa
& B ero comnpsikeHHoe £* B mape 6asucoB e u e*. Tak kak I' —
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KBaJpaTHas HeBBIPOXKIEHHAs MaTpulla, 3TO oToOpaKeHHe B3auM-
HO OJIHO3HA4HO.

B npoctpaHcTBe £* TOKa He BBeEHO CKaJSPHOTO YMHOMKEHHS.
Ho mbl MoxkeM BBecTH ero no dopmyse (f, g) = (I (f), [ (g)).
Torna orto6paxenue [ OyneT u30MOp(U3MOM €BKJUAOBBIX IPO-
CTPaHCTB.

ITOT M30MOp(U3M He 3aBHCHUT OT 6asnca, Tak KakK COOTBET-
CTBHE, COIOCTABJSIONIEEe BEKTOPY €ro INpPHUCOEeNIHHEHHYI0 (YHK-
uuio, 3amucbiBaercsi popmysoit f(z) = (a, x) B HE3aBUCHMOM OT
6asuca Bune. Kak cienctsue Mbl osyyaem

[Ipennoxenue 1. B KoweunomepHom esxkaud080M npo-
cmparcmee Kaxcoas AUHeUHAs QYHKUUS ABASLEMCS peeyAipHOLL.

3aMeuaHue. B GeckoHeYHOMEPHOM MPOCTPAHCTBE MONOG-
HOe TpejJIoKeHHe Obl0 Ob HeBepHO. B mpumepe 4 § 1 BBeneno
CKaJIipHOe TPOU3Be/leHHe B NPOCTPAaHCTBe (PYHKLMH, ONpeneseH-
HBIX W HempepbiBHbIX Ha otpeske [0, 1]. [lo oTHoweHHIO K 3TOMY
CKaJIIPHOMY IIPOM3BElEHHIO M3 [BYX JHHEHHBIX (PYHKLHMOHAJIOB,
paccMOTpeHHbIX B mpumMepe 4 § 5 rii. VI, nepBblil siBasieTcs pery-
JISPHBIM, @ BTOPOH, KaK MOXHO I0Ka3aTb, HeT.

He 3aBucsummii ot BeiGopa 6a3uca M30MOP(HU3M MeXKAy INpo-
cTpaHcTBaMu € U £F M03BOJISET OTOXKAECTBUTD STH MIPOCTPAHCTBA.
C nonoGHBIM 0OCTOATENbCTBOM MBI BCTPeUYasHCh, KOrga OTOX-
JeCTBJISIIM NPOCTPAHCTBO L U €ro BTOpOe coNpskeHHoe L**.
OToxecTB/IeHNEe €BKJIMAOBA MPOCTPAHCTBA C €T0 COMPSIKEeHHBIM
(1 MHeHHOH (DYHKUMH C ee TIPUCOeJHHEHHBIM BEKTOPOM) $iB-
JsieTcst OOLENPUHATBIM.

Paccmotpum BekTOphl €*!, ... e*™, oToXmecTBJseMble ¢ 3Je-
MeHTamu e*! ... e*" Gasuca, GHOpTOrOHaMbHOTO Gasucy e. U3
dopmynsl (5) § 5 ran. VI caenyer, UTo OHU YIOBJETBOPSIIOT YCJIO-

BUIO o

e ={ 124

) - .7
Ortciona HeTPyAHO BBIBECTH, UTO NPHU 1 = 3 OHOPTOTOHAJBHBIH
6asuc, onpenesneHHbld Hamu B § 4 ri. [, coBnagaer ¢ Guoproro-
Ha/lbHBIM 6a3ucoM, onpeaeneHHbM B § 5 1. VI. 910 ke BhsCHsIET

MPOUCXOXKJIEHHEe TePMHUHA <OUOPTOTOHABHBIHS.

2. IIpeo6pa3oBanue, nprcoeHEHHOE OMJINHENHON (PYyHK-
muu. [lyctb b GununHelinas GyHKUHSA HA €BKJIHUAOBOM IMPOCTPaH-
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ctBe £. C MOMOLIBIO CKAJISIPHOTO MPOMU3BENEHUS el MOXKeT OBITb
COIIOCTABJIEHO HE3aBUCSILIUM OT BblOopa Gasuca 06pa3oM HEKOTO-
poe JIMHelHoe npeoOpa3oBaHue.

Onpenenenune. JluneiiHoe npeo6pasoBaHre A HasblBaeT-
csl npucoedureHHvlm OGUIHHEHHON QYHKUMU b, ecan s JIOOBIX
BEKTOPOB & U Yy U3 £ BBINOJHEHO PAaBEHCTBO

b(z,y) = (z, Ay))- (2)

[Ipennoxenue 2. Kanoas buruneiinas Gynkyus umeem
00HO edurHcmeenHoe npucoedurerroe npeobpa3osanue.

JlokasartenabctBo. [lycTs A mMarpuua npeobpasoBanus A
B HekoTopoM Gasuce e. Torma (z, A(y)) = x' T'Ay, rne I' — mar-
puua I'pama 6asuca e , a X U y KOOpAHHATHbIE CTOJOLBI & U .
Orciona BuaHo, 4to (2, A(y)) — OusnuHeHdHas QyHKUHUsS C MaT-
puuett I'A. Ecan 3HaueHus: AByX OWIMHEHHBIX (PYHKUMH paBHBI
IJs JIIOOBIX © W Yy, TO UX MaTpuUlbl coBmagamoT. [lostomy, ecnu
y (yHKUMH b cyliecTByeT NMpUCOeIMHEHHOe NMpeoOpa3oBaHue, ee
matpuua B paBHa I'A. Otciona

A=T"'B. (3)

D10 03HayaeT, UTo OUAMHEHHass (PYHKLHS HE MOXKET UMeTb 00Jib-
1Ie OJHOrO MPHUCOENLHHEHHOro IpeoOpa3oBaHUs: €C/IH OHO Cylle-
CTBYyeT, TO ero matpuua pasHa ' ~!B.

JlokaxkeM CylleCcTBOBaHHe NPUCOEeIUHEHHOTO Mpeobpa3oBaHuUs.
JI71s1 3TOro 10CTaTOUHO NMPOBEPUTH, YTO MPeoOpa3oBaHue ¢ MaTpH-
ueit (3) apasercs npucoenuHeHHbM. Ilogctaum A = I'"'B B
(z, A(y)) = xIT Ay. Mu nonyuum (z, A(y)) = xI By = b(z,y).
[pensoxxenue noxasaHo.

OnHOBpeMEHHO MBI MOJYUWJIM CBSI3b (3) MexKIy MaTpula-
MM OMJIMHEHHOH (PYHKLHU ee NPUCOeJMHEHHOr0 peoOpa3oBaHHsl.
Jlns opToHOpPMHMpOBaHHOTO 6asnca 3Ta CBA3b 0COOEHHO MpocTa —
3TH MaTpPHUILBl COBMALAIOT:

A=B. (4)

OTciona W U3 npensoxeHuss 5 § 2 Mbl mosydaem



344 I'nasa VII. Eskaudoser u ynumapHoie npocmparcmaa

[Ipennoxenue 3. Laa cummempuurolx OuLUHEUHbIX
QYHKYUL U MOAbKO 04 HUX npucoedureHnHoe npeobpasosarue
ABAAEMCS CAMOCONPAHCCHHDIM.

[Ipeo6pasoBanue, MpHCOEAVHEHHOE CUMMETPUYHON OUJIHHEH-
HOH (DYHKLHH, HAa3bIBAIOT MPUCOEIUHEHHBIM TAKXKe K COOTBETCTBY-
Ioled KBaApaTUYHOH (hopme.

3. OpToHOpMUpPOBaHHBIN 0a3uc, B KOTOPOM KBaJpaTHYHas
¢opma umMeeT JUAroHAJbHBIA BUN. YCTAHOBJIEHHAS BbILIE CBf3b
MeXIy KBaJpaTHUHBIMH (JOPMaMM U CaMOCOTPSKEHHBIMHU MPeos-
pa30BaHUSMH MO3BOJISET J0KA3aTh 1B Ba’KHbIE TEOPEMBI.

Teopema 1. B eskaudosom npocmparcmee Oas Kasdou
KeaodpamuuHoil opmol cyuiecmayem OpMOHOPMUPOBAHHbLL Oa-
3uUc, 8 KOMOPOM OHQ umeem Oua2OHaAbHbLL 8UO.

Teopema moutu oueBuaHa: 6a3UCOM, CyLIECTBOBAaHHE KOTOPO-
ro yTBepXKIaeTcs, sBJsSETCS OPTOHOPMUPOBAHHBIH 6asuc U3 co0-
CTBEHHbBIX BEKTOPOB CaMOCOTPSXKEHHOTO MPeoOpa3oBaHusi, MPUCO-
eIMHEeHHOT'0 KBagpaTuuHo# ¢opme. B Hem B = A u A — nuaro-
HaJslbHasi MaTpHLA.

Ciienytomiasi TeopemMa siBJISeTCS, MO CYLIECTBY, APYrol (opmy-
JIUPOBKOH TeopeMbl 1.

Teopewma 2. [lycmo 6 aunetinom npocmparcmee L 3adarol
Ose ksadpamuunsle gopmol k u h, npuwem h — nosoxcumenvro
onpedenennasn. Toeda 6 L cyuwecmsyem 6asuc, 8 komopom obe
GopmoL umerom OuazoHarbHbLL BUO.

Jlns nokasaresbcTBa BBeleM B L CKaJsipHOE MPOH3BeNEHHeE,
NpUHAB h 3a OCHOBHYIO KBanpaTuuHyto ¢opmy. [lo oTHowweHHUIO K
9TOMY CKaJIIPHOMY IPOM3BENEHHIO OPTOHOPMHUPOBAHHBIMU OYAYT
Te 6asuchl, B KOTOPEIX h HMeeT KaHOHUUecKui Bul. [lo Teopeme 1
A5 GopMbl k cyllecTByeT OPTOHOPMUPOBAHHBIN 6a3Kc, B KOTOPOM
OHa MMeeT IMAaroHaJbHbIA BUI. DTO U eCcTh Ga3uC, CyLIeCTBOBaHHE
KOTOPOT'O Mbl J0Ka3bIBAEM.

SameuaHnue. Ecnu npoctpaHcTBo £ — €BKJHIOBO, TO TEO-
pema 2 ocrtaeTcs, KOHEUHO, CIpaBelHBOH. ¥YxKe CYLleCcTBYIollee
CKaJIipHOE MPOU3BeleHHe OCTaBJ/sieTCss 0e3 BHUMAaHHS, a AJs J0-
Ka3aTesbCTBA BBOAUTCS HOBOE CKassipHOE MPOU3BEeHHe TPH MO-
MoK opmbl h. Halinenusi#i 6asnc, BooOiie rosops, He Oyner
OPTOHOPMMPOBAHHBIM [0 OTHOLLUEHHIO K CTaPOMY CKaJspPHOMY Npo-
U3BEeJIeHHIO.
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UroObl MpHUBECTH [B€ KBaApaTH4Hble ()OPMbl K AHAroHaJjbHO-
My BHIY B ONHOM H TOM e 0asuce, MOXKHO CHauasa IPUBECTH
K KaHOHHYecKoMy BUIY (opmy h u HaiiTh marpuuy K’ dopmbl k
B MoJiydeHHOM 6asuce. DTUM OyleT OCYLIECTBJEH Mepexofn K Oa-
31CY, ODPTOHOPMHPOBaHHOMY IO OTHOILLEHHIO K BCIIOMOraTe/bHOMY
CKaJsIsIpHOMY TpousBeleHnto. JIuHelHOe npeoOpa3oBaHHe, HMelo-
uee Ty ke Matpuuy K, siBasieTCs MPHCOEIMHEHHBIM K (hopme
k. Cnenyer HaWTH ero OPpTOHOPMHPOBAHHBIN 06a3nuC U3 COOCTBEH-
HBIX BEKTOPOB, BHIYMC/SS CKa/lspHOe NIPOHU3BeJeHHe 10 (popMyse
(9) § 1. B atom Gasuce matpuia qopmbl h OymeT mo-mpexxHeMy
eMHUYHOH, a MaTpuia K” dopmbl k Oyner nuaroHasbHOM.

ToT ke pe3y/bTaT MOKHO MOJYUNUTh U uHade. [Tycte K u H —
MaTpHULbl KBaAPaTHUHBIX (DOPM B UcXoAHOM Oaszuce e. Marpuua H
sBJseTcs Matpuuell ['pama 6asuca e A/ BCIOMOTraTesNbHOrO CKa-
JsipHoro npoussefienus. [loaTomy npeo6pasoBaHue, NpUCcOeUHEH-
Hoe (bopme k, B Gasuce e umeer matpuny A = H ' K. Hanumewm
ero xapaktepuctudeckuit Muorousned det(H 'K — \E) B Bume
det[H (K — AH)]. Tak kak det H ! # 0, xapakTepucTHuecKoe
ypaBHeHHe UMeeT Te K€ KOPHM, UTO U ypaBHeHHe

det(K — AH) =0, (5)

HasblBaeMoe 0000uUeHHbIM XAPAKMEPUCULECKUM YPABHEHUEM.
JInsi KaXKI0To M3 ero KOpHeH cucTeMa ypaBHEHHMH COOCTBEHHOIO
noanpoctpanctBa (H 1K — AE)x = 0 3KBUBaJleHTHa CHCTEMe

(K — M\H)x =o.

Jlng Kaxkaoro KopHsi (yHIAMeHTasJbHYIO CHCTEMY peLleHHH
TAaKOH CHUCTeMBl ypaBHEHHH Hal0 OPTOrOHA/IM30BaTb U HOPMHPO-
BaTh, HAXO[sl CKaJssipHOe MpousBeneHue mno Qopmyrne (7) § 1 ¢
matpuued [pama H. O6benuHss Bce TaK MOJyUYeHHbIE OPTOHOPMHU-
poBaHHble 0a3WChl COOCTBEHHBIX TMOAMPOCTPAHCTB, MBI MOJyUYaEM
6asuc €. OH OpPTOHOPMHUPOBAH OTHOCHTEJBHO BCIIOMOTraTeNbHOTO
CKaJIIPHOTO MPOM3BeNEHUs, U NMoToMy (popMa h B HEM HMMeeT Ka-
HOHHYeCKHUH BUA. TaK KakK OH COCTOMUT U3 COOCTBEHHBIX BEKTOPOB
npeo6pa3oBaHusl, NPUCOEAHHEHHOTO K k, 3Ta (popma OyneT UMeThb
JMaroHa/bHbIA BUA B Oasuce €’.
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YIIPA2KHEHHWSA

1. B mpocTpaHCcTBE MHOTrOYJIEHOB CTeNeHW < 3 CKa/sgpHOE MpPOU3Be-
JleHWe 3alaluM Takxke, Kak B 3anade 1 § 1. Jluneitnas ¢yunxuus f comno-
craBsisieT MHOTOUJIeHy p(t) ero cBoGomubiil usen p(0). Haiinure BekTOp
(MHOTrOUJIEH), TPUCOEMHEHHBIH K 3TOH JIHHEHHOH (YHKIMH.

2. Jluneitnoe mpeoGpaszoBaHue A TMPUCOEANHEHO OUIHHEHHOH (QYHK-
uun b. Kakoil 6unvHeiiHOH (YHKUMM NMPUCOEIHHEHO ero COMNpPsi2KEHHOe
npeo6pasoBanue A*?

3. B 0Gasuce e OunuHediHas (QyHKuusi uMmeeT matpuuy B. Hailinu-
Te MaTpHlly ee NPUCOeIMHEHHOro npeobpazoBanus, ecad I' — martpuna
['pama 6asuca e.

B =

2 1
1 2

4. Jloka)kute, 4TO 3HaueHHe KBaApPaTHUHOH (opmbl k(x) HA BeKTOpe
2 ILJIMHBL | 3aK/I04€HO MeXy HAUMEHbLIUM W HaHOOJbLUIUM COOCTBEHHbI-
MU 3HAUEHHSIMM ee MPHUCOeIMHEHHOr0 NpeoOpasoBaHUs, U 3TH I'DAHHULbI
JOCTHrAlOTCs Ha COOTBETCTBYIOLIMX COOCTBEHHBIX BEKTOpAX.

5. KBanpartnunas ¢opma 3azaHa B OpTOHOPMHUPOBAaHHOM 0asuce MHO-
rounenom 3(£1)? 4 3(€%)? + 3(£%)? — 261¢? — 2¢'¢® — 26%¢3. Haiinure
MaTpHIy [epexofia K OpPTOHOPMHUPOBAHHOMY 0a3UCy, B KOTOPOM OHA HMeeT
JMaroHa/bHbI BUJ, U ee BUJI B 9TOM 0Gasuce.

6. ITyctb k 1 h — kBagpaTHuHble GOPMBI U h MOJIOXKHUTEIBHO OMpeje-
jeHa. CyiiecTByeT /M 6a3uc, B KOTOPOM k MMeeT KaHOHMYeCKHH BHI, a
h — nuaroHasbHBIN?

7. TlpuBenuTe mprMep ABYX KBaApaTHUHLIX (OPM, KOTOpble a) He
MPUBOASATCS K IHaroHaJbHOMY BHIY B OIHOM M TOM e 6a3uce, 0) mpH-
BOJSATCA K JMAaroHaJbHOMY BHAY B OLHOM H TOM ke 6asuce, HO HU OflHA
M3 HUX He SIBJISETCS HU IOJIOXKHUTEJbHO ONpeleseHHON, HH OTPULATEebHO
omnpejeJ/IeHHOH.

8. Haiinure matpuuy nepexona K 6asucy, B KOTOPOM KBaJpaTHUHbIE
bopmbt k(z) = (£')% — 26167 + (€%)* n h(z) = 17(¢")* +8¢'€% + (€%)?
o6e MMeIT AHaroHaJbHbIH BHI, a TaKXKe MX BHUJ B 3TOM Gasuce.

9. Jlokaxkute, 4TO AJisi TOTO, YTOObI AJIsi IBYX HEMpPOMNOPLHOHANbHBIX
KBaZpaTHYHbIX (OPM B ABYMEPHOM IPOCTPAHCTBE CyllecTBOBas 06a3uc,
B KOTOPOM OHH 00€ MMEIOT AHAaroHaJbHBIH BHA, HEOOXONMUMO M J0CTa-
TOYHO, YTOOBI CPEIU UX JIMHEHHBIX KOMOMHALMH HALLIACh T10JI0KUTENbHO
onpesiesieHHast popma. Hacko/bKo 31ecCh CyILIeCTBEHHO NPEAIOJI0KEHHE O
pa3MepHOCTH MPOCTPAHCTBA?
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§ 4. MOHATUE Ob YHUTAPHbIX
MPOCTPAHCTBAX

1. Onpenenenue. B sToM naparpacge Mbl oKaxkeM, Kak orpe-
JeJisieTcsl CKassgpHOe MNPOU3BefeHHE B KOMIJIEKCHBIX JIMHEHHBIX
npoctpaHcTBax. [Ipy aToM Mbl He NPUBOAMM JOKa3aTesbCTB, MO-
CKOJIBKY HX MO2KHO TIOJIYYUTb HE3HAYUTEJbHBIM BUIOHM3MEHEHHEM
JI0Ka3aTeJbCTB COOTBETCTBYIOIINX TMPENJIOKEHHH O eBKJIHIOBBHIX
npocTtpaHcTsax. Jlorosopumcs, 4To yepTa Hal OyKBOH, 0603Haua-
Iolled MaTpully, O3HayaeT 3aMeHy BCeX 3JeMEeHTOB MaTpHLBl Ha
KOMILJIEKCHO COIpSI2KEHHBIE.

PaccmoTprM KoMmieKcHOe THHEHHOe TPOCTpaHcTBO L U Mpel-
MOJIOXKHUM, UTO Mbl KaKHM-TO 00pa3oM COMOCTaBHJIM KaxAOH yIo-
psIIOYEHHOH Mape BeKTOPOB x U y uyHcyo (z|y). OkasbiBaeTcs, 4To
€CTeCTBEHHBIE AKCHOMBI, OINpefeIsIollre CKaIsIpHOe MPOU3Beje-
HHE B €BKJIMAOBBIX MPOCTPAaHCTBAX, BBINTOJHEHBI OBbITH He MOTYT.
JleficTBUTENbHO, MYCTb & — HEeHYJeBOH BekTop. B Hamewm mpo-
CTPaHCTBE ONpelesieHO0 YMHOXKEeHHe Ha KOMIIIEKCHOe YUCJI0, U Mbl
MOXKEeM B35ITb BEKTOp 4x, e ¢ — MHHMas enuHuua. Ecau cka-
JISIDHOE TIPOM3BeLeHHe JIMHEHHO MO Ka)KJIOMY COMHOXKHTEJNIO, TO
UMEEeT MEeCTO PaBEHCTBO

[Ipu mosoXXUTeNbHOM MPOU3BEIEHUH CIIpaBa MPOU3BELEeHHE CJIeBa
orpuuarenbHo. Takum o6pasoM, BeIOMpPasi B KauecTBe CKaJsIPHOTO
NPOU3BeJIeHUS] BEKTOPOB 3HaueHHe OMIMHEHHON (DYHKLMUH, MBI He
MOXKEeM PACCUHTBIBATh, YTO AJIMHA BeKTOpa OyIeT BellecTBEeHHA.

[losToMy B KOMIIJIEKCHOM IPOCTPAHCTBE BBOASTCS APYTHE
OmpefiesieHNsT CKaJsIPHOrO TIpOu3BeleHHs. B onHoM M3 HUX 3a-
MeHSI0T akcuoMmy 4 Gosiee cjabbiM TpeGOBaHHWEM: W3 TOTO, UTO
(x]y) = 0 mas Bcex x, BbITEKaeT y = o (MHaye roBopsi, Op-
TOrOHaJIbHOE JIONOJIHEHHWe mnpocTpaHcTBa L ecTb HYJeBOe TMoj-
npocTpancTBo). KommiekcHoe JiMHe#HHOe TMPOCTPaHCTBO, B KOTO-
pPOM TaK OIpefieJieHO CKalsgpHOe MPOU3Be/leHUe, Ha3blBaeTCs KOM-
NnAeKCHoIM e8KALd08biM npocmparcmeom. Takne MpocTpaHCTBA
ucnoJbaylorcs penko. Kaxk npaBuso, B NpUIOKeHHAX BCTpPeuaroT-
Csl Tak HasblBaeMble YHHUTApHble MPOCTPAHCTBA.
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Onpenenenne. KoMmmiekcHoe JUHelHHOe NMpocTpaHCTBO L
Ha3bIBaeTCs yHUmMapHolm (MU 9pMUMOBbIM) TIPOCTPAHCTBOM, ec-
JIM 3aJaH 3aKOH, COHOCTaB.HHIOLU,Hﬁ Ka>XXIbIM OBYM BEKTOpaM T U
y U3 L KOMIUJIEKCHOEe YHCJo (x|y), HasblBaeMOe HX CKAAAPHLIM
npoussederuem, U 3TOT 3aKOH YIOBJETBOPSIeT CJeNYIOLUM aKCH-
OMaM, KaKOBBl Obl HU OblJIM BEKTOPbl Z, Yy, U 2 U UHUCIO O

1. Tlpu mepecTaHOBKe COMHOXKHUTeJsell cKaJisipHOe [IpOH3Befe-
HUEe 3aMeHsIeTCsl Ha KOMILIEKCHO COMpspKeHHoe dncao: (x|y) =

= (ylz).
2. (azly) = a(zly).
3. (x +ylz) = (zl2) + (yl2).
4. (z|z) > 0, ecaiu  # o.

3ameTnM, 4TO AJs J06Goro Bektopa (z|x) = (x|z), u noTomy
CKaJ/ISIpHBIM KBafipaT BeKTOopa — BellleCTBEHHOe yucyo. B dyeTBep-
TOH akchome TpebyeTcsi, UTOOBl OHO OBIJIO TOJNOKHUTEJNbHBIM MJI5
x % o.

N3 akcuom | u 2 BbITeKaeT NMPaBUJIO BbIHECEHHS] UHCJOBOTO
MHOXKHUTEJISI OT BTOPOI'O COMHOXHTEJSI B CKaJIipHOM MpPOW3Beje-
HuM. Kak jserko npoBeputh, A5 JIOOBIX KOMIIJIEKCHBIX YHCEN A U
/L BBITIOJIHEHBI PABEHCTBA

) =g, A +p)=rA+7. (1)

B CUJy TIEPBOTO U3 3TUX PABEHCTB

(zlay) = (ay|z) = aly|z) = a(yl|z),

U OKOHYAaTeJbHO
(z]ay) = a(z|y). (2)

PackpriTie cK0OOK MpH CJA0KEHUH BO BTOPOM COMHOXKHTEJIE MPO-
UCXOOUT 6e3 3aMeHbl Ha compsikeHHoe. CoryiacHO BTOPOMY M3 pa-
BeHCTB (1)

(zly + 2) = (y + z|z) = (y|]z) + (2]2) =
= (ylz) + (z[2) = (zly) + (z]2).
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3rto [TIOKa3bIBaeT, 4YTO

YHUTapHOe€ TIPOCTPAHCTBO MO2KHO OINpeneuTb Kak
KOMIIJIEKCHOEe JINHEHHOoe MIPOCTPAaHCTBO, B KOTOPOM 3a-
JaHa TMOJIO2KHUTEJIbHO OTIpee/ieHHasAs 3pMUTOBA Cli)OpMa.

JlnuHa BeKTOpa U yroJ MexAy BeKTOpaMM ONpeeJsiloTCs Te-
MU ke (hOpMy/aMH, UTO U B eBKJMIOBOM NpocTpaHcTBe. JsnHa
BEKTOpa BelleCTBEHHa, HeOoTpHUllaTe/bHA M PaBHA HYJIO TOJBKO
IJisl HYJIeBOTO BeKTOpa. ¥YToJ, BOOOlle TOBOPS, KOMIJIEKCHBIH.

OtmertuM, 4To HepaBeHcTBO Komn-byHsikoBckoro nwuiercs
TaK:

(zlz) (yly) = (=ly) (ylz) = |(xly)]*.

[Tpumep 1. KommiekcHoe JHHelHOe NPOCTPAHCTBO KOM-
TJIEKCHBIX CTOJIOLOB BBICOTBI 72 CTAHOBHUTCSI 7M-MEPHBIM YHHTap-
HBbIM MPOCTPAHCTBOM, €CJIH OMpeJeNUTh CKasspHOe NPOoHU3BeieHHe
no opmyJe

(xly) =x"y =&t -+
JleficTBUTENBHO, TT0 3TOH (POPMYJie UMeeM TaKxkKe
(y[x) =n'€ + - +n"em.

[Tpu nomouiy pasencts (1) Temepp MOXKHO mHoJyuuTh (X|y) =
= (y[x).

Axcrombl 2 W 3 CjenyioT M3 CBOHCTB yMHOMXEHHSI MaTpHIL.
Tlanee,

(xx) = £1¢T+ -+ €mEm = [ 4+ €

a CJIef0BaTe/bHO, CKaJspPHBIH KBaipaT HeOTpULATe]eH U paBeH
HYJIIO TOJIBKO [J151 HYJIEBOTO BEKTOpA.

[Ipumep 2. OnHOMepHOE YHHTapHOE MPOCTPAHCTBO MOXKHO
IOCTPOUTD CJIeAYIOIUM 00pa3oM. PaccMOTpUM B KauecTBe MHOXKe-
CTBa BEKTOPOB BEKTOPbl 0OBIYHON MI0CKOCTH. CJl02KeHHe BEKTOPOB
onpenesnM, Kak oOblUHO, [0 TIPaBUJY NapaJjJiesorpaMmma.

Jlnst Toro, yToOH! ONpeneaUTb IPOU3BEIEHHE BEKTOPA HA KOM-
MJIEKCHOE UHUCJIO, BbiOepeM HEKOTOpbIH (MycThb, AJISI ONpeneseH-
HOCTH, OPTOHOPMHpPOBaHHBIH) Ga3uc. [IpousBeneHnem BeKTOpa X
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¢ xoopauHatamu €1, €2 Ha umeso A = a4 i3 Mbl Ha30BeM BEKTOD
¢ koopauHataMu ol — BE2 u a? + BEL. Cmbies aTOTO OMpenene-
HHSI CJIEAYIOIIME: BEKTOPY X COOTBETCTBYET KOMIIEKCHOE UHCJIO
€' +i€?. TlpousseieHHeM AX Ha3blBaeTCs BEKTOP, COOTBETCTBYIO-
WHH TpousBenenuio yncea A(EL + i€2?). 3ametuM, 4TO TpH CJI0-
JKEHUH BEKTOPOB CKJAAbIBAIOTCA COOTBETCTBYIOLIME KOMIJIEKCHbIE
qucJa.

[TpoBepuM aKCHOMBI JIMHEHHOrO MPOCTPAHCTBA: aKCHOMBI, OT-
HOCSILMeCsS K CJI0KEHHUIO BEKTOPOB, pa3yMeeTcsl, BbINOJHEHBI, TaK
KaK TYT OOBIYHBIE BEKTOPBI CKJIAJBIBAIOTCS OOBIUHBIM 00Pa30M.
AKcHOMBI, OTHOCSIIMECS] K YMHOXKEHHIO BEKTOpa Ha UHCJIO, BBITE-
KalOT M3 CBOHCTB CJIOKEHHS] M YMHOXEHHSI KOMIJIEKCHBIX UHCEJL.
Takum o6pa3om, Mbl HUMeeM KOMIJIEKCHOE JHMHEHHOe MpOCTpaH-
cTBO. PasMepHOCTDb ero paBHa |, Tak Kak KaKablil BEKTOp X paBeH
(€' +i€?)eq, rme €' +i€? — KOMILIEKCHOE YMCJIO, OMPEessieMoe
BeKTOpOM X. Dasucom siBisieTcsl BEKTOp €.

CkasiipHbIM TIPOM3BElEHHEM BEKTOPOB X = Aejp U y = e
HaszoBeM uncao Afr. He mpencraBssier Tpyna mpoBepHUTb, UTO Ta-
KOe CKaJsIsIpHOe YMHOXKEHHE YI0BJIETBOPsIET aKCHOMaM YHHUTApHOTO
IPOCTPAHCTBA.

Yuutaphas anuna Bektopa (1 4 i)e; pasHa /2. CkanspHoe
npousBeneHne (eilez) = (eilie;) = —i, naxe ecau Mo OTHO-
LIEHHIO K OOBIYHOMY CKaJIIpPHOMY NPOHU3BEIEHHIO 3TH BEKTOPbl U
nepreHIUKYASPHBL.

2. CpoiicTBa yHUTaApHBIX NPOCTPAHCTB. DBce 1noKasaHHble
BbIILIE CBOMCTBA €BKJMIOBLIX MPOCTPAHCTB C HEOOJBLINMH H3Me-
HEHHUSIMU T1€PEHOCATCS Ha YHUTapHble NPOCTPAHCTBA.

CkaJsisipHOe NPOU3BeIeHNE BBIPAXKAETCsl Uepe3 KOOPAUHATHl CO-
MHOXHTeJsell B BeiOpaHHOM 0Gasuce 1o Gopmye

(zly) =x"T¥,

rone I' — matpuua [pama uau, uHaye, MaTpulla OCHOBHOHM 3pPMHU-
TOBO# (hopMmbl. Ee asieMeHTE — cKaJsipHbIe TPOM3BEIEHHUST BCEBO3-
MOXKHBIX Tap 0asucHBIX BeKTOpoB. [Tockombky (e;le;) = (ejles),
Matpuia ['pama B yHHTapHOM MPOCTPAHCTBE YAOBJIETBOPSIET YCJIO-
BHIO

'’ =T. (3)
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Hanomuuwm, uto npu ycaoBuu (3) MaTpulia HasblBAeTCs Ipmu-
moeoll.

B KOHeUHOMepHOM YHHUTapHOM MPOCTPAHCTBE CYILIECTBYET Op-
TOHOPMHPOBaHHbIH 6a3uc, BEKTOPbHI KOTOPOrO IOMAPHO OpPTOro-
HaJIbHBI, & Mo AJuHe paBHbl 1. Takol 6a3uc MOXKHO TOJNYUHTh U3
NPOM3BOJILHOTO Ga3nca MeTOJIOM OPTOroHa M3aluu. B oproHopMu-
poBaHHOM 0asuce CKaJsipHOE MPOH3BeleHMe BblpaxKaeTcs (hopmy-
JIo# L

(zly) = &l 4 -+ &M

OproroHa/npHOe NOMOJHEHHE MOAPOCTPAHCTBA U OPTOTOHAJb-
Hble TIPOEKIHUH BEKTOPA B YHUTAPHOM MPOCTPAHCTBE OIpee/IstoT-
csl TaK e, Kak B eBKJMIOBOM, H HMEIOT Te »Ke cBoiicTBa. Pasyme-
eTcsi, Hy>KHO He 3a0bIBaTb CJEIUTb 3a MOPSAKOM COMHOXKHUTeJEeH
B CKaJIIpHOM TPOU3BEJEHUH.

Marpuna nepexona oT 0fHOTO OPTOHOPMHUPOBAHHOTO 06asnca B
YHHUTApHOM TIPOCTPAHCTBE K JAPYrOMY TAaKOMY »Ke 6asucy HOJ/KHA
YIOBJIETBOPSITH PABEHCTBY

STS=E. (4)
DTO 03HAyaer, 4yTo gfl = ST, a oTcroga cjaemyer
SSsT =E.

Onpenenenne. Marpuua, yaOBJAeTBOPSIONIAs PABEHCTBY
(4), Ha3biBaeTCs YyHUMApPHOL.

[Tpumensis paBeHnctBa (1) K Qopmyse MOJTHOTO PasOKEHHs
JleTePMUHAHTA, Mbl [OJy4YaeM, UTO det S = det S. Teneps uz (4)
cJenyeT

det(STS) = det ST det 'S = det Sdet S = |det S|* = 1.

Takum 006pa3oM, feTepPMHUHAHT YHUTAPHONH MATPULBl — KOMIIJIEKC-
HOe 4MCJI0, 10 MOAYJI0 paBHOe .

B teopeme 5 § 4 ra. VI MBI BUzesiH, UTO 115 KaXKJIOTO JHUHEH-
HOT'O Tpeo0pa3oBaHUsl KOMIIJIEKCHOTO JIMHEHHOrO MPOCTPaHCTBA
CyllecTByeT 6a3HC, B KOTOPOM €ro MaTpula — BEpXHSs TPeyroJb-
Has. Jlerko BUIETh, YTO OPTOTOHAIMU3ALHUS TAKOro 6asuca He Bbl-
BOJUT ero BekTophl U3 noampoctpancTs (11) § 4 ra. VI. Tlostomy
CIlpaBelJiMBa TeopeMa, U3BecTHasl Kak meopema Llypa
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Teopema 1. [las kaxmdoeco auwnetinoeo npeobpa3osanus
YHUMAPHO2O NPOCMPAHCMEA CYW,ecmeyem OpMmoHOPMUPOBAH-
Holll 6asuc, 8 KOMOPOM €20 MAMPUYQ — BEPXHAS MPeySONbHAS.

3. CamoconpsixkeHHble M YHHTapHble IpeoOpa3oBaHUs.
[IpeoGpasoBaHue yHMTApHOTO MPOCTPAHCTBA HA3bIBAETCS CAMO-
CONPAINCEHHbIM, €CIU 15 JIOObIX BEKTOPOB & M Y BbIOJHEHO

PaBEHCTBO
(A(x)ly) = (z|A(y))-

W3 storo onpesesneHns BEITEKAET, UTO NIPpe0Opa3oBaHue SIBJASETCS
CaMOCOTIPSI>KEHHBIM TOTJIa M TOJIBKO TOTZA, KOTAA €ro MaTpHia B
JIIOO0OM OPTOHOPMHPOBaHHOM 6a3uce 3PMHUTOBA.

CoGcTBeHHble 3HaueHHs1 (2 3HAUMT, U BCe XapaKTepuUCTHUe-
CKHe YHCJIa) CaMOCOTIPSI)KEHHOTO Tpe0oOpa3oBaHUs BellleCTBEHHHBI.
HeitctButensho, ecan A(z) = Az, 1o (A(z)lz) = Azlz) n
(z|A(z)) = Mx|z). CrenosaTesibHo, A = .

[Ipennoxkenust 2 v 3 § 2 cnpaBeNIUBEl U /151 YHUTAPHBIX TPO-
ctpaHcTB. [TosTOMy Ha camocomnpsikeHHble PeoOpa3oBaHus YHHU-
TapHBIX TMPOCTPAHCTB Oe3 M3MEeHeHWH MepeHOCHUTCs U Teopema 2
§ 2.

3ameTHM, OfHAKO, UTO oOpallleHHe TeopeMbl 2 § 2 — mpenJo-
x)enue 10 § 2 Ha yHHTapHBle MpeoGpa3oBaHKs He MEPEeHOCHUTCS:
5PMHTOBA MaTpHUlla JOJ’KHA UMeThb BellleCTBEHHbIe YHUCJ/IA Ha TJaB-
HOH 1MaroHasH, a TMOTOMY He BCsIKasi AHAaroHajbHas MaTpulia —
3PMHUTOBA.

[Ipeo6pasoBaHne yHHTAPHOTO NPOCTPAHCTBA TAKOE, UTO

(A@)[A(Y) = (2[y)

111 I0OBbIX BEKTOPOB & U Y, HAa3bIBAETCS YHUMAPHbLIM NIpeodpaso-
BaHueM. [IpeoGpasoBaHue YHUTApPHO TOra U TOJBKO TOTAA, KOTAA
ero MaTpuua B JI0O0M OPTOHOPMHUPOBAHHOM 0asuce YHUTapHas.

CoO6cTBeHHbIe 3HAYEHHS] YHUTAPHOrO MPeoOpa3oBaHHUs MO MO-
JYJ1I0 PaBHBl eIMHHUIIE.

W3 paBeHcTBa (4) BHAHO, YTO BellEeCTBEHHAs YHHUTapHas MaT-
puna — oproroHanpHas. OTciona, B 4acTHOCTH CJeENyeT, 4To Y
OpTOTOHAJILHOH MaTpHLbl He TOJBKO COOCTBEHHbIe 3HAUEHHS], HO U
BCe KOPHH XapaKTepUCTHUECKOrO MHOTOYJIeHa M0 MOAYJIO PaBHBI
eUHHULE.
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Kaxnoe yHurtapHoe npeo6pasoBaHue UMeeT OPTOHOPMHUPOBAH-
HBIH 06a3nc 13 COOCTBEHHBIX BEKTOPOB. DTHM YHHTapHbIE Mpeos-
pasoBaHMs OTJIMYAIOTCSI OT OPTOTOHAJ/BHBIX NpeoOpa3oBaHUH eB-
KJIMJI0Ba MPOCTPAHCTBA.

4. JpmutoBbl (opMbI B YHUTApHOM HpocTpaHcTBe. Pac-
CMOTPHUM B YHHUTAapPHOM MPOCTPAHCTBE MOJYTOpaJUHENHHYIO (op-
My b. IlpeoGpasoBanue A 3TOro mpoCTpaHCTBA HA3bIBAETCS NPU-
coedunennoim dopme b, ecau b(x,y) = (x|A(y)) mis n0OLX
BeKTOPOB = U y. B opToHOpMUpOBaHHOM 6a3uce MaTpulla IPUCO-
eIMHEHHOTr0 Npeo0pa3oBaHUs COBMNAaaeT ¢ MaTPHULEH KOMILIEKCHO
COTpsI2KEHHOU MaTpulle MoJyTopaiuHeilHol ¢opmbl b:

A=B.

[Tostomy npeobpasoBaHue, MPUCOETHHEHHOE 3PMHUTOBOH (opMe,
sBJsSeTC caMoconpsiKeHHBIM. [locsienHee yTBep:KIeHHEe MOXKHO
IIPOBEPUTH U TaK:

(z[A(y)) = b(x,y) = by, z) = (ylA(x)) = (A)]y)-

Tenepr anasornyHo teopeme 1 § 3 MBI MOXKeM 3aKJIOUHTH,
YTO /11 9PMUTOBOH (pOPMBI B YHUTAPHOM MPOCTPAHCTBE HalaeTCs
OpPTOHOPMUPOBAaHHBIN 6a3uc, B KOTOPOM OHA MMeeT NUaroHaJbHbIH
BUJI C BELIECTBEHHBIMU YHCJIaMU Ha JAHAroHaJIU.

Jlnst nByX 3pMHTOBBIX (DOPM, M3 KOTOPHIX OQHA — MOJIOXKH-
TeJbHO OTpenesieHHas, HaleTcs 6asuc, B KOTOPOM OHM 00e HnMe-
I0OT IHaroHaJbHBIHA BUI.

YIIPA2KHEHUA

1. B nBymMepHOM YHHTapHOM IpOCTPAHCTBE JaHBI OPTOHOPMHPOBAH-
HBIH 6a3uc U BeKTOpbl a U b, KOOpAMHATBI KOTOPLIX B 3TOM 0asuce, coOT-
BeTCTBeHHO, 1 +14, 1 —iu —i, 2 — 27,

a) HaiinuTe UX AJIMHBI U KOCHHYCHI YIJIOB MEXKIY a U b ¥ MexXay b u a.
6) OpToroHaausyiire 3Ty napy BEeKTOPOB.

2. HanuinTe Kakyo-HUOYIb He BELIECTBEHHYIO 9PMUTOBY MaTpHULY U
KaKylo-HHOY/b He BellleCTBEHHYIO YHHTApHYIO MAaTPHUILy MOPSAKOB 2 U 3.

3. JlokaxuTe, 4TO KOPHHU XapaKTepUCTHUECKOTO YpaBHEHHs Bellle-
CTBEHHOH OPTOrOHAJIBHOH MAaTPHLbl (B TOM YMC/IE H KOMILIEKCHBIE) IO
MOZLYJIIO paBHBI 1.
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4. Ha#inute opTOHOPMUPOBAHHBIN 6a3uc U3 COOCTBEHHBIX BEKTOPOB U
MaTpHLy Tpeodpa3oBaHus B 93TOM 6asuce a5 npeobpasoBaHus A, 3ajaH-
HOr'0 B OPTOHOPMHPOBAHHOM 0asuce MaTpHuLel

SIBnsieTcst sin npeoGpazoBaHHe CaMOCOINPSKEHHbIM, YHUTAPHbBIM?

5. Hafinure opTOHOPMHpPOBaHHBINH 6a3uc U3 COOCTBEHHBIX BEKTOPOB
YHHTApHOT0 NpeoOpa3oBaHUs, 3a1aHHOT0 B OPTOHOPMHPOBAHHOM 0asuce
MaTpHLen

0 1
-t 0

cosp —singp
singp cosp ||



Inasa VIII

ADDHUHHDBIE
NMPOCTPAHCTBA

§ 1. NJIOCKOCTH

1. AdcdunnHoe npocrpancTBo. B ri1. [ Mbl cunrtanu ussect-
HBIM M3 LIKOJBHOTO Kypca MOHATHE OOBIUHOrO [eOMeTPHUeCKOro
IPOCTPAHCTBA M BBEJIM OIpejieleHHe BeKTopa KaK YHNopsiA04eHHOH
napel Touek. B ri1. VI u VII 6biin u3yyeHbl MHOTOMepHBIE BeK-
TOpHBIE NIPOCTPaHCTBA. Ternepb Mbl MOXKEM AaThb aKCHOMaTHUECKOe
omnpejeseHre TOYEYHOr0 MPOCTPAHCTBA JI000H Pa3MEPHOCTH.

PaccmoTpum m-MepHOe BellleCTBeHHOE JIMHEHHOe [POCTpaH-
CTBO L W NaTuM Clefylollee

Onpepenenue. MHOXeCTBO S Ha3blBACTCS N-MEPHbIM Q-
GPUHHbILM NPOCMPAHCMBOM, A €T0 3JeMeHThl TOUKAMH, eC/d 3a/aH
32KOH, COIOCTAaBJIAIOIINN KaXKI0H YNOpsIOUeHHOH Nape ero aJe-
MeHTOB A U B eIMHCTBeHHBIH BeKTOp U3 L (KOTOPBIH MBI 0603Ha-

YUM zﬁ) Tak, 4To:

1. Onas mo6o# Touku A u3 S u Jawboro Bektopa x € L cy-

LeCTBYeT eIMHCTBeHHasi Touka B Takas, uto AB = x. Jta
Touka OyneT o6osHauaTbesi P(A, x).

2. Hns qo6bix Tpex Toyek A, B u C BBINOJHEHO /@ +l¥’ =
= AC.

L Ha3bIBAeTCS NPOCMPAHCMBOM 8eKMOPO8 IPOCTPaHCTBa S, a
ero 3JeMeHThbl — gexmopamu u3 S.

Uro06bl yCTAHOBUTH COOTBETCTBHE C IPUBLIYHBIMU ONpeeJeHu-
SIMH, 3aMeTHM, UTO TepBoe TpeGoBaHHE COOTBETCTBYET BO3MOXK-
HOCTH OTJIOXKHTb TPOU3BOJIbHBIH BEKTOP OT JI0OOH TOYKH, a BTO-
poe — OIpelesIeHHI0 CI0XKEHUS BEKTOPOB.
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[TpuBenem npocreiine caeACTBUS U3 onpeneneHus ahdUHHO-
o MPOCTpaHCTBA.

a) Jlast mo0bIX ABYX TOYEK ﬂ + ﬁ = E [TosTomy Bek-
TOp, COOTBETCTBYIONIHI Mape COBMABIIUX TOYEK, SIBJSETCS HYyJe-
BbIM BekTOpoM. OTciona mjsi jo6oil Touku A umeem P(A,0) =
= P(A,AA) = A.

6) Bropoe Tpe6OBaHHe nasi touek A, B, A naet E + BA =
= Hx OTKyJa AB = —BA.

B) IIJIH JIIOOBIX qublpeX Toqu A, B, A’, B’ cupaBeniuBo pa-
BEHCTBO A’A + AB = A’B’ + B B. TlostoMy paBeHCTBO AB =
= ﬁ BHITIOJIHEHO, TOT/A 1 TOJBKO TOT/A, KOTAA BHIMOJHEHO pa-

BEHCTBO A’A BTB> ITO CBOHCTBO COOTBETCTBYET OMNpENeNeHNIO
paBeHcTBa BekTOpoB U3 § 1 ri1. L.

[Tpumep 1. Hcxons u3 JMHEHHOrO MPOCTpPaHCTBA L MOXKHO
nocTpouTh appuHHOE MpocTpaHcTBO. /g 3TOro Bo3bMeM B Kaue-
CTBE MHOXeCTBa TOYeK S MHOMKECTBO BEKTOPOB MPOCTPaHCTBA L
U CONOCTaBUM KaxX[0H Nape BEKTOPOB & U Y BEKTOp Y = y — .
Jlerko mpoBepuTh, UTO 00a YCIOBHS H3 ONpe/eseHHs BBINOJHEHBI.
VIHTYUTHBHO 3TO 03HAuaeT cijenyollee: MPeACTaBUM cebe BEKTO-
pbl U3 £ KaK HalpaBJ/eHHble OTPE3KH, HCXOASLINE U3 OHOH TOUKH.
Torna Toukamu npoctpaHcTsa S Mbl OyileM CUHUTATh KOHIBI HAILIUX
BEKTOPOB.

Onpenenenue. Apdunnse npocrpancrea S U S’ HasbiBa-
I0TCS UBOMOPDHbIMU, €CTIH CYLLECTBYET TaKOe B3aUMHO OfHO3HAU-
Hoe ortobpaxenue f : & — &’ u Takoit uzomopusm F : L — L,
4To 1Jis JMIOOBIX ABYX Touek BbinmosHeHo f(A)f(B) = F(ﬁ)

CyuiecTBoBaHWe u3oMopdusma F o3Hauaer, 4TO MOryT OBITH
M30MOP(HBI TOJBKO aUHHBIE NMPOCTPAHCTBA OLHOH pa3MepHO-
CTH.

Ecau nas usomopdusma f ussecren o6pas f(A) kakoit-to ox-
HO# TOYKHM A, W 3amaH uzomopduaMm F, To ortobGpaxkenue f on-
HO3HAuHO onpeneseHo. [elicTBuTenbHo, 06pas Jw0bOoi Touku B
MOKeT ObITh HaljieH no opmysne f(B) = P(f(A), F(ﬁ))

C npyroél cTopoHbl, Kak Obl Mbl HH 3ananu obpas A* Touku
A ¥ u30oMOppHU3M BEKTOPHBIX NMPOCTPaHCTB F, 3TUM myTeM MbI
nosayyum uzomopdusm f : S — §’. HefictButensro, ecan B u
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C' — TpoU3BOJIBHBIE TOUKH, TO A*f(B; = F(E) H A*f(C; =
= F(ﬁ

). [lostomy

f(B)f(C) = A*F(C} — A*f(B) = F(AC) — F(AB) = F(BC).

OTcrona BbITEKaeT

[Ipennoxenune 1. Jlioboie dsa agppunnbix npocmparncmsa
00HOU pasmepHocmu usomop@Hol. Haomopgdudm 00HO3HAUHO
onpedensemcs 3adanuem o6pasa 00HOU MOUKU U U3OMOPHUSMA
coomeemcmeyrowux NPOCMPArHCme 8eKmopos.

Hccnenyem aggununvie npeobpasosanus — H30MOPHUIMBL
npocTpaHcTBa S Ha TO Ke MpocTpaHcTBo. [ns 3Toro mpenro-
JIOXKMM CHadasa, 4To u3omoppusM F — ToxjaecTBeHHOe Npeod-
pasoBaHue. 3ananumcst odpasoM A* HeKoTOpo Touku A M pac-
CMOTpHUM TpeoGpasoBaHue f, ompenessiemoe paBeHcTBOM f(B) =
= P(A*, AB) nns nwo6oit touku B. Eciu o6o3nauuts f(B) = B*,
TO Mpeablayllee PaBEHCTBO 03HauaeT, 4yto A*B* = AB, a 3T0 3K-
BUBAJIEHTHO PaBEHCTBY BB = AA*. Hrak, o6pas Kaxa0H TOUYKH
rosydaeTcss M3 Hee CABMIOM Ha OIMH H TOT K€ BEKTOD m
Takoe npeo6pasoBaHue eCTeCTBEHHO HAa3BaTb NAPAAAEAbHLIM Ne-
PEHOCOM.

Ecau mbl npeanosoxum, uto f(A) = A ns HEKOTOPOH TOUKH
A, a F — HekoTopblil ©30MOpP(HU3M, TO Ipeobpa3oBaHue adHUHHO-
ro npocrpaHcTea Oyner 3agano ¢opmynoi f(B) = P(A,F(AB)).
Takum 06pa3oM yCTaHaBJIMBAETCS B3aMMHO OJHO3HAYHOE COOT-
BETCTBHE MeX1y H30MOp(H3MaMM JHUHEHHOro npocTpaHcTBa L U
ap(UHHBIMH NTPe0OPa30BAHUSAMH, OCTABJSIOLIMMH HENOABHKHOH
TOouKy A.

Herpynno nokasats, 4To mpousBoJibHOEe adpdrHHOe mpeodpa-
30BaHHE eCTb [POU3BeJleHHe MapaJye/lbHOro nepeHoca u Mnpeoo-
pa3oBaHMs, UMEIOLLEr0 HEMOABUKHYIO TOUKY.

Onpenenenue. AdhuHHOE IPOCTPAHCTBO HASBIBAETCS MO-
4euHbvIM e8KAUOO0BbIM TIPOCTPAHCTBOM, €CJH €ro MPOCTPAaHCTBO
BEKTOPOB — €BKJWAOBO. B 3ToMm ciydae paccmosnuem Mexny
ToukamMmu A v B HasbiBaeTcs JJuHA BeKTopa AB.
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TpexmepHOe TOUeUYHOE €BKJMIOBO MPOCTPAHCTBO COBMALAET C
IPOCTPAHCTBOM, M3y4aeMbIM B 3JeMeHTapHOH reoMeTpUH, ec/d B
nocsenHeM (PUKCUPOBATb eUHUIY U3MepeHHs IJIMH.

Hekapmosoti cucmemoil koopouram B ap(HUHHOM TIPOCTPaH-
CTBe Ha3blBaeTCsl COBOKYMHOCTb TOukH O W 6asuca e NpocTpaH-
ctBa L. Ecaiu B § 3amana cucrema koopauHat O, e, TO KaxKIo#
Touke A U3 S B3aUMHO OHO3HAYHO COTIOCTABJISIETCS YIIOPSIIOUEH-
HBIH HabOp M3 n 4Yuces, a UMeHHO KoopauHatel BekTopa OA B
6asnce e. DTH UHC/Ia HA3BIBAIOTCA 0eKapmosovimMu KOOpOurama-
MU TOYKH, a CTOJIOEL U3 HUX — ee KOOPAWHATHBIM CTOJNOLOM. DTH
onpeneseHus GakTHYeCKH OBTOPSAIOT onpenesneHus U3 ra. I, u no-
TOMY OCHOBHble YTBEPXKAEHHUSA U (POPMYJbl OTTyIA CIIPaBELJUBEl U
17151 M06bIX aPUHHBIX MPOCTPAaHCTB. B yacTHOCTH,

e KoopaouHaTHblll cTOs6eL, BeKTOpa A§ paBeH Pa3HOCTH KO-
OPAMHATHBIX CTOJIOLOB TOUeK B U A.

e KoopauHaTHblél cTos6el Toukd P(A, x) paBeH cymme KOop-
IMHATHBIX CTOJOLOB TOYKH A U BEKTOpa Z.

Dopmysibl 3aMeHbl KOOPAUHAT TOUKH NPH U3MEHEHHH CUCTEMbl KO-
OpAMHAT BBIBOASITCS M BBITVIALAT TaK K€, KAK U COOTBETCTBYIOIIHE
¢dopmynsl u3 § 3 ra. L.

2. Ilnockoctu B adp¢puHHOM mpocTpaHcTBe. [lycTh B ag-
(uHHOM TIpocTpaHcTBe S 3amaHa Touka Ay, u k-meproe (k > 0)
noanpoctpancTBo L' B ero mpoctpaHcTBe BeKTOpoB L. MHuoxe-
ctBo &’ Bcex Touek Bupa P(Ag,x), rme x € L', HasbiBaeTcs
k-meproti naockocmero B S. Touka Ay cama, pasymeercsi, JeXHUT
B IJOCKOCTH. Mbl Ha30BeM ee HA4YaAbHOU mMOuKOU, a TOANpPO-
ctpaHcTBo L' — Hanpasasiouum noonpocmpaHcmeom.

Jlio6asi touka miockoctd A = P(Ag,z) MOXKeT ObTb MpH-
HfTa 3a ee HayajbHYyl Touky. [leficTBUTeNbHO, M06as TOUKa
B = P(Ag,y) npeacrasuma B Bune B = P(A,y — x), Tak Kak
ﬁ = m — ApA. HaoGopor, P(A,z) = P(Ag, z + x).

He mnpencraBasier Tpyna nokasaTb, 4To k-MepHasi MJOCKOCTb
ABJseTCs k-MepHBbIM ap(UHHBIM MPOCTPAHCTBOM.

[Ipennoxenune 2. Ecau 8 S svibpara dekapmosa cucme-
ma Koopduram, mo k-mepHas naockocmo mosxcem bvimo 3a0ana
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cucmemotl AuHelHvlx ypasnenuti panea n — k. ObpamHo, MHO-
Hecmeo mouek, KoopouHamo. KOMopwulx YOO8AeMmBOpAIOMm CcO8-
mecmuotl cucmeme parea n = k, asasemca k-meprotl naocko-
cmoto.

HokazatenbctBO. Ecau xy — KoOpAMHATHBIH cToOJOeELL
Haya/JbHOH TOUKH, TO 10 OMPEAEJeHNIO CTOIOEN X = ¥ + X SABJSA-
eTCsl KOOPAWHATHBIM CTOJIOLOM TOYKH MJOCKOCTH TOTZA U TOJBKO
TOrjaa, KOrja y — KOOPAMHATHBIM CTOJI0El BEeKTOpa W3 Harpas-
Jsoitero noanpoctpanctBa. [lo npepnoxennio 4 § 2 ri. VI B
9TOM CJy4ae y AOJI’KEH yIOBJETBOPSTH OJHOPOIHON CHUCTEME paH-
ra n—k Buna Uy = 0. CsienoBatesibHO, CTOJIOEI X YIOBJAETBOPSIET
cucreme Ux = 3, rne = Uxy. Bropast yacte npensoxeHus cie-
nyet u3 Teopemsbl 3 § 6 ri. V.

OOf1ee pelieHHe CHCTEMBI JUHEHHBIX ypaBHEHHH naeT mapa-
MeTpHUYeCKHe ypaBHEHHS 1 — r-MepHOH IJIOCKOCTH, B KOTOPBHIX
(yHIaMeHTa/ bHAs cUCTeMa pelleHUH — 6asuc B HalpaBsJsIoLEM
NOANPOCTPAHCTBE, @ YAaCTHOE pelleH’e HeOAHOPOAHOH CHCTeMbl —
HayaJsbHas TOYKa.

(n — 1)-mepHasi MIOCKOCTb HA3BIBAETCS 2UNEPHAOCKOCbIO.
Owua 3ajaeTcsi OHUM JIMHEHHBIM ypaBHeHHeM a1&l 4+ -+, " =
= (3. OnHoMepHas MJOCKOCTh HasbiBaeTcs npamol aurnueil. OHa
MOKEeT ObITb 3afaHa MapaMeTPUUeCKUMH YPaBHEHHSMH BHAA X =
= Xo +ty.

YIIPA2KHEHHWSA

1. B HeKoTOpO# eKapTOBOH CHCTeMe KOOPAMHAT YeThlpeXMepHOro ag-
(PMHHOTO MPOCTPAHCTBA MJIOCKOCTb 3a/laHa CHCTEMOH ypaBHEHHH

g+ &+ &8+ ¢ = g
261 4362 4483 458 = 1.

Hanuwnre ee napameTpruueckue ypaBHeHHsl (HalAWTe HayaJbHYIO TOUKY
1 6a3uc B HAIPABJISIOWIEM MOANPOCTPAHCTRE).
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2. a) Yro MmoxeT HpeicTaB/ATb COOOH NepeceueHHe ABYX IIOCKO-
crefi? 6) B n-MepHOM a(GUHHOM NPOCTPAHCTBE OLEHHTE Pa3MEPHOCTb
MJIOCKOCTH, MOJly4yaeMol Kak IepecedeHHe MJOCKOCTeH pasmepHocTel ki
U kz.

3. Hokaxwure, 4To B a)(PMHHOM NPOCTPaHCTBe JiOOble 1Be MPsIMble
JiexkaT B HEKOTOPOH TpeXMepHOH IMJIOCKOCTH.

§ 2. KNACCUDHUKALUA JIMHHUH
M NOBEPXHOCTEM BTOPOIO MOPAAKA

B sTom naparpade Mmbl Bo3BpallaeMcsi K reOMeTPHUH TpexMep-
HOT'0 TOUEUHOTO MPOCTPAHCTBA, KOTOPOH OblJIM MOCBSIILEHBI [IEPBBIE
raaBbl KHUMHM. HacTosuu# naparpad MoxeT U3yyaTbCst He3aBUCH-
Mo oT § 1. OH comepXHUT MPUMeHeHHe Pe3y/bTaToB, MOJYUEHHBIX
IJ1s1 KBaIpAaTUYHBIX ()OPM €BKJMIOBA MPOCTPAHCTBA, K HCCJ/IEN0Ba-
HUIO NTPOMU3BOJBHOH JIMHUM UJIH [TOBEPXHOCTH BTOPOrO MOPSAKA.

1. 3akoH npeoGpa3oBanus ko3 puureHToB. Mbl HauKHa-
eM C pacCyXIeHWH, OfMHAKOBO MPHUIOAHBIX AJS JHUHHH BTOPOrO
MOpsiIKa Ha TJIOCKOCTH M MOBEPXHOCTEH BTOPOrO MOPSiAKA, U MO-
TOMy He OyzneM (DUKCHPOBATb pa3sMepHOCTb 1 — OHAa paBHA IBYyM
UJIM TPEM B 3aBUCUMOCTH OT TOTO, KAKOH CJyuyall UMeTb B BHULY.
(B meficTBUTENBHOCTH, YUTATENb CMOXKET 3aMETHThb, YTO MHOTO€
31eCh CIIPaBeNJIMBO JJIs JI0ObIX pasMepHocTeil.) W qnHuu, u mo-
BEPXHOCTU Mbl OyeM Ha3blBaTb N0OBEPXHOCMAMU, YTOOBI He Je-
JIaTb MHOT'O OT'OBOPOK.

PaccMoTprM NpoU3BOJIbHOE ypaBHEHHE BTOPOTO MOPsiiKa

n n
Z ;8¢ + QZ aip&" + ago = 0, (1)
i,j=1 i=1
CBsI3bIBalOLIee KOOPAMHATBI TOUEK Ha MJIOCKOCTH MJH B MPOCTPaH-
CTBe, NPUYEM O TOUKAX, KOTOpPble €My YIOBJNETBOPSIOT, He OyneM
Mpenrnosaratb HUUEro, a)e TOTO, UTO TaKHe TOYKH CYLIECTBYIOT.
Ecnu MBI M3MEHUM CHCTEMY KOOPAMHAT W ToactaBuM B (1) BbI-
pakeHHe CTapblX KOOPAMHAT Yyepe3 HOBbIE, TO Mbl TOJYYUM HOBOE
ypaBHeHHe (TakKe BTOPOTO MOPsiIKa, COMJIacHO TeopeMaM 1 U 2
§ 1 . II). Msl GymeM roBOpUTb, YTO ypaBHEHHE MEPELIIO B HO-
BOe ypaBHeHHe, UJIH, UTO TO K€ CaMOe, 4TO Mpeo6pa3oBalich ero
KO3((DULHEHTHI.
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[Tonyyum 3aKkoH, 0 KOTOPOMY Mpeo6pasyioTest Kod(phULHeHTb
ypaBHeHus. HamoMHuM, 4TO 3aMeHa CHCTEMbl KOOpPAMHAT pacra-
JlaeTcsl Ha MepeHoC Hadyajla KOOpAMHAT U u3MeHeHHe 6asuca. Eciau
Mbl HU3MeHHUM 6a3uc NpU HEU3MEHHOM Hayaje KOOpIHMHAT, TO CTa-
pble KOOPAMHATH! BbIPa3sATCs uepe3 HOBble MO (hopMmyJie

n
&= ote"
k=1

rie o, — 9JeMeHTbl MaTpHIbl [epexofa OT CTaporo Gasuca K
HoBomy. [loncraBasisi aTo B ypaBHeHue (1), nosmydaem

) i ¢tk _
Z @ij00§7E +2204z‘00k5 +ag =0
i3k, ik
¢ Ko3((pruureHTaMu
/ i _J / i /
ay = E Q0L07, Qo = E @00}, oy = apo.  (2)
i, i

Ecnn MBI mepeHeceM Havyaso KOOPAHHAT B TOUKY C KOOpAMHA-
tamu p* (1 < i < n), octaBuB 6asuc 6e3 H3MeHeHHs], TO CTapble
KOOPAMHATBl BbIPA3sSTCS uepe3 HOBbIE 10 (opMmysie

g=8+p.
[ToncraHoBka B ypaBHeHue (1) maet
D (@ +p)E +p7)+2) o +p') + ag =0,
,J i
WIn
Z ;€€ + Z aij (€' + &p') + 2 Z ;o€ + @go = 0.
ij ij i
Orciona

- - k
Qij = Qgj, Qo = E aiEp” + o, (3)
%
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TaK Kak CyMMbl Y ;€7 1 Y i €/p’ oTaMualoTes ToMIbKO 060-
3Ha4YeHHeM HHIEKCOB CyMMHpOBaHHUs. BripaxkeHue n/s1 cBo6ogHO-
ro 4jeHa Ggo HAM He ToTpebyeTcs.

Dopmynsr (2) 1 (3) BbIpaXkalT UCKOMBIE 3aKOH MpeobpasoBa-
HUsST K03(ppuureHToB ypaBHeHusi. O6CyauM ero.

UseHbl BTOpol cremenu B ypaBHeHHH (1) oOpasyioT omHOpon-
HbIl MHOrouJ/leH BTOpPOH cTemeHH. Mbl BUAMM, uTO ero Ko3(du-
[IMeHTbl He MEHSIOTCS MPH TEpeHOCe Hauyajga KOOpAMHAT, a IpH
3aMeHe 0asuca mnpeoOpasyrTcsd Kak KO3((ULIHEHTH KBaApaTHY-
Holl opmbl. [TosaTOoMy MHOro4sEeH

n
3 ayele (4)
i,j=1
MOXKHO paccMaTpuBaTh KakK KBaapaThuHyio ¢opmy. Hasosem ee
maaoti KBanpaTuyHol (opmoil. M3 ckasaHHOro BBITEKaeT

[Ipennoxenune 1. Pane u cuenamypa maroil keadpamuu-
HoUl Gopmot (4) He mensomes npu usmeneHul 0eKapmosoll Cu-
cmemol KOOpOuHam.

[Tosmyuum 3akoH mpeoOpas3oBaHUs B APYrod ¢opme, MO3BOJS-
Iollel 0Ka3aTb MHBapMAaHTHOCTb elle ABYX 4Hces. PaccMoTpum
OIHOPOAHBIE MHOTOUJIEH BTOPOH CTeleHH OT n + 1 nepeMeHHBIX

> 0P = 0 +2) i’ + apeg’. (5)
p,q=0 i,j=1 i=1

Jlepas uactb (1) monyuaercsa us (5) npu £ = 1.

MHorousieH (5) MOXHO paccMaTpHBaTh KakK KOOPAMHATHYIO
3amuch KBaJpaTHUUHOH (DOPMBI TPU HEKOTOPOM BblOOpe 0asnca B
n + 1-mepHOM npocTpaHcTBe. HasoBeM 3Ty KBaapaTHUHYIO (hOpMY
60461400 KBALPATUUHON (popMOi. PaHr u curuarypa s3tTod KBajpa-
THYHOH (DOPMBI He M3MEHSITCS, ecd MepedTH K Apyromy Oasucy
C TIPOM3BOJILHOM MaTpuleH mnepexona S mopsinka n + 1, HO HaMm
noTpebyIOTCS MaTpHLbl Mepexosa, WMeollNe CrelllaJbHbld BHI.
Bemmuiewm ero npu n = 2:

5/2

52 U% g1 03

& Lo o || e° g ol
ll=| a5 o oy &, 5 3 [#0. (6)
2 2 g1 02
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Tyt nepemennas £ He mensiercst, a i i = 1,...,n
n
¢ =) o™ +aie”. (7)
k=1
Ecau nonoxuts €0 = ¢°0 =1, a ¢ (i = 1,...,n) unrepnperu-

poBaTh KaK IeKapTOBbl KOOPAMHATHI TOYKH M-MEPHOTO MPOCTpPaH-
cTBa, To B (7) 3amucaHo caMoe oflilee NpeoOpa3oBaHUe NE€KapTO-
BOH cucTeMbl KoopauHat. MTak, Ml 1oKaszaju

[Ipennoxenue 2. Pane u cuenamypa 6oaviioil keadpa-
muunotl opmot (5) He mensiomces npu 3amere 0eKapmosol Cu-
cmemol KOopOuHam.

[ToBepxHOCTD, OmpenessieMast ypaBHeHHeM (1), He U3MeHHTCS,
€CJI YMHOXKHTB JIEBYIO YaCcThb ypaBHEHHS Ha KaKOH-IMO0 OT/IHY-
HBIl OT HYyJs MHOXHTesb. [Ipy 9TOM paHrd GOJBIION M MaJioi
KBaJ[paTHUHbIX (DOPM He H3MEHATCS, a CHTHATYpBl MOTYT H3Me-
HHTb TOJIBKO 3HaK (eCsM MHOXKHTeJb OTpHlartesbHbIH). OTcloa
caenyer

Teopewma l. Yemoipe uucra — paneu u modyau cuenamyp
6046WOL U MALOL KBAOPAMULHBLY POPM ABAAIOMCA UHBAPUAH-
mamu no8epxHOCmu 8Mopo2o NopsaoKa.

O603Ha4MM paHT U MOIYJ/b CHTHATYypbl Majod KBaipaTHUYHOH
(hOpMBI COOTBETCTBEHHO Yepe3 1 U o, a PaHT U MOAYJb CUTHATYPbl
60J1b11I0M KBaApaTUYHOH (opMbl — yepe3s R u X.

2. JIuHUM BTOPOTO MOpsiIKa Ha IJIOCKOCTU. B Teopeme |
§ 1 rn. III mbr mokaszanu, 4To Ji060e ypaBHEHHe BTOPOro TO-
psilKa Ha MJIOCKOCTH 3a CYeT BbIOOpa IeKapTOBOH MPSMOYTrOJMbHOM
CHUCTEMbl KOOPAHHAT MOXKET ObiTh MPUBEAEHO K OAHOMY M3 HEBSITU
KaHOHUUYECKHX BHIOB. B COOTBETCTBHH ¢ 3THM HMeeTcs 9 KaccoB
ypaBHEHUH BTOPOTO MOPSIAKA.

CocraBsisis MaTpulbl 60/bLIOK W MalOH KBagpaTUYHBIX (HOPM
IJ151 KaHOHUYECKUX YypaBHEHWH, MBI MOXeM HeloCpelCTBEHHO
yCMOTpeTb 3HauyeHHs 7,0, R 1 X, COOTBETCTBYIOLIHE KaxKJIo0-
My KkJsaccy. EnuHcTBeHHOe 3aTpylHeHHe BO3HMKaeT B ciydae
napa6oJsiel. Martpuua 60JbIIOH KBaapaTUYHOH (OPMBl [Js ee
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KaHOHHYECKOTO YpaBHEHHS UMEEeT BUJ

0 0 —p
A= 0 1 0
—p 0 0

Urobel HaliTH R 1 3, BbiOepeM MaTpHlly nepexona

1 0 1
S = 0 1 0
-1 0 1
Mzl onyuum
2p 0 0
STAS=|0 1 0
0 0 —2p

1 oOHapyxXuM, yto R = 3 u ¥ = 1. Martpuua S He uMeeT BUAA
(6), HO R 1 ¥ He MeHSIIOTCS IIPH TPOHU3BOJILHON 3aMeHe Gasuca.

Brinuiiem KaHOHHYeCKHe BUIbl ypaBHEHHH BTOPOro MOpsiiKa
Ha [IJIOCKOCTH BMeCTe CO 3HaYeHHSIMU PAHTOB U MOAYJel CUTHATyp
B TabJ. 1.

JIBa ypaBHEHUs OJHOTO KJjacca MPUBOAATCS K OLHOMY M TOMY
JKe KaHOHMYeCKOMY BHIY, a 3HAYMT, HEKOTOPOH 3aMeHOH KOOpAH-
HaT OHO M3 HHUX MOXHO NepeBecTH B apyroe. [loatomy u3 Teo-
peMbl 1 csenyeT, YTO ypaBHEHHSIM OLHOIO KJjacca COOTBETCTBY-
eT OOWH M TOT e Habop nHBapuaHtoB. Kpome toro, us tab.. 1
BUJHO, UTO HaGOpbl HHBAPHAHTOB, COOTBETCTBYIOLIME YPAaBHEHHUSIM
pasHBIX KJaccoB, pa3/juuyHbl. TakuM 006pa3oM, HMeeT MecTo

Teopema 2. Appunnoiil kracc ypasHenus 8mopoeo nopso-
Ka 00HO3HAUHO onpedessemcs uemolpoms wucaamu r, R, o u 3.

Kpome Toro, MBI BUAMM, UTO 3HaUeHHe " = 2 XapaKTepusyer
LeHTpaJ/bHblE JTHHUH, A UX pa3/ie/leHre Ha JIHHUH 3JIUIITHUECKOTO
U runepOoNHUecKOro THIA OINpeseseTcsl 3HaUeHHeM . 3HayeHHe
R < 3 COOTBETCTBYyeT <pacClaBLIMMCS> JMHUSAM, B COCTaB KO-
TOPBIX BXOASAT BeLleCTBEHHblE WJIW MHHUMBIE NpsiMble. DTO ObLIO
ycranosseHo B § 3 rai. Il B cBS3M ¢ reomeTpHuecKHM CMBICJIOM
onpenenuteneit 6 © A. Ceffuac Mbl B COCTOSIHUH TOCMOTPETh Ha
HUX C GoJiee 0OIIEH TOUKH 3PEHHS.



§ 2. Kaaccugpurayus aunuti u nogepxrocmetl emopoeo nopsoka 365

TAasauA l
Hassanue Kanonuueckoe R| X |r|o
ypaBHeHHe
1\2 212
Saaunc (52) +(§) =1 3 1122
a b2

MHUMBIH 3J1JTHIIC

Mapa muumbix mepe- | a?(€)2+0%(¢)*=0 |2 | 2| 2| 2
CEKAIIINXCs PSIMbIX

['unep6osa

IMapa nepecexatomux- | a?(¢")? —%(¢*)*=0|2 |02 |0
Cst IPSIMBIX

Iapaboua (€%)? = 2p¢?t 311|111
Mapa mnapannensunix | (£2)% = a? 210111
NPSIMbIX

Mapa muumbix napan- | (£2)% = —a? 21211
JIEJIbHBIX TIPSIMBIX

Ilge cosnasmue mpsa- | (£2)2 =0 L1111
Mble

3. OproroHajbHble MHBapUaHThI. BMmecTe ¢ masoil KBanpa-
THYHOH (hOPMOH MBI MOXKEM paccMaTpUBaTb ee MPHCOeJUHEHHOe
npeo6pasoBanue. Ec/aM N0Mb30BaTbCS TOJBKO NPSIMOYTOJbHBIMH
CHCTEMaMM KOOPAMHAT, TO MaTpHla MaJOH KBaAPaTHYHOH (hOPMBI
COBMNajaeT C MaTpuleHd npucoennHeHHOro npeodpasosanus. [lo-
3TOMY KO3(D(PHULHEHTbl ee XapaKTepUCTHYeCKOro MHOrodjeHa He
MEeHSI0TCSl IPU 3aMeHe OJHOH N1eKapTOBOH MPSMOYTOJBHOH CHCTe-
MBI KOOPIMHAT APYTOH TAKOH K€ CHCTEMOH.

Onpenenenue. Bennuunbl, He MeHsOLUIMeCS TIpPH 3a-
MeHe OJHOH J1eKapTOBOW MPSMOYTOJBHOHW CHCTEMbl KOOPAUHAT Ha



366 Tnasa VI Apgunnsie npocmparcmea

IPYTYI0 IeKapTOBY NPSAMOYTOJbHYIO CHCTEMY, Ha3blBalOTCA Opmo-
2oHanvHbiMU (M eBKIHIOBBIMU) UHBAPUAHMAMU.
HWrak, ¢ JUHUEH CBA3aHBI 1Ba OPTOTOHAJbHBIX HHBapHAHTA

Qq1 (g2
I = a1+, Ir=
Q21 (92
I — 3To 3HaKOMBIH HaM gneTepMUHAHT . [IpW MPOU3BOJBHBIX

3aMeHaX KOOPIMHAT ero BeJMUMHA MeHsieTCs, HO 3HaK (MJu oOpa-
wenue B 0) ocraercs nHBapuaHTHeIM. O6 [ peub 1L1a B 3anaue 6
§ 1 rn IIL

3ameHa 6asuca (6) WUMeeT crelHanbHbI# BUI, HO €CJH MPSMO-
yroJibHast CHCTeMa KOOPAHHAT MEHSIETCs Ha MPSMOYTOJbHYI0, TO
MaTtpuia

1 1

oy 0y )
2 2

01 02

OpPTOTOHA/IbHAS, ¥ ee IeTepMUHAHT paBeH 1 uau —1. B atom cay-
Yae JIeTePMHHAHT MaTpHIbl niepexona S B gopmyie (6) Takxke pa-
BeH +1, Ilpu 3amene Gasuca (6) neTepMUHAHT MATPHULbl GOJIbIIOK
KBaJpaTU4HOi (opmbl ymHOkKaeTcs Ha (det S)2, To ecTh ocTaetcs
HeU3MeHHbIM. Mbl MONYYHJIH ellle OIHH OPTOTOHAJbHBIH HHBAPH-
AHT ypaBHEHHsI BTOPOTO MOPSNKA — H3BECTHBIH HAM JeTEPMUHAHT
A (3amucaHHbBIE HECKOJIbKO HHaYe):

Qoo Q10 Q20
Is=| a1ip a1 o2
Qoo Q12 Q22

Jlerko BHaeTb, UTO MaTpHulla Nepexopa B Qopmyne (6) opto-
rOHa/lbHA TOTAA M TOJBKO TOTZA, KOTAA OPTOrOHA/NbHA MaTpHIA
(8) u o} = 02 = 0, To ecTb OPTOHOPMUPOBAHHBII Gasuc 3ame-
HsleTCsl Ha OPTOHOPMUPOBAHHBIH, a epeHoC Hayasa KOOpPAHHAT He
npousBonutes. [Ipu aToM Ko3(p(ULHEHTH XapaKTepPUCTHUECKOTO
MHOTOYJIeHa MaTpHULbl GOJIbIION KBaapaTHUHOH (OpMbI He H3Me-
uates. Urak, kosdduunentsr mpu A2 u —\

Qoo + Q11 + Qio2; 9
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aq1 012 Qoo Q10 Qoo Q20
+ +

(10)

Q21 Q22 Q1o 011 Q20 (22

He MEHSIIOTCS TPU OPTOTOHAJIbHOH 3aMeHe (asuca W, BO3MOXKHO,
MEHSIIOTCSl [IPH TepeHoce Hauyaja KOOPAMHAT. BeJMuMHBI Takoro
THIA Ha3bIBAWTCS cemuunsapuarmamu (To eCTb MOJYHHBAPHAH-
tamu). Boiauras uz (9) u (10) cootBetcTBeHHO [ U I9, MBI OJY-
yaeM CeMHUHHBapHaHTHI (vgy U

Qoo (10 Qoo (20
K= +

Q1o Q11 Q20 (V22

Bnpouewm, To, 4TO (vgp — CEMUMHBAPHAHT, BUAHO U U3 hopmya (2).

3HauyeHUs TOJNYUYEeHHBIX 3[eCb HHBApDUAHTOB U CEeMHUMHBapHaH-
TOB TI03BOJISIIOT HAHTH KO3(P(HULUHUEHTH B KaHOHMYECKHX ypaBHe-
HUAX U [OTOMY ONpeAessioT JUHHUIO BTOPOTO MOPSAKA C TOYHO-
CTBIO 10 MOJIOXKeHUs Ha myockocTu. CjenyeT, 0OQHAKO, IOMHUTb,
YTO 3TH BEJUUYHHBI CBSI3aHBI C MHOTOYJIEHOM BTOPOTO TMOpPSiAKa, a
He ¢ nuHued. OHKU MeHSIIOTCS OUeBUIHBIM 006pa3oM, ec/lv ypaBHe-
HHMe YMHOXKHUTb Ha OTJIMYHOE OT HYJIS YHCJIO.

4. TloBepxHocTH BTOporo mopsigka. IlycTe ypaBHeHHe
(1) cBsA3bIBaeT KOOpPAMHATBI TOUKH B TPEXMEPHOM MPOCTPAHCTBE.
B sToM myHKTe MBI MOKa)KeM, UTO CYIIeCTByeT Takas IeKapTo-
Ba MPSIMOYTOJIbHASA CUCTeMa KOOPIMHAT, NP Mepexofe K KOTOPOH
ypaBHEHUE NPUHUMaET OfWH U3 17 KaHOHMYEeCKHX BHUIOB.

B kauecTBe 0asuca Takoil CHUCTeMbl KOOPAHHAT BbIOEpPEM TOT
OpPTOHOPMMPOBAHHBIH 0a3uc, B KOTOPOM MaJjasi KBagpaTHYHAas
(opMa HMMeeT NUArOHaJbHBIH BHA. TakMM 00pa3oMm, Mbl Oyaem
UCXOIUTb U3 YpaBHEHHUS

AL(EY)% + A2 (€)% + A3(€%)” + 20108+
+ 209062 4+ 20030 + ago =0 (11)
U 3alOMHHUM, 4TO yxKe BbIOpaH omnpeleseHHbI OPTOHOPMUPOBAH-

HBIH 6a3UC, U MBI MOXKEM TOJIBKO MEHSATb MOPSIIOK Oa3HCHBIX BeK-
TOPOB MJIM YMHOXKAaTh Oa3uCHbIe BEKTOPBI Ha (—1).
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Ha xoa¢pduuneHTs ypaBHeHHs He OyLeM HakKJ/aAblBaTb HU-
KaKHX OTPaHWYeHMH, 338 HCKJIOUEHHEM TOro, UTO A1, A2 H A3
He obpararTcs B HYJIb OOHOBpeMeHHO. JlanbHelIre ynpoiieHus
OnpefesIIOTCs C/IeAYIOUIUM BCIIOMOTaTebHbIM MPeAJI0KEHHEM.

[Ipennoxenue 3. Ecau 6 ypasrnenue (11) sexodum c Hery-
nesoiM KO3 Puyuernmom keadpam O00HOU U3 KOOPOUHAM, MO
npu NOMOUjU nepexoca Hauara Koopduwnam 600Ab COOMEen-
cmeyroujeli 0cu MONMHO 00pamumo 8 HYyAb YAeH C nepsol. cme-
nervro amoti KoopouHameol.

AT1o noKasbiBaeTcs Tak ke, kKak u npepnoxenve 1 § 1 ro. 11

Hawm Oypmer yno6HO paccMOTpPeTb OTHENbHO HECKOJIbKO CJy-
YyaeB, COOTBETCTBYIOLIMX pa3JWYHbIM 3HAUYEHUSIM HWHBApHAHTOB
r,o, RuX.

1. Ilyete 7 = 3. DTO PaBHOCUJBHO TOMY, YTO HH ONHO H3
A1, A2 U A3 He paBHO HyJi0. Torza B CUJy MpeJIoKeHUsT 3 Ha4yaslo
KOOPAMHAT MOXKHO MepeHeCcTH B TaKylo TOYKY, 4To ypaBHeHue (11)
IPUMET BUJ

M(EN? + X2 (832 + As(E2) +pu=0. (12)

1A. YcnoBue R = 4 paBHOCHJIbHO TOMY, YTO CBOOOIHBII 4sieH
w B (12) He paBeH HyJ/10. PasnenuB Ha Hero, NoJay4uM

A1 1,2 A2 212 Az 312
——(E) =) ——(€) =1 (13)
2 2 2
1Aa. Tlycts 3 = 4. D10 03HauaeT, 4TO0 A1, A2, A3 U f OJHOTO
3HaKa, Koa(duireHTsl B ypaBHeHHH (13) oTpHLaTe]bHBEI, H OHO
MPUBOANTCS K KAHOHUUECKOMY BHILY
(€7, (@7, (€ _
a? b2 2
DT0 ypaBHeHHe HA3bIBAETCSl YPaBHEHUEM MHUMOEO IAAUNCOUOA.
Emy He ynoBsieTBOpsieT HU OJlHA TOUKaA.
1A6. Ecin X = 2, a 0 = 3, To 00WM# 3HAK A\i, Az, A3 mpo-
TUBOTIONOXKEH 3HAKY . KoadduuueHntsl B (13) MOJ0XKUTENbHBI, H
ypaBHeHUe MPUBOAUTCS K KAHOHUUYECKOMY BHIY
(€7, €2, (€ _
a? b2 2

—1.

1.

[ToBepxHOCTD — 2s4UNCOUO.
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1AB. Ilpu ¥ = 0 u 0 = 1 3HaK OfHOr0 M3 COOCTBEHHBIX 3Ha-
YeHUH — MOXHO CUMUTaTh (IIpU HEOOXOAMMOCTH U3MEHsisl HyMepa-
M0 6A3UCHBIX BEKTOPOB), UTO 3TO A3 — MPOTHBOIOJOXKEH 3HAKY
IOBYX OPYTHX (A1 U Ag) U COBMAjaeT co 3HAKOM . B ypaBHeHUH
(13) nBa MOMOKUTENBHBIX M OJUH OTpULATEbHBIH KO3 HULIHEHT.
[ToBepxHOCTD — 00HONOAOCMHYLL eunepb0a0U0 C KAHOHHUECKHUM
ypaBHEHHEM

(€7, (€2 (€ _
a? b? c?
1Ar. Ilycte Tenepp ¥ = 2, 0 = 1. 3HaK OQHOTO U3 COOCTBEH-
HBIX 3HaUeHHH (cuuTaeM, YTO Aj) MPOTHBOIOJOXKEH 3HAKY IBYX
APYTUX W MPOTHBONOJOXKEH 3HAKy p. Terepb B ypaBHeHHH (13)
JBa OTPULATE/bHBIX U OfMH MOJOXKUTeNbHbIH K03 puunent. Ono
IPUBOJUTCS K BUILY

() (€2 ()7 _

a? b2 c?

1.

1

U ompeniesisieT 08ynosocmuolii eunep6oaoud.
1B. Ilyets R = 3. Ilpu r = 3 370 paBHOCHJbHO 1 = 0. Ypas-
Henue (12) omHOpoAHO, ¥ BCerma - = o.
1ba. Ilpu 0 = 3 Bce cobcTBeHHblE 3HAYEHUS UMEIOT OIUH
3HaK, U ypaBHeHHe (12) MoxkeT ObITh 3aMUCAHO B BHIE
(€2 (€2, (€2 _

+ 2

2 2 0.

_|_

OHo Ha3bIBaeTCs ypaBHEHUEM MHUMOEO KOHYCA. [10BEpXHOCTD CO-
CTOUT U3 ONHOH TOYKH.

166. Ecii ¢ = 1, TO o1HO U3 COOCTBEHHBIX 3HAYEHHUH OTJIU-
YyaeTcsl 3HAKOM OT JIBYX APYTMX. YpaBHeHHe MPUBOAMTCH K KaHO-
HUYECKOMY BHIY

€2, @7 (€7 _

a? b2 c2 0-

[ToBepXHOCTb HA3BIBAETCS KOHYCOM 8MOPOCO NOPIOKAQ.
2. lyctb Tenepb r = 2. B ypaBHenuu (11) onHo U3 coGCTBEH-
HBIX 3HaYeHUH paBHO Hy/0. He yMeHblast 06GLIHOCTH, MBI MOXKEM
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cuurtaThb, uto A3 = 0. Mcnosb3ys npennoxenue 3, npusenem (11)
K BHIY
/\1(51)2-‘1-/\2(&2)2-1-2043053+0400 =0. (14)

(Hauano koopmuHaT nepeHocutcs BAoab ocedl &' u £2)) Buimu-
IeM JeTePMUHAHT MaTpHLbl GOJbUIIOH KBaAPATHUHOH (POPMBI JIsi
ypaBHeHus (14)

apo 0 0 asg
0 XN 0 O
0 0 X O
Q30 0 0 0

— —aZ e, (15)

Ycenoue R =4 B cuny paBeHctBa (15) paBHOCHJIBHO aizg # 0.
2A. Tlyctb R = 4. CrpynnupyeMm uJieHbl B ypaBHeHuu (14)

AL (EN? 4 X2 (632 4 2a30 (€% + a0 /20ai30) = 0.
Or1croaa BUAHO, Y4TO MEPEHOCOM Hayasa KOOPAMHAT BIOJb OCH £2:
=g, @=¢ &=8+a0/2050=0
ypaBHeHHe MOXKHO Npeo0pasoBaTh B
A (ED? 4+ X2 (€22 + 203082 = 0.

Jlanee ecTb 1Be BO3MOXKHOCTH B COOTBETCTBHM CO 3HAYEHHEM O.
2Aa. 0 = 2. Tyt A1 ¥ Ay oOHOrO 3HaKa H, B ciaydyae Heob-
XOIUMOCTH, 3aMeHsIsi 6a3UCHBIH BEKTOp €3 Ha —es3, Mbl NIPHUBELEM
ypaBHEHHE K BHIY
132 £2\2
€2, @,
a? b2
IT0 — KaHOHHWYECKOe YpaBHEHHUE d41unmuuecko2o napaboiouda.
2A6. 0 = 0. B 3TOM caiyuae A1 U A2 UMEIOT pasHble 3HAKH, H
ypaBHEHHE TIPUBOAUTCS K KAHOHUYECKOMY BHIY
132 £2\2
2@,
a? b2
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(TyT Tak>Ke MOKeT MOTpeGOBATLCSl U3MeHEeHHe HalpaBjeHus es.)
DTo ypaBHeHHUe ompefeseT eunepboiuueckull napaboioud.

2B. Ilycte R = 3. Torma agp = 0, u JeBas 4acTb ypaBHe-
HHUSl He CONepPXKUT KOOpAMHaThl £2. B COOTBETCTBHM €O CKasaH-
HeIM B § 1 r1. II, 310 03Hauaer, yTo ypaBHeHMe ompenessieT LU-
JUHAP, 00pasylollre KOTOPOro MapaJjesbHbl 6a3HCHOMY BEKTOpPY
e, a HampabJsiiollas Onpefe/seTcsl B IJIOCKOCTH BEKTOPOB €1 U
e ypaBHeHHeM (14) nmpu azp = 0:

A (E)? + X2(€%)% + apo = 0. (16)

YpaBHeHue (16) Ha MJIOCKOCTH MOXKET ONpeNessiTh ONHY H3 M-
TH LEHTPaJbHBIX JHUHUHE BTOpOro mopsiaka. VMM COOTBETCTBYIOT
NATb UUJAHHAPOB, KOTOPbIE 3TO ypaBHEHHE MOXKET ONpeNessiTh B
NPOCTPAHCTBE: AAAUNMULECKUL YUAUHOD, 2unepbOosUYecKUll yu-
AUHOp, napa nepecekaroujuxca niockocmeti (HampasJsiomas —
napa nepeceKarolnXcs PSIMBIX), Napa MHUMbLX Nepecekaroujux-
¢ naockocmeli (MOBePXHOCTb COCTOMUT H3 TPSMOH JIMHWH, Ha-
npaBasiollass — TOUKa, TO €CTb Mapa MHHUMBIX NepeceKaloluxcs
NPSIMBIX) U, HAKOHEL, MHUMbLL dAsunmuieckuil yuiunop (mycroe
MHOKECTBO, HANpaBJsioLlas] — MHUMBIN 3jHIc). KaHoHHueckue
YpaBHEHHS 3THUX TOBEPXHOCTEH MPHUBeNEHBl B TabJ1. 2.

3. Paccmorpum cayuait r = 1. B ypaBuenun (11) nmeem
Ao = A3 =0, a Ay # 0. [lepeHocoM Hayasa KOOPAHMHAT BIOJb OCH
¢! ypaBHeHHe NPUBOAUTCS K BULY

M (€)% + 20008 + 20308 + o = 0. (17)
TABJIHLA 2
HasBanue Kanonnveckoe ypaBHeHMe R| Y |r|o
1\2 212 312
MHuuMBIH (62) +(£) +(£) =—1| 414 ]3]|3
a b? c?
SJLTHIICOM L,
1\2 212 312
DJIUIICOU (52) + (&) + () =1 4121133
a b2 c?




372

Inasa VI Apgunneie npocmparcmesa

[TPONOJIKEHHE TABJI. 2

UJTHHID

HasBanue Kanonnveckoe ypaBHeHMe R| Y |r|o
1\2 2)\2 3)\2
OpnHomosoCTHBIH (52) + (Eb2) — (€ 2) =1 4101311
runepooIon a ¢
1\2 2\2 3\2
JIBynosnocTHBIH (¢ 2) — (ng) — (€ 2) 1 4121131
rUnepooon “ ¢
" (S G (S
MHuMBIH KOHYC = + B + o 0 313133
O (S N (O
Komnyc = + b2 2 = 0 3131
1\2 2\2
NN THYECKUH (5—2) + (gb—g =26° 4 | 2122
napa6oJionn a
1\2 2\2
[unepbonuueckuii (€ 2) - (gbz) =263 4101210
napaboJ/101 .1 “
12 242
DIUNTHYECKH (62) + (EbQ) =1 31122
LMJHHAD a
1\2 2\2
Muumbiii (& 2) + (£b2) -1 313122
3JIIMIITHYE CKUH “
LMUJHHAD
1\2 2\2
['unepGosuyeckuit (€ 2) — (£b2) =1 3111210
LMUJHHAD “
1\2 2\2
[Tapa (€ 2) — (gbz) =0 2101210
nepeceKalonuxcs “
MJI0CKOCTeH
1\2 2\2
[Tapa MHUMBIX (€ 2) + (gbz) =0 212122
nepeceKalonuxcs “
MJI0CKOCTeH
IMapaGonuueckuii | (£')* = 2pg> 3| 1|11
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[TPONOJIKEHHE TABJI. 2

Haspanue Kanonuveckoe ypaBHeHHe R|Y|r|o

IMapa (Y =a® 21011
napaJiesnbHbIX
MJIOCKOCTEH

1\2 2
[Tapa MHUMBIX &)y =-a 21211
napaJenbHbIX
MJ0CKOCTEH

IMapa copnasmmx | (£9)* =0 L1111
MJ0CKOCTEH

3A. Jlonyctum, uto a3, + o, # 0. Torna Mbl MOXeM ClesaTh
MOBOPOT Ga3kca BOKPYT BEKTOPA €j:

¢t =¢' &% = (0208 + az’) v, €7 = (—az€® + az0€’) Jv,
rie v = /a3, + a3,. Tenepb (17) npunHuMaer Bup
A(E)? + 208" + apy = 0. (18)

[leperocom Havana KOOpAMHAT BIOMb ock &2 mpeobpasyem (18) B
ypasrenue \i(£71)? 4 20€""? = (), KoTOpOe NPUBOMUTCS K KAHOHHU-
YeCKOMY BHJLY

(g//l)Z _ 2})5//27 p > 0.

(TTp HEOOXOAUMOCTH, MOXKHO H3MEHHTD HalpaBJ/eHHe €).) DTo —
ypaBHeHHe napaboiuteckoeo yuiundpa.
3b. Ecaut ang = aizp = 0, To ypasuenue (17) cBogurtes K

M(ED) +ag =0

U MIPUBOJUTCS K OTHOMY U3 TpeX MOCJeHUX KAHOHUYECKHUX BUJIOB.
Ha stom knaccuduxanus noBepxHocTell BTOPOro mnopsigka 3a-
KaHuuBaeTcsi. Ee pe3y/nbraThl MprBeaeHbl B TabJ1. 2.
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YIIPAXKHEHHUSA
1. TlpuBennte K KAHOHHYECKOMY BUAY ypaBHeHHE
267" - 3(67)° — 2V3ETE — 417 + 4VBEE7 + 5067 = 80.

2. He npuBoas ypaBHeHHe K KaHOHHYECKOMY BHIY, OMpEAENUTE Ka-
K10 MOBEPXHOCTb BTOPOTO MOPsiiKA OHO OMpefessieT

(€2 +46'€ + 6616 — (€2 +26%8 +4(€%) +2¢' = 0.
3. Ilpy KaKMX 3HauUeHHSIX MapaMeTpa a IOBEPXHOCTb C YpPaBHEHHEM
E+ ()P + () +2aE' €+ 8 +6'¢) +4a=0

SIBJISIETCS JIJIUIICOUIOM?



Ihasa IX

_ OCHOBbI
TEH3OPHOW ANIEEPbI

§ 1. TEH3OPbl B JIMHEMHOM NPOCTPAHCTBE

1. BeogHble 3aMeuaHus. B npeablayliux rnasax Mbl pac-
CMaTpHUBaJ/J{ B JIMHEHHBIX WJHW €BKJWIOBBIX MPOCTPAHCTBAX pas-
JIMYHOT'O POfia 0OBbEeKTHI: JIMHelHble Ipeo0pa3oBaHusl, OUIHHEHHbIe
¢yHKUMH U T. 1. M3ydeHue Ka)knoro o6beKkTa OCHOBBIBAJIOCH Ha
onpeneseHUH, KoTopoe (opMyJupoBasoch 6e3 yuyacTusi Oasuca.
Hanpumep, nuHeliHoe npeo6pa3oBaHue ONpenessoch Kak Takoe
0ToOparkeHHe NMPOCTPAHCTBA B TO K€ NPOCTPAHCTBO, KOTOPOe yJ0-
BJeTBOpsieT onpezneseHHbM ycaoBusM ((1) § 3 ri. VI). Taxkum
06pa3om, U3yuyeHHble HAMH OOBEKTHI CYILIECTBYIOT M B TPUHLHIIE
MOTYT ObITb uU3yueHbl 6e3 BBelmeHus Oasuca. s o6o3HaueHHs
TaKMX 00BEeKTOB Mbl OyleM I0JIb30BaTbCsl TEPMHHOM 2eomempu-
yeckuil 06vexm.

XoTs reoMeTpUuecKHi 0OBEKT U CYILIECTBYeT HE3aBUCHMO OT
6asuca, ObIBaeT ynoOHO, BEIOpAB HEKOTOPBIH 0as3uc, 3a1aTb 00b-
€KT OTHOCHUTEJNbHO 3TOro 06asuca MpH IMOMOIIM YIOPsIOUeHHOH
CHCTeMBl unces — Komnoxexm obbekra. Hampumep, BbiGop 6a-
31Mca yCTaHaBJIMBaeT B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MeX-
Ny JUHEHHBIMU Npeobpa3oBaHUSIMU U KBaJPATHBIMH MaTpHULAMH.
DyleMeHThbl MaTPULBl JIMHEHHOr0 peobpa3oBaHus MOXKHO CUHTATh
KOMIIOHEHTaMH{ JIMHEHHOro npeodpa3oBaHUsl B paccMaTpHBaeMoOM
6asuce. HeusmeHnnocts o0bekTa Npu 3ameHe 6asuca NPUBOAUT K
MU3MEeHEeHHIO KOMITOHEHT.

Bo Bcex BcTpeuaBIMXCS CaAy4asiX Mbl MOTJIM BBIYHUCJIHUTH KOM-
MOHEeHTHl 00beKTa B OJHOM 0asuce yepe3 ero KOMIOHEHTHI B 1py-
roMm 6asuce W yepe3 3JeMeHTBl MaTpPHULBl Mepexoja OT MePBOro
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6asnuca ko BTopoMy. Takasi 3aBUCHMOCTb Ha3blBaeTCsl 3aKOHOM
npeo6pa3oBaHus KOMIOHEHT reOMeTPUYECKOr0 00beKTa.

B 3701 riiaBe Mbl pacCMOTPHUM BaXKHbIH KJlacC FreoMeTpPHUeCKHX
00BbEKTOB, Ha3blBaeMblX TeH30paMHU. 3aKOH NpeoOpasoBaHMs HX
KOMIIOHEHT TaKOB, YTO HOBble KOMNOMEHMbL A6AAIOMCS AUHel-
HbLMU OOHOPOOHbIMU MHOSOULEHAMU OM CMAPbLY KOMIOHEHMN,
a Ko3(p@UIHUEHTH 9TUX MHOT'OUJIEHOB SIBJSIOTCH MPOU3BEIEHHUIMH
3//eMEHTOB MaTPHIbl Iepexoaa U 3JeMeHTOB 06paTHOH K Hel MaT-
puubl. [las Toro, 4ToObl TOYHO ONMCATb ITOT 3aKOH U T€M CaMbIM
JaTh ONpeJeJieHue TeH30pa, HeoOXOAUMO BBECTH HeKOTOopble 000-
3HayeHHUs.

2. O6o3Hauenus. HanoMHUM, UTO MaTpuULy pa3MepoB m X
X 1 MOXKHO ONpefeNuTh KaK (DYHKIHIO, COMOCTAB/SAIONLYI0 HEKO-
TOpoe uMcJ0 Kaxnoi nape (i,j), rme ¢ € {1,...,m}, a j €
€ {1,...,n}. O606uwmM 310 onpenenenue. [Tockonbky Ham GymyT
HY>KHBI TOJbKO MATpPHLBl, aHAJOTHUHblE KBaJPAaTHEIM MaTpHIAM,
3HaYeHHs BCeX HHAEKCOB OyAyT NPHUHANJNEXKATb OLHOMY U TOMY
e MHOXKecTBYy {1,...,n}.

Onpenenenue. s-mepHol mampuyell mopsaka n (Wau
S-MepHBIM Maccusom) HasblBaeTcsl (DYHKLHSI, OnpefiesieHHast Ha
MHOXKECTBE BCEBO3MOXKHbIX HabopoB uwuces (iy,...,is), TAe BCe
4xclia MPUHALIeKaT MHOXKecTBY {1,...,n}.

Jlast Toro, 4ToGbl Pa3bACHUTb TEPMHH «S-MepHas MaTpHULa»,
pPaccMOTPHUM TPEXMEPHYIO MaTpHILy C 3JeMeHTaMH ovjk. [IpH Jio-
60M (PUKCHPOBAHHOM 3HAYeHUM HHAeKCa k = ko 3JeMeHThl BHAA
Qtjjk, COCTABJSIOT KBaApaTHYIO MaTpHIly nopsnxa n. TakuMm 006-
pa3oM, BCSl COBOKYIHOCTb 3JIEMEHTOB TPeXMepHOH MaTpHlbl pac-
nagaeTcs B YHOPSJOUEHHbIH HabOp M3 n KBaJPaTHBIX MaTpHIL
lleijill, - - -, [[@ijn||. MoxKHO mpeacTaBUTb ceGe 3TH MaTPHULBL pac-
TNOJIOXKEHHBIMH OfiHA MOJ Ipyrodl B BUJIe CJOE€B, TaK YTO 00Opasy-
eTcsl Ky6, pasieNeHHbIH Ha n® sueek, ComepXKallMX MO OZHOMY
4ncay. AHaslorM4HO, YyeTblpeXMepHast MaTpHLIA MOXKET pacCMaTpH-
BaThCSl KaK YNOPSJAOYEeHHBIH HAaGop TPeXMepHbIX MaTpHLl M Tak
nanee.

Ctpoky u cros6el, yI06HO CUUTaTh OJHOMEPHBIMH MaTPULIAMH:
UX 3JIeMeHTbl HyMepylTCsl OOHUM HHIEKCOM.

B paccmarpuBaeMblXx HaMM MaTpullaX He BCe HHIEKCH Oy-
IyT paBHOIPaBHBI: OYAyT BblJeJeHbl 1Ba copTa HHAeKcoB. Ilpu-
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HATO HHIEKChl OJHOT0 COpTa MHCaTh BBEPXY, a APYroro — BHU3Y.
B npunuune Mel Morau Obl, cKaxkeM, 0003Ha4aTh OAMH COPT HH-
JI€KCOB JIaATHHCKUMHU OyKBaMH, a APYrodl — rpeuyeckKHMHU, HO MpHU-
HATOe 0003HaUeHHe KeCTKO CBSI3aHO CO BCeH cHCTeMol 0603Haye-
HHUH. 3a pacrosoxKeHHeM HHIEKCOB MPUXOAUTCS CTPOTO CJENHTb.
Ecau mopsilok MHIEKCOB He YCTAHOBJEH MHade, Mbl OyleM CUH-
TaTb, UTO HUXKHUE UHJEKCHl CJAeIYIOT 3a BEPXHHUMHU TaK, KaK ecJu
Obl OHM ObLIM HalUCaHbl IpaBee BepXHUX.

MHoroMepHble MaTPHIBl MOMHOCTBIO BHIMHCHIBATE CJOXKHO.
JleficTByeT caiefyioliiee cornalenne: 6YKBeHHbIA HHIEKC paccMaT-
pHBAIOT KaK MepeMeHHYI BeJHUHMHY, MPUHUMAIOLLYI0 3HaYeHHs
1,...,n, U ecAl HANUCAHO Bbipadcenue, codeprcauyee GyKEeH-
Mol undekc), ne seasiouulics UHOCKCOM CYMMUPOBAHUS, MO
npednosaeaemcs, 4mo HANUCAHbL N MAKUX 6blpadcenutl, Co-
omeemcmeyrowux Kaxdomy uavenuro smoeo urdexca. Korna
MMeeTcs HeCKOJbKO HMHJEKCOB, CKa3aHHOe OTHOCHTCS K KaKao-
My M3 HUX. Takum 006pas3oM, Hampumep, a'l%s 0603HaYaeT BCIO
COBOKYTTHOCTb 3/IEMEHTOB §-MEpPHOH MaTpHIIB, 3amuch oy = [,
03HayaeT, YTo CTOSILIME HA OJMHAKOBBIX MECTAaX 3JeMeHThl JBYX
TPeXMepHbIX MaTpHLL PaBHbl, TO €CThb MAaTPHIIbl PaBHbl, @ PaBeH-
CTBO (v = (j; O3HAYAET, YTO MATPHILA (vj; CUMMETPHYHA.

BBoputest caenyioliee HoBoe 0003HaueHHWe CYMMHPOBaHHS.
[lycmo Hanucan 00HOUAEH, cocmoawull us 6ykse ¢ uHoekcamu,
npuuem Kaxol-mo unOekc ecmpeuaemcsi 08axcOvl: 00UH pa3
ssepxy, a Opyeoli pas 8Hu3y. Imo 0bosHauaem Cymmy 4ieHos
maKko2o 8uda, HANUCAHHbLX O 8Cex 3HAueHull nosmopsarouie-
eocs undekca, mak, Kak ecau 6ol neped HUM CMOSA 3HAK X,
uHoexc Gvln UHOEKCOM CYMMUPOBAHUS, NPUHUMAIOWUM 3HAYE-
Hus om I 0o n.

Ecau onmucaHHBIM 00pa3oM TMOBTOPSIIOTCS HECKOJbKO HHJAEK-
COB, TO UMeeTCs B BHJIY MHOTOKpaTHas cymMMma. PaHblile Mbl MO-
CTOSIHHO CTaJIKUBAJIUCh C MOAOOHBIMM CyMMaMH, HO MHUCAJNH 3HaK
cymmupoBaHusi. Tenepb Mbl 3TOro gesarb He Oynem. Hampumep,

1Y nac B KauecTBe OyKBEHHBIX HHIEKCOB, KaK MPaBHJO, OYyLyT NMPUMEHSTHCS
OyKBHI i, j, k, [, BO3MOXHO, CHaO»eHHble CBOMMH HHAeKcaMH. BykBa n Bcerna
0003Ha4aeT (HPUKCHPOBAHHOE YHUCJIO — Pa3MepPHOCTb MPOCTPAHCTBA.
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(hopMy.ibl
f(z) = Z@z‘fi o Bu= Zﬁz‘jﬁi%j
i=1 ij

6yneMm mucath B BHIE
f(x) =il , B = Bijoro .

3. Onpenenenue u npumepbl. MEbI paccMaTpUBaeM n-MepHoe
BeIlleCTBEHHOE JIMHEHHOe MPOCTPAHCTBO L.

Onpepenenue. B npocrpaHcTBe L 3amaH men3op muna
(p, q), ecau KaxaoMy 6a3ucy COMOCTABJIEHA P + g-MepHasi MaTpPH-
na nopsigka n. [Ipu 3ToM, KakoBbl Obl HU ObLIH GA3WCH € U €,

COOTBETCTBYIOLIKE UM MaTpPUIIBI a}ll‘”sz "o ;11;’” JIOJIZKHBI OBbITh
ceJg ceJg
CBsI3aHbI CJIEYIOIIUMH COOTHOLIEHUSIMHU:
/i14“ip i ip Iy lq k’l...k}p
O =Ty T O Ot ag T (1)
rae aé- — 9J1eMeHTBl MaTpHULEBl epexona OT € K €, a Tli — aJe-

MEHTBI ee 00paTHOH MaTPHLIbL.

B mpaBoii yactu (1) cymMMHpOBaHHe OCYLIECTBJISIETCS MO BCEM
uHIeKcaM k ¥ [, TO eCTb Mbl UM€eM p+ g-KpaTHyIo cymmy. [Ipuns-
TO MHUCATh CBEPXY Te WHIEKCHI, KOTOPHIM B KaXJI0M U3 nPT9 cja-
raeMbIX COOTBETCTBYIOT MHOXKHTENN T. DTU HHIEKCH HA3bIBAIOTCS
KOHmpsapuanmmoimy,. BHU3Y NHIIYTCS Te UHAEKCHI, KOTOPHIM CO-
OTBETCTBYIOT MHOXKUTEJIH 0. ITO — KOBAPUAHMHbLLE UHOCKCOL.

OsleMeHThl MaTPHLBl, COOTBETCTBYIOLIEH HEKOTOpoMy 6asucy,
Ha3bIBAIOTCS KOMNOKHEHmMAaML TeH30pa B 3ToM 6asuce. Hucso p+q
Ha3bIBAeTCs BAAEHMHOCMbIO TEH30Pa, & ¢ U P COOTBETCTBEHHO KO-
U KOHMpBapUaHmMHOL BaJeHTHOCTBIO.

[lopuepkHeM, 4TO HECMOTPS HAa CJIOKHOCTb CYMMBI B INIPaBOH
yactu (opmysabl (1), B Kakaoe cjaraeMoe BXOAUT OIHA eIUH-
CTBeHHasi KOMIIOHEHTa TeH30pa. JTO O3HAYaeT, UTO HOBble KOM-
NOHEHMblL ABAAIOMCA NUHELHbIMU 0OHOPOOHbIMU MHOSOUAEHAMU
omwuocumervro cmapolx Komnonerm. CJ0KHOCTb popmyasl (1)
CBfi3aHa C BblpakeHHeM K03(DPHULHEHTOB 3THX MHOTOUJEHOB Ye-
pe3 3JIeMeHThl MaTpHLbl Nepexosa.
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JlBa TeH30pa paswsl, €CIU OHU OFHOTO THMA U MUMEIOT OfHHA-
KOBble KOMITOHEHTBI B HekoTopoM 0Oasuce. Torma w3 3akoHa Tpe-
00pa3oBaHUs BBHITEKAET, YTO PABHBI UX KOMIIOHEHTHI B JI0OOM 0a-
3uce.

Jns n0608 p + g-MepHOH MaTpulbl U no6oro 6asuca ey Hal-
IeTCst TeH30p Tumna (p, q), KOTOPLIH B 6a3uce €y UMeeT Ty MaTpPH-
1y KOMMOHEeHTOB. Er0 KOMIIOHEHTHl B OCTaJbHBIX 6a3ucax MOTYT
ObITb HalifieHbl ¢ momollbio dopmyabl (1). 3mech ewre ciaepyer
y6enuTbCs, UTO TaK IMOJydYeHHble MAaTPHULbl KOMIIOHEHT B JIIOOBIX
6asucax e; U ey OyOyT cBsi3aHbl paBeHcTBOM Buja (1). He Gynem
9TUM 3aHUMATbCsl, TAK KaK CYIIeCTBOBaHUE TeH30pa Tuma (p, q) ¢
IIPOU3BOJIbHBIMU KOMIIOHEHTaMH B BbIOpaHHOM 0asuce OyneT BUI-
HO U3 npumMepa 9.

[Tpumep 1. Bekrop sBasiercst tensopom tuma (1,0). [eii-
CTBUTEJbHO, €CJM 3aJaH BEKTOp, TO KaxKIOMY 0asHCy COOTBET-
CTByeT OJHOMepHas MaTpula — crojbel. [Ipy 5TOM KOMIOHEHTHI,
COOTBETCTBYIOIIHE Pa3HbIM 0a3ucaM, cBsizaHbl GpopmyJoi x = Sx’
uin x' = S~ 1x:

¢ =igh
IT0 — 3aKOH MpeoOpas3oBaHUst KOMIOHEHT TeH3opa Tuna (1,0).

[Tpumep 2. JIuneliHast GyHKLHUS HA NPOCTPAHCTBe L SIBJISET-
cst rensopoM tumna (0, 1). [lelicTBUTeNbHO, €C/U 3alaHa JHHelHast
(YHKLHSA, TO KaXIOMy 0a3HUCy COOTBETCTBYyeT OfHOMepHas Mart-
pulla — CcTpoKa KoappuuueHToB 3ToH (pyHKUUU. [Ipn n3MeHeHHH
6asuca Ko3(pPULUHEHTH JUHEHHOH (YHKIHUH NPeodpasyoTcs Mo
bopmyine ¢’ = @S, To ecTb

!k
¥ = 0; Pk-

Tensopol tuma (0, 1) — BeKTOPBI COMPSI)KEHHOrO MPOCTPAHCTBA
L* — HasblBalOT KOBEKMOPAMUL.

[ITpumep 3. JIuneiinoe npeo6pa3oBaHue MPOCTPaHCTBA L sIB-
asietcst Tensopom tumna (1, 1). B camom nese, ecsu 3agaHo JuHed-
Hoe npeobpa3oBaHUe, TO KaXJI0My 0a3nuCy COOTBETCTBYeT MaTpH-
a, ¥ MaTpHLbl, COOTBETCTBYIOIINE ABYM 6asucam, cBs3aHbl (op-
mysaoil A’ = STTAS:

1o il _k
aj —TkO'jOzl.
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[Tpumep 4. Baxueim Tensopom tuna (1,1) sBasercs Tak
HasblBaeMblil cumsonr Kponexepa, KOMIIOHEHTHl KOTOPOTO B HEKO-
TOpPOM 06a3uce COCTaBJSIOT eAMHUYHYIO MaTpHULY:

N )
5i = i @)
1, i=j

Dopmyna (2) — npuHsTOe 0603HAUEHHE, U MBI OyIeM UM HHXKe
nosnb3oBaTbesd. Ecnu uHTepnpeTHpoBaTh cUMBoJ KpoHekepa Kak
JIMHEHHOe npeobpa3oBaHue, TO 3TO OYyAET TOXKIECTBEHHOE Mpeod-
pasoBanue E, n mortomy B mo6om npyrom 0Gasuce 3TOT TEH30p
HUMeeT Te Ke KOMIIOHEHTBI, COCTaB/SIOLIHE eTHHUUHYIO MaTPHILY.
[l nmpuMepa MpOBEPUM 3TO, UCIOJB3YS TEH30PHYIO CHMBOJHKY.
CorsiacHO 3aKOHY npeoOpa3oBaHus,

87 = Ti.o0). (3)
Ecan 6F onpenensiercst popmysioit (2), To us n? ciaraembix B
npaBoil 4act (3) paBHBI HYJIO BCe, KPOMe TeX, MJsI KOTOPBIX
k = 1. Iloatomy (5” = riok K — sj1eMeHTBl NpoM3BeneHUS
S~1S. 3Hauur, (5;’ = 5;.

[Tpumep 5. DunuHeiiHas (QyHKUUS Ha NpoCTpaHCcTBe L —
tensop tuna (0,2). Ecnu naHa Takas QYHKUHSA, TO KaxKIoMy Oa-
3UCY CONOCTAaBJISIETCS ee MaTpPULA, U MaTpULBl OUIHHEHHOH (PyHK-
LMK B pasHbIX 6asucax cBsizanbl Gopmysioil B = STBS:

/ k 1l
Bz’j =0; Ujﬁk:l-

Ba)XHO OTMETHTb, UTO CHUMMeTpHUYHas OWJHHelHHas QyHKIUS
U COOTBETCTBYIOIIAsl KBafpaTUYHas popMa — OIUH U TOT XKe TeH-
30p, MOCKOJIbKY UX MaTpPHULbl B JI0GOM 0a3nce COBMANAIOT.

[Ipumep 6. Ilyctb B — wmaTpuna OunuHeHHOH (YHKUHH
panra n B 6asuce e. ComoctaBuMm 3ToMy 6Gasucy matpuny C =
= B! Cpenas 310 A1a BceX 6a3UCOB, Mbl NOJYYUM TEH30p
tuna (2,0). HeiictButensHo, us B’ = STBS cnegyer B'~! =
= S 1B STt = S71B~HS™HT umm ¢’ = STLO(SH)T
Ecau 4% — snementsl Matpulbl C, TO 3TO MOXKHO 3alHCaTh Kak

,a’TkJ

,y/zj =T Tj’ykl
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[Ipumep 7. Hucso, He 3aBucsllee oT Belbopa 6asuca — uUH-
sapuarm — MOXKHO cuuTaTh TeH3opoM Ttumna (0, 0).

[Tpumep 8. Paccmorpum o6oOuieHHe OUJIMHEHHOH (QyHK-
unn — QyHkuuio F(xq,...,24) OT ¢ BEKTOPOB, JIMHEHHYIO IO
KaXKJIOMy M3 HHUX, eCJiM OCTajbHble (DUKCHpOBaHbl. Takue (yHK-
UM Ha3bIBAIOTCSH G-AUHEUHbIMU WU NOAUAUHELHbIMU, €CTH YNC-
JIO apTyMEHTOB He yTouHsieTcs. PassioKuM KaxKAbld M3 BEKTOPOB
no HeKoTopoMy 6asucy e. Torna B CHJy TONHJIMHEHHOCTH

F(le,...,xq) = F( ileim'-'vféqeiq) =
= il...fé‘IF(eil,...,eiq): il...féqailmiq,

rae Kos(pOUUHeHTsl oy, ., = F(ej ..., €;,) UTPAIOT Ty Ke pob,
4YTO M 3JIeMEHTbl MaTpULbl OUNHHEeHHOH (yHKUUH. JloKaxkeM, 4To
TNpH 3aMeHe 6asrca OHM PeoOPasyloTCsl KaK KOMIOHEHTbI TeH30pa
tuna (0, g). as sToro paccMoTpum 6asuc e; = oFey u cHosa

BOCIIOJIb3yeMCs MOJUJIUHEHHOCTBIO:

kg
Fle, ,...,el )= F(aﬁlekl,...,aiq‘ekq) =

i1 1) iq

k1

k
=0, ...Ui:F(ekl,...,ekq).

WJIu a; p— ...J’?“ak ...k., KaK U Tpeb6oBasoCh.
1...0q i1 ig 1---Fg

[Tpumep 9. Takum ke cnoco6oM MOXKHO MOCTPOUTBH MPUMED
TeH3opa Jwoboro tuna (p, ¢). [lpu 3ToM monuauHe#iHast QYHKLHS
JOJIP)KHA 3aBUCETh OT ¢ BEKTOPOB U p KOBEKTOPOB. 3HaUeHHe TaKOH
(QYHKLHMH HA BEKTOpax Ti,...,T, ¥ KoBekTopax fl,... 7 MOXHO
BBIYUCJUTD, Pa3JIOKUB BEKTOPbl MO 0a3UCy €, a KOBEKTOPbl —
no ero GUOpTOroHasjbHOMY 6asucy e* B mpoctpaHcTBe L*. Ha-
MOMHHM, 4TO 6as3uc e*l,...,e*" HasbiBaeTcs 61OPTOrOHANbHBIM
6asucy ey, ...,e,, eciu

e*'(ep) = 0}

Ecau x; = ffiek
noJjy4yaem

i

afl = cp{,e*lj, TO aHAJOTMUYHO TpelblAyLIEMY
J

1 D\ __ k k 1 P lll
Flz1,...,2q,f", ..., fP) = 11~'~§q"<,011~"»0lpak1...l§q’
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rie
ll‘“lp . *ll *l,
Wy = Fler,,---,ex,, €, ...,e"7).

Bcnomuum, uto 6asuc e* npeo6pasyercss matpuueii (S71)7,
koraa Gasuc e mpeoOpasyerca maTpuued S. B TeHsopHbix 060-
3HAUEHUAX 3TO 3amuchiBaetcsi Kak e/ = 7/e** u mposepsiercs
TaK: 4 ‘ ‘ ‘

e*(el) = T,z,e*k(aﬁel) =T1lolsf = ¢].

Ternepb MoacTaBuM B a;.zll_‘_‘_‘;q” = F(e},,.... ¢ e, .. e
BBIPaXKEHNST HOBBIX 0a3MCHBIX BEKTOPOB uepe3 cTapble (A5 060MX
6a3ncoB e U €*) U, KaK U B NpuUMepe 8, MOJy4YHUM 3aKOH mpeobpa-
30BaHHsI KO3(P(ULHEHTOB, KOTOPLIH OyneT COBMNAagaTh C 3aKOHOM
npeobpaszosanus (1).

ITOT MpUMep MOKa3blBAET, YTO AJs JIIOOOH p + g-MepHOH Mart-
puubl U Jgoboro G6asuca e Haimercs TeHsop Tuma (p, q) C TaKoH
MaTpulel KOMIIOHEHT B (asuce e.

4. JluneiiHble omepauuu. JlnHeliHble omepaLUu ONpeneJe-
Hbl JJIs1 TEH30POB ONHOIO U TOTO Xe THMa. VIMeHHO, ompenenum

IJIg TPOCTPAHCTBEHHBIX MaTpPUIL OIHOHU PpasMEpHOCTH CJIOKEHHUE U
i1...0p

,€

YMHOXeHHe Ha YHC/IO MO3JIEMEHTHO: CyMMOH Marpui a; "'/" H
Z‘l‘“ip
B, HA30BeM MaTpHLLY
ivip _ dr.dip in..ip
,yjleq - ajleq + lequ’ (4)

i1y
a MpOM3Be/leHHeM MaTPHLbI ov; """ Ha YHCI0 A — Marpuiny

21...2 21...7
Bjvidy = Ay e

[Tpenanoxenue 1. [Tycmo A u B — mensopor muna (p, q).
Conocmasum kaxcdomy 6asucy cymmy ux mampuy 8 amom ba-
suce. Imum 6ydem onpedesen mensop muna (p, q). Conocma-
sum Kaxcoomy b6asucy npouszsedexue mampuyo. mensopa A Ha
yucao . Imum b6ydem onpedener mernsop moeo xe muna (p, q).

O6e yacTu npenJsoKeHns I0Ka3bIBAIOTCS OJMHAKOBO H, 1O CY-
I[eCTBY, BBITEKAIOT K3 TOr0, YTO MpaBas 4acTb opmysabl (1) —
JIMHEHHBI OJHOPOIHBIA MHOTOYJIEH OTHOCHTEJBHO CTapblX KOMIIO-
HeHT TeH3opa. [IpuBeieM 10Ka3aTe bCTBO /s epBoil yacTH. [1pu
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3aMeHe 0asuca

S S 1 ip Iy lg ki..kp
« 91-da _Tk’l "'Tk’po-jl 0' Olll g

/il"'ip _ Zl
u lequ = Tp, - Tk B

CkJyajbiBasi IOYJEHHO 3TH paBeHCTBa, Mbl IOJy4YaeM

/21 11 ip 1 lg/ ki..kp ki...kp
+ﬁ Tkl T O ...qu(allmlq +lemlq ),
TO €CTh TEH30PHBIH 3aKOH MPE0OPa3OBaAHUA s al ke +ﬁ

TeHsopsl, onpeneseHHble B NMPeAJIOKeHHHN |, Mbl HaSOBeM co-
OTBETCTBEHHO, cymmoil TeH3opoB A u B u npoussedenuem A na
yucao A. CBOHCTBa JIMHEHHBIX ONEepalUil OMHUCBLIBAIOTCS CJEAYIO-
UM TIPeJIOKEHHEM.

[Ipennoxenue 2. [lo omHowenuro K onepayusm croxce-
HUSL U YMHONMEHUS HA YUCAO MHOMCECMBO BCEX MEH30PO8 00HO20
u moeo xe muna (p, q) A643eMCA AUHELUHOIM NPOCMPAHCMBOM
pasmeprocmu nPta,

[IpenocraBuM UHTATENIO IPOBEPUTH BCE AKCHOMBI B ONpefese-
HUH JMHEHHOr0 MPOCTPAHCTBA U 3aiiMeMcsi pa3MepHOCTbIO. Bribe-
peM B £ KakoH-HUOYAb 6a3UC U PAaCCMOTPHM TEH30PBI, Y KOTOPHIX
OJlHa 13 KOMIIOHEHT B JaHHOM 0asuce paBHa 1, a ocTajbHble KOM-
TMIOHEHTHI paBHbl HyJ/10. CyuecTByeT poBHO nPTY TakMX TEH30DOB,
TaK Kak TeH3op tuna (p, q) umeer nPT4 kommonent. Kaxkubiii TeH-
30p [aHHOrO THINA PACKJAAbIBAeTCsl, U MPH TOM ONHO3HAUHO, M0
BBIOPAHHBIM HaMM TeH30paM (KO3((UIHEHTH pa3/ioxkKeHHs PaBHbI
KOMIIOHEHTaM JaHHOTO TeH30pa). Takum o6pa3oM, pa3MepHOCTb
MPOCTPaHCTBa T€H30pOB THNa (p, ¢) paBHa nPT9, u mpeanoxkeHue
I0Ka3aHo.

Bosee Toro, Mbl MocTpouaH 6a3uC B MPOCTPAHCTBE TEH30POB
tuna (p, q), eCTeCTBEHHBIM 00pa3oM CBsI3aHHbIH ¢ 6a3UCOM B Mpo-
crpaHcTBe L. HamoMHHM, UTO Kak pa3 TakMM CIOCOOOM Ml ITO-
cTpou/d 0asuc B CONpPS2KEHHOM IIPOCTpaHcTBe L* — mNpocTpaH-
ctBe TeHsopoB tHma (0,1) — u HasBaiu ero GUOPTOrOHAJBHBIM
ucxogHoMy 6asucy B L. Tenepb ass npocTpaHcTBa £ MBI UMeEM
6eCKOHEUHYIO M0CJe10BaTeNbHOCTb JHHEHHBIX IPOCTPAHCTB, CBSI-
3aHHBIX C HUM TaK ke, Kak L*: KaK ToJbKO BblOpaH 6asuc B L,
BO BCEX 3THX IPOCTPAHCTBAX TAKKe MOSBJSIOTCS GA3HCHI.
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5. YmHoxeHue TeHsopoB. [lycte A — rtensop tuna (p, q),
a B — rensop tuna (r, s). [IpousBosbHOMY Gasucy € Mbl MOXKEM
cornocTtaBuTh (p + 1) + (g + §)-MepHYI MaTPHUIL, COCTABIEHHYIO
13 MPOU3BEIEHUH KaXI0H KOMIIOHEHTBl A Ha KaX/yK0 KOMIOHEH-
Ty B. DTH npousBesieHus YIOPSAA0UNM, 3aIHCAB CHAYa/1a MHIEKCHI,
OTHOCsILIMECs K A, a 3aTeM MHIEKCHI, OTHOCsIHecs K B, Tak, kak
NOKasblBaeT (popmyJa

i1.ipkio ke 0 d1.0dp pky.ky
il de = Xiega B0 ()

[Ipennoxenune 3. Ecau kaxdomy 6asucy mo. conocma-
BUM YUCLQ %Zizk onpedeasiemole gopmyaol (5), mo amum 6y-
dem onpedenen mensop muna (p+r, ¢+ ).

JloKa3aresibCTBO MBI MPOBENEM [Jisi CJAydasi TEH30POB THIIOB
(1,1) u (0,1). B ofwmemM ciayyae 10Ka3aTesJbCTBO OT/IHYAETCA
TOJIBKO 0OJiee IPOMO3AKON 3amUchi0. BrlpasuM KOMIOHEHTHI TeH-
30poB A 1 B B Gasuce €’ yepes uX KOMIIOHEHTHI B Oasuce e:

o i 1k I _h
af =moar By = 0B

Orcrona
oo tigr il _h ka _ il _h k
Vim = @ B, = ThO ;0 Q) B = ThO ;T m Vihs

TO €CTb BeJHMUYMHBL 7YY mpeoGpasyioTcsi mpu 3aMeHe Gasuca Kak
KOMIIOHEHTHI TeH3opa Tuna (1, 2).

Onpenenenune. TeHsop, MOCTPOEHHBIH B NPENIOXKEHHH 3,
HasblBaeTCs npoussederuem teHsopa A Ha TeHzop B u o6o3Haua-
ercst A ® B.

[Tpumep 10. Paccmorpum nBe nuHefiHble ¢pyHKIHK f 1 h Ha
L U COMOCTaBUM KaXXIOH Mape BEKTOPOB X U y 4ucao b(x,y) =
= f(x)h(y). IlycTp B HekoTOpoM Gasuce 3HaueHHs: (PYHKLUHH 3a-
nuceiBalotest Kak f(z) = ;&' u h(y) = wn®, rme & u nF —
KOMIIOHEHTHI BEKTOPOB z 1 . Torna

b(z,y) = f(x)h(y) = (w:&") (rn®) = (Lipw) <",

MMOCKOJIBKY TIPHA MEPEMHOXKEHH A MHOI04JIEHOB Ka)KI[bIﬁ 4JieH OHO-
ro COMHOXHUTEJSI YMHO2KAETCS Ha Ka)K[[bII;'I 4JeH Apyroro. I/ITaK,
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NoCTpOeHHast HaMH (PyHKUUS b — npousBeneHMe ABYX JHUHEHHBIX
(GYHKUMH — OunuHeHHass GYHKUHMSA, To ecTb TeH3op tuna (0, 2).
OH sBnsieTCcs TEH30PHBIM NPOM3BEEHHEM TEH30POB, COOTBETCTBY-
foiux f U h. Mbl MoxkeM Hanucath b = f®h UM, B KOMIIOHEHTaX,
Bik = QiNk-

TensopHoe npousBeeHHe He KOMMYTAaTUBHO. DTO XOPOLIO BUA-
HO Ha mpeabiaylieM npumepe. [lyets b* = h®@f. Torna b*(z,y) =
= h(x)f(y) = b(y,x), To ecTb 3to Oymer apyras OHIHHeHHas
(PYHKLHS, ecnd TOJAbKO (DyHKUHS b He cuMmmerpuuHas. [Tocmor-
pMM Ha TO Ke caMoe C TOYKH 3peHHs KoMmroHeHT. KoHedHo,
Qi = NMi@i. DTO 3HAUMT, YTO B, = [}, — MaTpULBl OHJIH-
HeHHBIX (YHKLME OT/IMYaloTCa Ha TpaHcHoHHpoBaHue: B* = BT,
Onu coBnagawT, ecnu N, — Nir = 0 115 Bcex i, k. PaBeHcTBO
HYJII0 BCEX 3THX JETEPMHHAHTOB BTOPOTO MOPSAKA PAaBHOCHJIbHO
NPONOPLIHOHAIBHOCTH KOS(PPULMEHTOB JTHHeHHbIX PyHKUUH f 1 h.

W B obuiem ciayyae MHOMKECTBO UHCEJ, SBJSIOLIUXCS KOMIIO-
HEHTaMH MPOW3BeNeHNs TEH30POB, HE 3aBUCHUT OT MOPsIKA COMHO-
JKHTeJeH, HO YIOPsIOUMBAIOTCS 3TH YHUCJa [10-Pa3HOMY B 3aBHUCH-
MOCTH OT MOPSIAKA COMHOXHTEJEHN.

[IpemoctaBUM 4MTaTeNI0 CaAMOCTOSATEbHO YOENWTBbCS, 4YTO
YMHOXeHHe TEeH30POB acCOLMATHBHO U OUCTPUOYTHBHO MO OTHO-
IEHUIO K CJI0XKeHHI0. JIerko 3aMeTUThb TakKe, UTO MPOU3BENEHHE
TeH30pa Ha YHMCJO COBMAJAeT C MPOU3BeEeHHEM Ha TEeH30p THUIa
(0,0), UMEIOIIKE 3TO YUCIO B KAY€CTBE KOMIIOHEHTHI.

[Ipenanoxenue 4. Joboii menszop muna (p, q) packiadot-
saemcs 68 AUHelHY KOMOUHAYU0 npoussedenuti, 8 Kaxdoe U3
KOmopblLx 6x00Um p 8eKMOPO8 U ¢ KOBEKMOPOS.

Jlnst mokasatesbCTBa MOKaXKeM, UTO MPOU3BENeHUAMU Tpedye-
MOTO BH[A SIBJSIIOTCS TEH30Pbl, U3 KOTOPBIX B TMPENJIOKEHUH 2 ObLI
noCTpoeH 6asuc B MPOCTPAHCTBE TeH30poB THMA (p, q). Mbl cue-
JlaeM 3TO [Jisl TeH30poB THma (2, 1), MOCKOJbKY B 00LIeM ciydae
paccy»KieHHe aHaJOTHUHO.

[TycTb Tensop Q Takos, 4To B 6as3uce € ero KOMIOHeHTa 023 =
= 1, a ocra/jbHble KOMIOHEHTBl PaBHBI HYJI0. PaccMOTpUM Bek-
TOpbl Gasuca ey, €3 M KoBeKTOp e*!, BXOAAWME B GMOPTOrOHA/b-
Hbll 6asuc. BekTophl es U e3 umeoT komnonentsl (0,1,0,...,0)
u (0,0,1,0,...,0), a komroHeHTsl KoBekTopa — (1,0,...,0). ITo-
3TOMYy TIpousBefleHHe Q = ez ® e3 ® €*; HMeeT TOJbKO ONHY
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KOMIOHeHTy 633, paBHylo 1, a Bce ocTa/bHble €ro KOMIOHEHTbI
paBHbl Hy/10. TOUHO TakxKe yTBepxKJAeHHe [OKasblBaeTcs U MJisl
OCTaJ/IbHBIX TEH30POB, COCTABJSOIMX 0Aa3UC B IPOCTPAHCTBE TEH-
30pOB pacCMaTpHBAEMOro THIA.

6. CeeptbiBaHUE. PaccMOTpUM MHOXKECTBO 3/1eMEHTOB
5-MEPHOH MaTpHLibl, IJI51 KOTOPBIX BCe UHIEKChI, KpOMe HEKOTOPBIX
IBYX, UMeIOT (PUKCHPOBaHHble 3HAUEHHUS. DTO MHOXKECTBO obpa-
3yeT 08ymeproLli cA0L — KBaapaTHyI0 Matpuuy. Takum oGpasom,
BCSl MaTpPHUILA PacNafaeTcs Ha AByMepHbIe CJIOM, COOTBETCTBYIOLIHE
BbIODAHHOH Mape HMHIAEKCOB. Bcero Takux C/0eB CTOJbKO, CKOJIb-
KO KOMOMHAalLM{ 3HA4eHUH MOIYT IPUHUMAaTb OCTajbHble § — 2
WHJIeKCa, TO ecTb n°~ 2,

[Tycts A Tensop tuna (p,q), npuuem p > 0 u g > 0 — TeH30p
UMeeT KakK BepXHHe, TaK W HHXKHHe HHJIeKCbl. BblbepeM Kakoii-
HUOYAb BepXHHUH, HanpuMep, MepBbIH, HHAEKC WU KaKOH-HHOyIb
HUXXHUH, HalpuMmep, MOCJEeIHUH, U PacCMOTPUM CJIOH, COOTBET-
CTBYIOLIMe TaKoi nape uHAeKcoB. HamomHuM, 4TO cieloM KBaj-
pPaTHOH MaTpHLBl Ha3blBAaeTCs CyMMa €€ JHarOHaJbHBIX 3JeMeH-
toB. CJiebl BceXx CJ0eB 00pasdyloT p + ¢ — 2-MepHylo MaTpuLy,
MMEULYI0 p — 1 BepXHUH U ¢ — 1 HUXKHUU UHIEKC:

IBig...ip  lig

2ig...
P
1.7 =« 11 +aj1~~~

i ip o miseip
Ji-Jg—1 J1ee Jq— jg—12 + +a; (6)

Jq Jie Jg—1m’
I/ICHO.HI)?)yH TeH30pHOe o003HaueHHe CyMMI/IpOBaHI/IH, MblI MO2KeM
HalmucaTb

B e = G e

[Ipennoxenue 5. Conocmasum Kaxcdomy b6asucy cucme-
MYy uucen, noayuaemyro u3 Komnowewm meudopa muna (p, q)
goluucAeHuem cieda Kaxcdoeo cA05, COOMBemcmayru,eeo 00HOo-
My sepxHemy u O0OHOMY HudcHemy urndexkcam. Taxkoe coomeem-
cmeue onpedeasem menszop muna (p— 1, ¢ —1).

Jlast moxaszatesnbCTBa BBISICHHM, Kak MpeoOpasyeTcsl yKasaH-
Hasl cUCTeMa 4Hces MpU M3MeHeHUH Oasuca. [l ciaydasi, omu-
canHoro (opmyJoi (6), Mbl HMeeM

in ip 1 ‘
Tona T = Ty Oy -+ O Ok O 0,

B/igmip _a/k:ig...ip _ k I lg—1 lqg mi..my
JieJg—1 "~ g1 Jg—1k T
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lq
Ho rak kak 7, 0,7 = 8% | 5T0 BbpaKeHHe PaBHO
1 12 7, I l -1 Mp
5,,3177"2 T OO 11 l .

[Ipu cymMHUpoBaHHM N0 MHAEKCAM [, ¥ My PaBHBEI HYJIO BCe Cla-
raemble, 3a HCKJIIOUYEHHEM TeX, MJIs KOTOPHIX I, = my. O603HaYMB
lq = m1 = k, MBI MOXeM Hanucarb

6/2’2...2’;, 7 sz Ull O'l q—1 _kma..m,

Ji---Jg—1 Tma ++ TmypTjy - Jg—1 "l dg1k”

DTO U ecTb JOKa3blBaeMbli 3aKOH I1peoOpa3oBaHHUsl.

Onpenenenue. TeHsop, monydyaembli U3 TeHsopa A 1Mo
(bopmysam (6), Ha3bIBaeTCSl €ro c8epmKoLi 1o MepBOMY BepxXHEMY
U TI0C/e[HEMY HIDKHEMY HHJeKcaM. AHaJOTHUHO OIlpefessieTcs
CBepTKa M0 J1:I060My BepXHeMy U JII000MY HHXKHEMYy HHIEKCaM.

[TonuepkHeM, YTO 1/ ABYX BEPXHHUX (MJU ABYX HUKHHX) HH-
JIeKCOB CBepTKa He olpejeJseHa.

CaepTka TeH3opa tvna (1, 1) mo eqMHCTBEHHOH Mape HHIEKCOB
€CTb MHBAPUAHT — yxKe yIOMHHABIIWHCS cJell JUHEHHOro npeoo-
pas3oBaHHsl.

Ceepmxkoli dsyx meH30p06 Ha3bIBaeTCs CBEPTKA UX MPOU3BeE-
JIeHHs] TI0 BepPXHEMY HHIEKCY OLHOI0 M3 COMHOXHTe/JeH W HHUXK-
HeMy HHIeKcy apyroro. Hampumep, o6pa3 BekTopa & € KOMIIO-
HeHTaMHU &' MU JIHHEHHOM NpeobpasoBaHuy ¢ MaTpuled af ectb
CBEPTKa COOTBETCTBYIOUIMX TeH30poB: 1* = af¢’. 3nauenne nu-
HeHHOH (PyHKUMH f cO CTPOKOH KO3(D(PULHEHTOB ), Ha BEKTOpE T
¢ KoopauHaTamu & ecTb cepTka () = ik,

7. TpancronupoBanue. TpancnonuposaHuem s-MepHOH
MaTpHULbl 0 KaKHM-JHO0 ByM HHAEKCAM Ha3blBaeTcCsl Takas repe-
CTAHOBKA €€ 3/1EMEHTOB, [IPH KOTOPOH TPaHCIOHUPYeTCS KaxKabli
CJION, TosyuyaeMblil (PUKCHPOBAHHEM BCEX MHIEKCOB, KPOME JBYX
BbIOpaHHBIX. Hanpumep, mpu TpaHCIOHHPOBAHWH MaTpPHIIBL afk
Mo JByM MepBbIM BEPXHUM HHIEKCaM OHa MepeXOAHUT B MaTpHULy

ik .
17", CB3aHHYIO C Hell paBeHCTBOM

R = o™ (7)

BOO6H1€, oL mMpaHcCnoHuposanuem mampuusbl N0 MHOIMe-
cmey urHoexcos TOHHMaeTcsl pesyJsbTaT €€ MOoCJAeN0BaTeJbHBIX
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TPAHCIIOHUPOBAHUM 110 Pa3/JMYHBIM NapaM MHAEKCOB U3 3TOIO MHO-
»kecTBa. [lo MHOXKeCTBY M3 k MHIEKCOB MOXKeT OBITh OCYIIEeCTBJIE-
HO k! TPaHCMOHHWPOBaHUH.

TpaHcnoHMpOBaHMe WHOTAA HA3bIBAIOT NEPecmaHo8KOl UH-
dekcos, X0Ts, HanpUMep, 3armucH af’j H a?i onpeieNsioT OfHy H
Ty XKe MaTpuly: B 000MX c/IydasX Bce MHAEKCH He3aBUCHMO APYT
OT Jpyra NpPUHUMAIOT 3HaueHus oT 1 10 n.

[Ipumep L1. ITycte n = 2. PaccMoTpuM TpexMepHYIO MaTpH-
Ly «vji. 3HaueHUAM | M 2 moc/eHero MHAEKCa COOTBETCTBYIOT
IBa CJ0s. BoimuiieM Ux psiaom:

Q111 @121 | 112 (122

Q211 (221 | (212 (222

TpancnoHupoBaHue Mo ABYM MePBEIM MHAEKCAM MEPEBOJUT 3Ty
MaTpuLy B f3ii = Qtjik, UIH, B Da3BEDHYTOM BHJE,

5111 ﬂ121 5112 ﬂ122 ai11 Q211 | G112 (212

5211 ﬂzzl 5212 ﬂ222 Q21 (221 | (122 (222

Ecsin npu 6oJiee Cl0KHOM TPaHCIOHUPOBAHHMH 7jk = Qtkij, TO

Y111 Y121 | Y112 Y122 Q111 @112 | G211 (212

Y211 Y221 | Y212 Y222 Q21 (122 | 221 (222

[Ipennoxenue 6. I[lycmo kancdomy 6asucy conocmasie-
HQ D + q-MepHas MAmpuyua, NOAYHeHHAS U3 MAMPULbL MeH30pa
A muna (p,q) mpancnoHuposanuem, npuiem nepecmasiiiomcs
MoAbKO 8epxHue (Uau MOALKO HuxcHue) uroekcol. Imum onpe-
denen mensop B muna (p,q).

Ham pocraTouHo n0KasaTb 3TO AJs TPaHCIIOHHPOBAHHWU IO
IBYM MHJEKCaM, Tak Kak Jio0oe TPaHCIIOHUPOBaHHE — pe3ysbTaT
T0CJ/IeI0BATeIbHOTO BBITIOJHEHHs] TAKUX TPaHCIOHHWpoBaHUi. Kpo-
Me TOro, HJisl JII0OOH Tapbl BEPXHUX HJIH HUXKHHUX HHIEKCOB [0-
Ka3aTe/IbCTBO OfMHAKOBO. UMCJIO M pacloJioKeHHe WHIEKCOB, He
Y4YacTBYIOLIUX B TPAHCIOHUPOBAHHU, POJIM He urpaetr. [lostomy
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MBI NIpOBeJieM J0Ka3aTesJbCTBO /151 TPAaHCIIOHUPOBAHHS MO MepBOH
nape BepXHMX HHIEKCOB, 3amucaHHoro B ¢opmyne (7). Tpancrno-
HUPYEM MaTPHUIYy HOBBIX KOMIIOHEHT TeH30pa A:

rigk __ _rjik g U1 jrinks _ i151k1
1T =T T Tklal ag, Tyl Tklal "B, .

DTo oTaMyaeTcss OT OOBIYHON 3aNHCH 3aKOHa MpeoOpa3oBaHHUs
KOMIIOHEHT TeH3opa Tuna (3, 1) ToJbKO MOPSiAKOM COMHOXKUTEJIEH.

Onpepenenue. TeHnsop B, nmoctpoeHHbIH B NpenokeHUH
6, Ha3bIBAETCS PE3YJbTaTOM MPAHCNOHUPOBAHUs TeH3opa A.

Hnsa nByx teHszopoB P u Q mpoussenenuss P Q u Q ® P
MOJIyYaKTCsl OUH M3 JPYTrOro TPAaHCMOHWPOBAHHEM.

8. CummeTpupoBaHue U ajJbTepHUPOBaHHME. PaccMOTpUM
TeH30p A, KOHTPBapHaHTHAas BaJIEeHTHOCTb KOTOPOTO HE MeHbIle
3aJlaHHOTo yucaa s > 2. Boibepem kakue-HUOYIb S BEPXHHUX HH-
JIEKCOB. DTH WHJEKChl MOXHO MepecTaBUTb s! cmocobamu, u mo-
TOMY CYLIECTBYIOT s! TeH30poB, moJydarmomuxcs U3 A TpaHcro-
HUPOBaHHWEM MO 3TUM HHAeKcaM. CJI0)KHM BCe 3TH TEH30DPBl U
paszesnuM pesysbTat Ha uncao s!. [losydyeHHbIH TeH30p Ha3bIBaEeT-
Csl Pe3yJbTaTOM CUMMEMpPUpo8arus A 1o BEIOPaHHBIM HHIEKCAM.
Ero xommnoHeHTBl 0603HAualTCsl 3aK/JIIOYEHHEM B KPYTJble CKOO-
KW 3TOH TPYMIMbl HHIEKCOB Y KOMIOHEHT TeH3opa A. AHaJoruyHo
OTpeesieTCsl CUMMETPUPOBAHUE 110 HUXKHUM HHAEKCaM.

[Tpumep 12. CummerpupoBanue TeHsopa tuna (3, 0) mo mep-
BOMY U TPETbeMY HHJEKCaM:

alililk) = Lk o ity

OGpartuTe BHUMaHHe, YTO BTOPOH HHJEKC, He y4acTBYIOLIHHA B
CHMMETPHPOBAHHH, BbiEJeH MPSMBIMU YEPTAMH.

[Tpumep 13. CummerpupoBanue TeHzopa tuna (1, 3) no Bcem
HHJKHUM HHIEKCaM:

Bljky = E(B;kz + Bijk + Brij + B + Bk + Bjur)- (8)

CuoBa paccmoTpuM TeHsop A tuma (p, ¢), tae p = s > 2. Bol-
GepeM TPyINy W3 s BEPXHUX HHIEKCOB, U MPOHyMepyeM BbIOpaH-
Hble HHIEKChl YhcaaMu 1,...,s. Torma KaxknoMmy TeH30py, MOJy-
yaeMoMy U3 A TPaHCIIOHHPOBAHUEM [0 STUM HHAEKCaM, OyAeT co-
[I0CTaBJIEHA HEKOTOpas MepecTaHOBKa 1, ...,%s HOMEPOB 1,...,s.
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O6o3Hauum uepe3 N (iq,...,1s) ULCJ0 HAPYLIEHHUE MOPsiAKa B Hell
(em. 1. 6 § 4 1. V). HanomMHuM, 4TO mepecTaHOBKAa Ha3bIBaeTCs
YeTHOH, eC/IM YHUCJI0 HApYILIEHHH NOpsiiKa B Hell UeTHOe, ¥ HeveT-
HOH B TNPOTHBHOM CJydae.

Tpancnonupys A mo BbIOpaHHBIM HHIAEKCAM, Mbl, KaK H BBILLIE,
nonyduM s! TeHzopoB. CJI0KMM BCe 3TH TEH30pbl, PeIBapUTEb-
HO YMHOXKHB Kaxkapiil u3 HUX Ha (—1)N01%) rre gy, ... i, —
nepecTaHoBKa, eMy cooTBeTcTBYLasd. CymMMy pasiesuM Ha Yuc-
Jo s!. Tak MOCTPOEHHBIH TEH30p HA3bIBAETCS PE3YJIbTATOM Qlb-
mepHuposarus TeHsopa A 1Mo BeIOpaHHBIM HHAeKcaM. Ero kom-
TIOHEHTBbl 0003HAYAIOTCS 3aKJ/I0UEHHEM B KBaJpaTHble CKOOKH Tex
UHJIEKCOB, 110 KOTOPBIM TPOU3BOAUTCS aJbTEPHUPOBAHHUE.

[Tpumep 14. AnprepHupoBanue TeHsopa tvna (3, 0) mo nep-
BOMY H TPeTbeMy HHIEKCaM:

alililk] — Loqin _ iy,

[Tpumep 15. AnprepHrpoBanue TeHzopa tuna (1, 3) mo Bcem
HUXKHHUM HHIEKCaM:

Blirg = g( i+ Bk + By — Biojt — Bikj — Bju)- )

[Tpumep 16. B § 4 rin. VI mMbl oTmMeyanu, uTo HeTEPMHU-
HaHT MaTPHIHl JHHEHHOr0o IpeoOpa3oBaHUs sBJSETCS WHBapHaH-
TOM. BBIpasum 3TOT HHBapHAHT NPH NOMOIIM TEH30PHBIX OIepa-
uui. [lyetsb aé- — 3JieMeHTHl MaTpulibl A mpeo6pazoBaHusi A B
HekoTopoM 6asuce e. Torna n-KpaTHoe Mpou3BeneHHe A Ha caMmo-
ro ce6d A® --- ® A UMeeT KOMIIOHEHTHI 04;11 aéi .. .aé:. Anprep-
HHUpyeM 3TO NPOM3BeNEHHE 110 BCEM HIKHHM HHJIEKCaM, a 3aTeM
CBepHEM IO BCeM HMHJeKcaM. MBI MoNyylM HHBapHaHT

A= ozfillag . .a:::].

JlokaxkeM, UTO 3TO U eCTb HHTEPECYIOIHH HaC IeTepMHHAHT.

31ech m MHOEKCOB CYMMHPOBAHHUS, KaKblil U3 KOTOPBIX MpHU-
HUMaeT n 3HadeHHH. CyeoBaTeIbHO, MIPaBasi 4acTh pacnajgaercs
Ha n" caaecaemorx. Kaxnoe U3 3TUX cj1araeMblX MPeACTaBAsET CO-
6ot cymmy n! wienos, BOSHUKAIOLWIKUX NP ajbTepHUpoBaHUH. Ec-

JIN B Ha6ope 3HaYeHUH WUHAEKCOB CYMMHPOBAHHS, ONpPeaeaa0InX
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KaKoe-TO cJjlaraeMoe, eCTh Ba OJMHAKOBBHIX, TO TaKOe cJiaraeMoe
paBHO HyJ0. J[eACTBUTENBHO, A/ KaXKIO0TO UJieHa B HEM, B3STO-
ro CO 3HAKOM ILIIOC, HAHAeTCsS He OTJHYalOUIUHCS YJeH, B3SITHIH
co 3HakoM MuHyc. IlycTb Bce 3HauYeHHUs MHAEKCOB CYMMHPOBa-
HUS, ONpefeisollle cjaraemMoe, pasjudyHbl. Torna, nepecrtaBJss
COMHOXKMUTEJH B KaxKJIOM 4JieHe TaKOro CJaraeMoro, yrnopsilounM
BEepPXHHE MHJEKCHl U 3THUM IPUBEAEM €ro K BHILY

1
oy = 3 (F)NRal g
" (k1yeeskn)

Bceero caaraembix takoro supa n!. CjaemnoBaresibHO,

n

A= n!oz[ll B
Otcrona 1o QopmyJie MOJHOTO PA3JOXKeHHs AeTepMHHaHTa A =
= det A.

Ecau pas6op storo npumMepa Bbi3BaJs 3aTPYAHEHHE, BBHINULINTE
noApOoOHO BCIO CYyMMY IMpH 1 = 2.

9. 3ameuanue. [lycTh HMeeTCst KaKOe-TO COOTHOIIEHHE MEX-
Ly TeH30paMH, HalHCaHHOe NpPH MOMOIUK BBeJEeHHbIX HaMH TeH-
30pHBIX omepauuil. Ecin BeiGpan 6asuc, 3TO COOTHOLUEHHEe IO-
pOXJAeT TaKHe »Ke COOTHOIIEHHs] MeXAy KOMIOHEHTaMH pac-
CMaTpUBaeMbIX TeH30pOB. TeH30pHBIE Onepaluy WHBapUAHTHLI B
TOM CMBICJIE, UTO COOTHOIIEHHS MeXIy KOMIOHEHTaMH BBITJISi-
IST ONHHAKOBO, KaKOB Obl HU Obl1 6asznc. CKaxkeM, COOTHOLIEHHE
A = 2®Ry+2z®z, TIe &, Yy U z — BEKTOPbl, PABHOCHJIBHO PaBEHCTBY
a¥ = € 4 (¢ Mexay KOMIOHEHTaMM, MpuueM 6e3pasuyHo,
B KakoM 0asuce, Tak Kak BO BCeX 0a3Hucax OHO BBITJISAUT OIMHA-
KOBO.

B cusny storo ob6cTosiTeNbCTBA 4YAcTO, TOBOPS O TeH30paXx,
UMEIOT B BHIY HUX KOMIIOHEHTBI WJIM, HA00OPOT, TOBOPSI O KOM-
TOHEHTaX, UMEIOT BBUAY TeH30pbl. [0BOpST, HampUMep, <TeH30p
Qjjl;> BMECTO <TeH30p, KOMIOHEHTBl KOTOPOI'O B TAKOM-TO (asuce
paBHBI (j,>. DTO He MOXKET BbI3BAThb HeNOpPAa3yMeHHH M CHJbHO
ympolaet peub. B nanbHeinem Mbl Gynem MoJb30BaThCsi Moa00-
HBIMH COKPAIEHUSIMH.
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10. CumMeTpUUYHbIE U AHTUCUMMETPUYHbIE TEH30PBI.

Onpenenenune. TeH30p HA3BIBAETCS CUMMEMPUUHLIM MO
nape urndekcos, ecJii OH He MEHSIeTCS TIPHU TPAHCIIOHUPOBAHUH 110
3TOH mape. Pe3ysnbraT ero ajbTepHUPOBAHHUS MO 3TOH Mape paBeH
HYJIEBOMY TEH30DY.

TeHzop cummempuuen no epynne umodexkcos, ecid OH CUM-
MeTpHUeH 1o Jo6oH Nnape WHAEKCOB M3 3TOH rpynmel. B Takom
cJydyae OH He MeHsieTCs NMpPU JHOOOM TPAHCIIOHHPOBAHUM MO HH-
JeKcaM 9TOH TPYIIIHL.

He npencrasnsier Tpyna y6equTbesi, 94TO pe3yabTaT CHMMETPHU-
poBaHMS TeH30pa MO HEKOTOPOH TpyIIe WHAEKCOB SIBJSETCS TeH-
30pOM, CHMMETPHUYHBIM 10 3THUM HHIeKcaM. Eciu, Hampumep, Te-
pecTaBuUTh JHOOble 1Ba HHXKHHUX HHAeKca B (opmyJse (8), To B ee
MPaBOH YaCTH M3MEHHUTCS TOJBKO MOPSIIOK CJIaraeMbIX.

Onpenenenune. TeH30p HA3bIBAETCS AHMUCUMMEMPULHBLM
no nape unOekcos, eciii OH yMHOXkKaeTcst Ha (—1) mpu TpaHCIoHHU-
pOBaHUU 0 ITOU Mape WHAEKCOB, WJIK, UHAa4Ye TOBOPS, Pe3yJbTaT
€ro CHMMETPUPOBAHHUS 110 HEH paBeH HYJEeBOMY TEH30pYy.

Ecnn TeH30p aHTHCUMMETPHUYEH MO Mape HWHAEKCOB, TO paB-
HBl HYJIO Te ero KOMIIOHEHTBI, Y KOTOPBIX COBNAAIOT 3HAYEHUS
3TUX MHJEKCOB. DTO BHAHO M3 TOTO, YTO KaxXKJbli CJOH, COOTBET-
CTBYIOIIMH 3THM HHIEKCaM, — aHTHUCHMMETpPHUHAs KBajpaTHas
MaTpulia.

TeHsop anmucummempuuern no epynne uHdexkcos, €Ciu OH
AHTUCHMMETPHUEH MO0 J000# nape UHIEKCOB M3 3TOH I'PYTIIIHL.

Pesysnbrat anbTepHUpPOBAHHUS TEH30pa MO HECKOJbKHUM HHJIEK-
caM aHTHUCHMMETPHYEH M0 3THM HHJAeKcaM. [IpuyuHy 3TOro Jerko
MOHSITh, €CJM MePECTaBUTb KaKHe-HUOYIb 1Ba HHKHHUX MHIEKCA B
dopmyne (9): ee mpaBas yacTb U3MEHUT TOJBKO 3HAK.

[Ipennoxenue 7. Aumucummempuurolii no epynne us s
UHOeKco8 MeH30p He MeHsemcs Npu MpaHCnoOHUPOBAHUL 1O
Hell, ecau coomsemcmsyrouias nepecmaHos8Ka UHO0eKkcos uem-
Has, u ymuoncaemcs wa (—1), ecau Hewemmuas.

JoxasartenbctBo. HamomMHHM, 4TO mepecTaHOBKA i1, i,
...,is Ha3blBaeTCs YEeTHOH, eCJM YMCJO HapylIeHWH TopsiiKa B
Heft N(i1,42,...,15) — UETHOE UHCJO, U HA3bIBAeTCs] HEUYETHOH
B MPOTMBHOM cJy4ae. TpaHCMOHUPOBAHHE, COOTBETCTBYIOLIEE Ie-
pecTaHOBKe HHAEKCOB 1ii,...,%s, CBOAUTCS K IOCJ€N0BaTEJbHON
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repecTaHoBKe Map MHAEKCOB. [TocKoMbKY KaxKaas U3 HUX MeHsSeT
3HAK BCeX KOMIIOHEHT TeH30pa, L0CTAaTOYHO N0Ka3aTb, YTO JaHHOe
TPAHCIOHHUPOBaHHe ocyliecTBUMO 38 N (i1, ...,%s) ME€PeCTaHOBOK
nap MHIEKCOB.

[TocnenHee yTBepXKIeHMe PABHOCHJbHO TOMY, UTO YHCJa
1,...,5 MOXHO PacloJIO)KUTb B MOPSIAKE %1,...,%s, [I€PECTABJSAS
N(i1,...,is) pa3 cocennue uucaa. JlokaxkeM cHauaja, 4To UUcIIa
i1,...,15s MOXKHO YKa3aHHBIM CIIOCOOOM pacroJIOXKHTb B TOPS[I-
Ke Bo3pacTaHus. Il 3TOro OTBHILEM B NEPECTAHOBKE i1,...,10s
gucsao 1 ¥ mepecTaBUM €ro Ha MepBOe MeCTO, MeHsisi MeCTaMH
N0C/IeJOBATe/NbHO CO BCEMH YHCJ/IAMH, CTOSLIMMU JeBee. Bee oHM
Gosibllie 1, U Mbl EpPeCTaBUM eIUHHULY CTOJbKO pa3, B CKOJbKHX
HapylUeHHsAX TOpsifika OHa BHHOBHA. 3aTeM OTHILIEM UYHCJIO 2 U
TOYHO TaK 2Ke [epecTaBUM ero Ha BTopoe MecTo. IIpu atom ero
MPUJIETCS] TIEPECTaBUTh CO BCEMH UYHC/JAaMH, KOTOPBIE CTOSAT Jie-
Bee Hero, Kpome l, a co BceMH HMMH OHO o6pasyeT HapylleHHe
NopsifiKa.

[Tponenaem pajiee To ke caMoOe CO BCEMH UHCJIaMHU 3, ..., (s —
—1). Uneso s okaxkeTcs Ha MOCJeIHEM MecTe, [ePecTaB/IsATh ero
He Hajo, HO U HapylIeHUH NopsiiKa B MepecTaHOBKY OHO He BHO-
cut. B pesynbrare Oyner cnenaHo N (iy,...,7s) MOMAapHbIX mepe-
CTaHOBOK UHMCeJ, ¥ YNCJ/Ia OKAXKYTCS PaCoJNOKEeHHBIMH B MOPSIAKA
BO3pacTaHUs.

Teneps, ucxons u3 1,...,S, Mbl MOXKEM TIPOAeJIaTh Te Ke Te-
PeCTaHOBKH 4yHces B 06paTHOM MOPSAIKE U MOJYUYHTh i1, ..., 1. Ha
3T0 noTpedyercs Takke N (i1,...,1s) IEPECTAHOBOK COCENHUX UHU-
cedl.

[Tpennoxenue 8 Ecau men3op cummempuuen no epynne
u3 s UHO0eKcos, mo pe3yibmam e20 aNbMepHUPOBaHUs no IMot
epynne un0eKco8 — HYyAes0l meH3op.

Ecau mensop anmucummempuuer no epynne uxoekcos, mo
pes3ysomam e2o CUMMEMpUpPOBarUs nNo Hell — HYAegol meH30p.

O6e uacT mNpeiJio’KeHHs I0Ka3blBAIOTCs OfMHAaKoBO. [loka-
KeM nepBylo. Bee s! TeH30pOB, KOTOpBEIE MOXKHO MOJNYUYUTb TPaHC-
MIOHUPOBAaHHEM, ONMHAKOBbl. [IpH a/jbTEepHUPOBAHHH Mbl CKJa-
IblBaeM HX CO 3HaKaMH, ONpelessieMbIMH YETHOCTSIMH COOTBET-
CTBYIOILMX TepecTaHOBOK. [Ipu 3ToM Bce cnaraemble YHHYTO-
JKaTtcs, TaK Kak M3 s! mepecTaHOBOK POBHO MOJIOBUHA UETHBIX,
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a T0JIOBMHA HeueTHbIX. JleHCTBUTENIbHO, MEHsIS MeCTaMH J1Ba Iep-
BbIX YHCJIA B MEPEeCTaHOBKE, Mbl U3MEHAEM €€ YeTHOCThb (BBO}II/ITCH
WU JIMKBUIUDPYETCA POBHO OOHO HapylleHHe l'IOpHI[Ka). ATUM
yCTaHaB/JMBAETCS B3aUMHO OIHO3HAUHOE COOTBETCTBHE MEXIY
YeTHBIMHM M HEUEeTHBIMH MepecTaHOBKaMH.

3ameuanune. Ecan nugekcos 6oJblle IBYyX, PaBEHCTBA HY-
JIIO pe3ysbTaTa ajJbTePHUPOBAHMS (CHMMETPHUPOBAHHS) MO 3THUM
MHJIeKCaM ellle He JOCTaTOYHO HJISi TOT0, YTOOBI TEH30p OblI CHM-
METPHUYHBIM (aHTHCHMMETPHYHBIM) 110 HUM.

YIIPA2KHEHUA

1. Ilycts B — sMHeliHOe NPOCTPAHCTBO OUIMHEHHBIX (DYHKLMM, onpe-
JIeJIeHHBIX Ha JIMHeHHOM npocTpaHcTBe L, a A — JsMHelHoe npeo6pa-
30BaHHe mpoctpaHcTBa . Jlokaxute, uto A — teHsop Ttuna (2,2) B
npoctpaHcTse L.

2. a) CKOJIbKO KOMIIOHEHT UMeeT TPeXBaJIeHTHBIH TEH30p B UEThIpex-
MepHOM mpocTpaHcTBe? 6) CKOJIBKO C/araeMblX COIEPXKHUT BblpakeHHe
KaKOH-/1M060 ero KOMIOHEHTBl B HOBOM 6a3uce 4yepe3 KOMIIOHEHTbI B CTa-
pom Gasuce?

3. Tensop Ttuna (0, n) B n-MepHOM JIMHEHHOM IPOCTPAHCTBE B Hasuce
e MMeeT KOMIOHEHTHI €;,...4,, = 0, €CJIU CpeAr 3HAYeHHUH 41, ..., i, €CTh
OJIMHAKOBBIE, U

€iy. = (,1)1\’(«&1,.4.,1‘”)’

Lin

B NPOTHBHOM cJjy4ae. HalinTe KOMIOHEHTHl 9TOro TeH3opa B 0Oasuce
e =eS.

4. Jlunetinas ¢pyHnxuus f 3anana B 6asuce e CTPOKOH ¢, @ BEKTOp @ —
croniouoM . Haiinure matpuny teHsopa a ® f. Kakoiél reomerpuueckuii
CMBICJI HMEET 3TOT TEH30p?

5. CKO/IbKO DPas/MUHbIX TEH30POB MOXKHO 06PA30BaTh NPH MOMOLLM
CBepThIBAHHMS U3 TeH3opa THmna (2,2)?

6. [loxaxKuTe, UTO TEH30pP M3 3aJaUl 3 aHTUCUMMETPHUEH I10 JIOOOMY
MOJIMHOXKECTBY MHOXKECTBA WHAEKCOB.
7. Jlokaxkute, 4To AJs Joboro TeHsopa tuna (1, 1) BeimosHeHbl pa-
BEHCTBA
(i i k] ik

k) _ i k _
a; ap” = agay, a;a;” = apay).



§ 2. Tensopol 6 esKAUAOBOM NPOCMPAHCMEE 395

§ 2. TEH3OPbI B EBKIIMJOBOM
MPOCTPAHCTBE

1. Merpuueckuii TeHsop. DBce, ckasaHHoe 0 TeH3opaxX B
JIMHEHHOM IIPOCTPAHCTBE, pasyMeeTcs, CIIPaBelJHBO U B Cjyuae
eBK/IH0Ba npocTpaHcTBa. ONHAKO B €BKJHMIOBOM IMPOCTPaHCTBE
TEeH30pbl 06/1a/1al0T MHOTMMH CBOHCTBAMU, KOTOPBIX OHH HE UMEIOT
B JIMHEHHOM.

Onpenenenne. ComocTaBUM KaxKIOMy 06asHCy eBKJHJIO-
Ba MpOCTpaHCTBa MaTpuuy I'pama storo 6asuca. OmpenenseMblit
3TUM TeH30p ¢;; thna (0, 2) HasbBaeTCs mempuueckum mern3o-
pOM TIPOCTPAHCTBA.

Kak mbl Buzesin B npumepe 6 § 1, cnpasensuso

[Ipennoxenune l. Conocmasum kaxdomy 6asucy esxiu-
dosa npocmpancmsea mampuyy, obpamuyro mampuye [pama
amoeo 6Gasuca. Imo coomseemcmeue onpedeasem men3op gv
muna (2,0).

Onpenenenue. TeH3op, MOCTPOEHHBIH B NpelJsoXKeHUH 1,
HAa3bIBAETCS KOHMPBAPUAHMHOIM MEeMPULECKUM MEH30POM.

[ockoapky ()T = (I'T)~! = T'~!, kouTpBapuanTHbIi MeT-
pUUYECKHH TEH30p CUMMeTpHUEH:

ij _ g
97 =g
Hanuuwem pasenctBo [T~ = E B TeH30pHBIX 0003HAYEHHUSX:

gz‘jg]k = 55

2. IlogHsiTHe M ONMyCKaHWe WHAEKCOB. Hanuune meTpuue-
CKOTO TeH30pa M03BOJISieT BBECTH B €BKJIMAOBOM MPOCTPAHCTBE
elie JBe ONepalyy Hal TeH30paMK — MOJHSATHE U ONMyCKaHHe HH-
JEKCOB.

[pu onyckanuu undexca tensopy tuna (p, q), p = 1, como-
craBsisieTcst TeH3op tHna (p — 1, ¢ + 1), mosydaemsiii cBepThIBa-
HHeM NaHHOTO TeH30pa C MeTPUYECKHM TEH30pOM [0 TOMY HH-
IEeKCY, KOTOPBIH Mbl XOTHM OMYCTHUTb. [Ipy 3TOM MOPSIIOK HHIEK-
COB COXpaHsieTcsl B CjelyiolieM cMbicie. Mbl 0TKas3biBaeMcsl OT
corJialieHHsi, COrJIaCHO KOTOPOMY HMXKHHE HHJAEKCHI CJIEIYIOT 3a
BepxHUMH. JlJist TOrO, 4TOOBl OTMETHTb TMOPSIOK MHIEKCOB, Hak
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KaXKIbIM HMXKHUM HHIEKCOM W TMOA KaKAbIM BEPXHHUM HHIEKCOM
CTaBUTCsA Touka. Hampumep, mpu omyckaHWH NMepBOTO MHIEKCA Y
TeH30pa a'’; MBI MOJTyYaeM TeH30p gy, = o).

B neflcTBUTENBHOCTH 3TH TOYKH PACCTaBJ/ISIIOTCS He BCeraa, a
TOrJa, KOIZla BO3MOXKHBI HelOpPa3yMeHHUsl UM HEeOLHO3HAYHOCTh B
uHTepnperauuu dpopmyna. Hacto MoxkHO 060HTHCH 6e3 HHUX.

[Ipu nodwamuu umdexkca NAaHHBIE TEH30p CBOpPAYHBAETCS C
KOHTPBapHaHTHBIM METPHUECKHUM TEH30POM [0 TOMY MHIEKCY, KO-
TOpBIA cleflyeT MoAHATb. Pesynbrar Gymer TeHsopoM Ttuma (p +
+1,q- 1).‘Hanp1/1Mep, MOHATHE MePBOro MHIeKca y al; naet
Y = g'a;’,, a nofHsITHE TPETbEro MPHUBOAHUT K af.k =g"a;
[Tpumep 1. B § 3 ri1. VII 661 BBeleH BeKTOp, MPUCOENIHHEH-
HBIH JIHHEHHOH (PYHKLUMM Ha eBKJHWLOBOM MpocTpaHcTBe. CTpoka
K03(D(PULUEHTOB (o JUHEHHOH (DYHKLUHUU U KOOPAUHATHBIN cTos6el]
BeKTOpa a cBsizaHbl opmynoil ¢ = a’T. Ilepexons oT Marpuu-
HOU 3amuCH K TEH30PHOH, Mbl MosyuaeM ¢; = a¥gy;. Utak, mu-
HellHast (DyHKUMSA MOJyuaeTcss U3 BEKTOpa OMyCKaHMeM HHIEKCa.
Hao6opor, BekTop mosydaercs U3 GpyHKLUHHU NOAHATHEM HHOEKCA:
ol =g,

[Tpumep 2. K 6ununeiiHolt pyHKIMel b Ha €BKJIHUI0BOM TPO-
CTPaHCTBE NMPUCOEIUHEHO JIMHEHHOe Mpeobpa3oBaHue A, MaTpHULa
KOTOPOTO CBsI3aHa ¢ MaTpuleH OUIMHEHHOH (PYHKINN PaBEHCTBOM
A =T"'B. B TeH30pHbIX 0003HAUEHHAX ITO MONKET OBITH Iepe-
MHCaHO KakK

« -

ol = g™ By

M&1 BuainM, 4TO TeH30p A moJsiyueH U3 TeH3opa b mogHATHEM mep-
BOro MHJeKca. MBI MOKeM cKas3aTh TakKKe, 4TO b mosyyaercs U3
A omyckaHMeM HHIEKCa, HO 3[eCh y>Ke HeOOXOAMMO MOAYEPKHYTh,
4TO MPHU OMYCKAHWU BEPXHUH HMHJAEKC CTAHOBUTCS MEPBbIM HHX-
HUM HHAEKCOM:

Bij = ginal.

To, 4TO 31€Ch 3TO CYlLIECTBEHHO, TOKAa3blBaeT

[Tpumep 3. B § 2 rin. VII mbl onpenenusnu nuHeliHOe mnpe-
obpasoBaHue A*, compsikeHHOe HaHHOMY mpeobpa3oBaHuio A.
B npousBosibHOM Ga3uice WX MaTPHLBI CBSI3aHBI PaBeHCTBOM (3),
KOTOpoe MOXHO mepenucatb B Buge I'A* = (I'A)T. O6osnauum
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yepes a; u a;?i s7eMeHThl A U A* 1 HamulleM 3TO PaBEHCTBO B

TEH30PHBIX 0003HAYEHUAX:
k. __ k.
JikQj = gjkQ 5

— MocJle ONyCKaHHsl HHAEKCOB OMH TeH30p MoJydaeTcs U3 JApY-
TrOro TPaHCIOHHPOBAHUEM.

CeepThiBasi 00e 4acTH 3TOTO PaBeHCTBA M0 MHIEKCY j C TeH-
sopom g/, Mbl monyunm 6ok = g4 gi.aks wmm

3. EBkuanpoBsl TeH3opsl. [lpy u3yueHHM eBKJIHAOBA MPO-
CTPAHCTBA YaCTO MOXXHO OTPAaHHUHTBCS TOJBKO OPTOHOPMHPOBAH-
HeIMM 6asucamu. [Ipyu 3TOM Bce (opMyJIBl, CBS3aHHBIE CO CKAJsp-
HBIM MPOU3BEJIeHHEM, 3HAYUTENbHO YIIPOLIAITCs, TaK KaK MEeTpPH-
YeCKHH TEeH30p UMeeT eIUHUUYHYIO0 MaTPHUILY:

1, i=yj,
Gij = (1)
0, i

Martpuiia nepexona oT OJHOIO OPTOHOPMHPOBAHHOTO Gaszuca K
IPYrOMY OPTOHOPMHPOBAHHOMY SIBJISIETCSI OPTOTOHAJIBHOH, TO €CTh
ynosetBopsieT cootHomenuto S~ = ST a ee sneMenTH cBA3aHbI
paBeHCTBaMU

o =1k (2)

[TycTb MBI OrpaHHYMJINHCH OPTOHOPMHPOBAHHBIMH GasMCaMH.
Torna B cumy (2) 3aKoH npeo6pa3oBaHHs KOMIIOHEHT TeH30pa MpH-
MeT BU

Vivoip _ Z ky kp Iy ly Ki..kp
oy = O3 0 O oy T (3)
klauwkp

3nech HapyLIU/JUCh TPaBHUJa TEH30PHOH CHMBOJHKH: HWHIEKCHI
1,...,1, B JIEBOK YaCTH PaBEHCTBA BepXHHe, a B NPABOH — HHXK-
Hue. KpoMe Toro, mpuijoch HamucaTh 3HaK » , Tak Kak HHIEKCBI
CYyMMHpOBaHHUS ki, ..., k, OKasa/nnucb Bce cBepxy. ITO — MpH3Ha-
KH TOTO, YTO PaBEHCTBO He SIBJISETCS WHBAPHAHTHBIM (OHO BEPHO
TOJIBKO B OPTOHOPMHPOBAHHBIX 0a3ucax).
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dopmyna (3) nokasblBaet, UTO, OPPAHUUUBASICH OPTOHOPMHUPO-
BaHHbIMU 0a3UCaMU, Mbl YHUUTOXKAEM pa3jvyle MexK1y BEePXHUMHU
U HUXKHMMH HHIEKCaMH: U TeM ¥ APYT'MM B 3aKOHe IIpeo6pa3oBa-
HUSI COOTBETCTBYIOT OJMHAKOBblE MHOXKHTEJIH.

3ameTuMm ele, uyTo B cuay (1) B opToHOpMHUpPOBaHHOM Gasuce
COBMNAJal0T KOMIIOHEHTBI TEH30POB, OTJIMYAILIUXCS APYr OT Ipy-
ra Ha IOAHSITHE WJM ONyCKaHWe HMHAeKca. Mbl oTMeyasu 3TO B
ri. VII 1715 BeKTOpOB, NPUCOEAMHEHHBIX IHHEHHBIM (DYHKLUAM, U
1J151 Ipeobpa3oBaHui, MPUCOETUHEHHBIX OUIMHEHHBIM (PYHKIIHUSIM.
ATo Jlerko mposepsieTcss U B JI060M caydae. Mbl umeeM, Hanpu-
Mep, ayji = gl = af;, Tak Kak B CyMMe 10 | OTIHYHO OT
HYJIS1 TOJIBKO TO cjlaraemoe ¢ [ = j, a B HeM g = 1.

M3 ckasaHHOro cjenyer, 4To, OrpaHUYMBAsICb OPTOHOPMHUPO-
BaHHBIMU 0a3HCaMM, Mbl MO2KEM OTOXAECTBUTb BCEe TEH30pPbl, KO-
TOpble OTJMYAIOTCH APYr OT JApyra MOAHATHEM HJH ONyCKaHUeM
uHIeKca. TouHee roBopsi, BCe TEH30pBl, HMeIOlIHe B OPTOHOPMH-
pOBaHHBIX 0a3nucax OAMHAKOBble KOMIIOHEHTbI, Mbl OObEIHHSIEM B
OfIMH KJIaCC U paccMaTpPHUBaeM 3TOT KJacC KaK HEKOTOPBIH HOBBIN
00BEKT — eBKJIHMIOB TEH30p.

Onpenenenne. B eBKAMIOBOM MPOCTPAaHCTBE PasMepHO-
CTH N 3alaH e8KAUJ08 MeH30p BAaJEHTHOCTH S, €CJH KaxKIOMY
OpPTOHOPMMPOBAHHOMY 0as3ucy CONOCTaBJeHa S-MepHas MaTpHLa
nopsiika n. [Ipu 3ToM KakoBbl Obl HU OblJIM OPTOHOPMHUPOBAHHbBIE
6asuchl € U €', 3JeMeHThl (v, ;, W Qy . COOTBETCTBYMOIIUX
MaTpHILL CBA3aHbl COOTHOLIEHHEM

s

! _ is
akl'”ks —O—kl ...O—ksazlu‘zs. (4)

Bce nHpeKcbl y eBKJIWAOBBIX TEH30POB PABHONPABHEL, ¥ MBI NHLIEM
ux BHHU3Y. [lo moBTOpsiIOIMMCH MHOEKCAM, KaK BCErna, MpOoHU3BO-
IUTCS CYMMHPOBaHHe.

Unc/oBEle BeNIMYUHBI, HE MEHSIIOLIHECsS MPH Tepexoie OT Ofi-
HOTO OPTOHOpPMHpOBaHHOro 6asuca K apyromy B ri. VIII, 6euin
Ha3BaHbl OPTOrOHAJbHBIMH (HJIH €BKJHWAOBHIMH) HHBapHaHTAMH.
Tenepb Mbl BUIMM, YTO 3TO — €BKJHJOBBI TEH30pbl BaJEHTHO-
ctu 0.

KommoHneHTHl eBK/IMI0BA TEH30pa B HEOPTOHOPMHPOBAHHBIX 0a-
3ucax He omnpenesieHbl. OfNHAKO 15 KaXKAOTO €BKJMIOBA TeH30pa
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BAJIEHTHOCTH S MOXKHO OINPeleJNUTb 3TH KOMIIOHEHTHI TakK, uToObl
noJIyuHJICs: TeH3op Jsiroboro Tuna (p, q), rae p + g = s. Jlns aroro
UX HY?KHO HalTH, UCXO/Sl U3 KOMIIOHEHT €BKJIMI0BA TEH30pa B Op-
TOHOPMHMPOBaHHOM 0asuce, MPH MOMOILK 3aKOHA NpeoOpa3oBaHUs
KOMIIOHEHT TeH3opa Tuna (p, ¢). Takum o6pa3oM, KaXKablil eBKJIH-
JIOB TEH30p NOPOKIAeTCs JIOObIM TEH30POM U3 HEKOTOPOTro KJjacca
TeH30pOoB. fICHO, UTO Bce TEH30phl ITOrO KJacca OTJAMYAITCS APYT
OT ApyTa MOAHATHEM WJIH ONMyCKaHHEM HHJEKCOB.

PaccMoTpHM BEKTOp €BKJIKAOBA POCTPAHCTBA U MIPUCOETUHEH-
HYIO K HEMY JIMHEHHYIO (PyHKIHI0. B opToHOpMHpOBaHHOM 6asuce
X KOMIIOHEHTBI COBIMAAaloT, a B HEOPTOHOPMHPOBAaHHOM — pas-
quualoTcs. B 3ToM ciydyae KOMIOHEHTBHl JIMHEHHOW (DYHKLUHH Ha-
3bIBAIOTCS KOBAPUAHMHbIMU KOOPOUHAMAMU €BKIUI0BA BEKTOPA,
onpeiesIsieMOro pacCMaTpUBaeMblM BEKTOPOM. DTO — KOOPAHHATHI
BEeKTOpa B OHOPTOroHaJbHOM 0asuce.

BaxXHbIM TpHMepOM eBKJHI0BA TeH30pa SBJSETCS TaK Hasbl-
BaeMblil OUCKPUMUHAHMHbLL mMeH30p, ONpeessieMbll 1Js HeKo-
TOPOr0 OPTOHOPMHUPOBAHHOIO 6a3uca paBeHCTBOM

Eironiiy = (=N
(rme N — 4uncsio HapylleHHH MOpsiIKa B COOTBETCTBYIOLIEH mepe-
CTaHOBKE), €C/IM BCe MHIEKCHl Pa3JUYHbl, U &;,  ; = 0 B IPOTHB-
HoM caydae. Kak Mbl Bugesnu B 3amade 3 § 1, KOMIOHEHTH Ta-
KOro TeH3opa npeobpasyioTes no popmysne €; = &4, 4, det S,
YTO B C/lydyae OPTOTOHA/bHOM MaTpHIBl NMepexoja JaeT € ; =
= =¢;,..4, — KOMIIOHEHTbl AHCKPHUMHHAHTHOI'O TE€H30pa OIMHa-
KOBBl BO BCEX OPTOHOPMMPOBAHHBIX 6a3ucax OfHOH OpHEHTALUHU C
HCXOHBIM W OTJIMYAIOTCS TOJIbKO 3HAKOM B 6azucax MpOTHBOIO-
JIOXKHOH opueHTauuu. [l HEOPTOHOPMHPOBAHHBIX 0A3HMCOB AHWC-
KPUMUHAHTHBIH TeH30p moompenesnsieTcss Kak Tensop tuna (0, n).

JIs1 eBKIMOOBBIX TEH30POB OTNpe/esieHbl BCe TEH30pHBIE Olle-
pauuu, BBeleHHble 15 TeH30poB B § 1. OmpeneneHus, a Takxe
(OpPMY/NHUPOBKHM M J0Ka3aTesJbCTBA CBOHCTB 3THX onepauuil Obl-
JU Obl TOYTH NOCJOBHBIM MOBTOPEHHEM CKa3aHHOIO, MU Mbl He
NPUBOAUM HX. 3aMETHM TOJIbKO, YTO [JISI €BKJHAOBBIX TEH30POB
CBEPThIBAHHE BO3MOXKHO MO0 J1000H nmape WHIEKCOB, U TPaHCIIOHH-
poBaTb, CHMMETPHPOBATh W a/JbTEPHHPOBATb MOXKHO IO JIIOOOMY
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MHOXKeCTBY MHAeKcoB. Hampumep, ec/iu, orpaHUuUBasichb OPTOHOP-
MHUPOBAHHBIMU 0a3ucaMH, Mbl OTOXKIECTBUM KBaJpaTH4YHYIO (op-
My C IPUCOEIMHEHHBIM K HeH JMHeHHBIM IpeoOpa3oBaHHEM, TO
MOJTyUeHHBIH HOBBIH 00BbEKT — €BKJIMI0B TEH30p BaJ€HTHOCTH 2 —
OyneT UMeTb MHBapPUAHTHYIO CBePTKY (Kak JHHeiHOe mpeobpaso-
BaHHe) U HHBAPUAHTHO GYIET yIOBJIETBOPSTH YCJIOBHIO CHMMETPHH
o = «j; (Kak KBazpatudHas (opma). MHBapHaHTHOCTb 37ech
noapasyMeBaeTcs, KOHEYHO, TOJIbKO OTHOCHUTEJBHO 3aMeHbl OfIHO-
ro OPTOHOPMHUPOBAHHOIO 0asuca APYTMM OPTOHOPMHPOBAHHBIM.

YIIPA2KHEHUA

1. B 6a3uce e MeTpuuecKHi TeH30p 3ajaaH MaTpuuel I', a TeH30p a;j
mMatpuLei A:

r= , A=

—_
[\V]
ot
-3

Haiinnre matpuuel B, C'u D TeH30poB af“j‘, af u o’k

2. MoxHO 3aMeTHTb, 4TO B 3ajaue | J[eTepMHUHAHTb MAaTpHIL
A, B, C u D coBnagawot, u ciensl B u C' onnHakoBbl. OObsCHUTe
3TO.

3. ¥Ynpoctute Bhipaxenue (67" aj;g'% + 6{a{;glk)gks + af;?k]gjkgis.

§ 3. NMOJIMBEKTOPbI. BHELLUHUE POPMbI

1. p-BekTOpbl. ITOT Maparpad MOCBSIIEH M3YYEHHIO IBYX
CTelMaIbHbIX KJ1aCCOB TE€H30POB, BaXKHBIX JJIs1 MPHUIOKEHHH.

OnpeneneHue. AHTUCHMMETPHUHBIH MO BCEM HHIEKCAM
TeHsop tuna (p, 0) Ha3bIBAETCS P-8EKMOPOM WU NOAUBEKMOPOM,
€c/d p He YTOUHSeTCs. 2-BeKTOpPbl NPUHATO HA3bIBATb OuUBEKMO-
pamu.

AHTHCUMMeTPHUHBIH 10 BceM uHAekcam TeHsop tuna (0, q)
HasbIBaeTCsl g-opmoti UK 8HewHel ¢opmoti, ecli ¢ He yTou-
HsieTcs. Uucsno ¢ Ha3bBaeTCs nopsa0Kkom WU CmeneHbro BHeIlIHeN
(hOPMHI.

Tensopsl TumoB (1,0) u (0, 1) mo ompeneseHHI0 CUYHUTAIOT
1-BekTopom 1 1-thopmoii.
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BHeurnue ¢opMbl pocTpaHeTBa £ MOXKHO paccMaTpUBaTh Kak
MOJIUBEKTOPHl B COMPsiKEHHOM npocTpaHcTBe L*. TloaTomy cBoi-
CTBa 3THX JIByX KJIaCCOB TEH30POB OJUHAKOBHI.

3amMeTHM, Mpexje BCero, UTo MPH p > n CYLIECTBYET TOJb-
KO HyJeBOH p-BeKTOp. [lefiCTBUTENbHO, U3 p WMHAEKCOB, MPUHHU-
MawIIUX 3HadeHus 1,...,n, B KaXKI0H KOMIIOHEHTe XOTs Obl [1Ba
JIOJKHBI HMETb OflMHAKOBble 3HaueHusi. Kak ormeudasioch B § 1, us
AHTHCUMMETPUH CJIEAYET, YTO KaXKaasi KOMIIOHEHTA TAKOTO TeH30-
pa paBHa HYJIIO.

[Ipu p = m MOTYT OBITb OTJHYHBI OT HYJS TOJBKO Te€ KOMIIO-
HEHTBI, Y KOTOPBIX 3HaYeHHs] HHIEKCOB COCTABJISIOT MePeCTAHOBKY
yucesa 1,...,n (MHaue CHOBa OKa)KyTCs JBa PaBHBIX HMHMAEKCA).
Bce Ttakue KOMIOHEHTHI 10 MpeaJoxkeHHo 7 § 1 BbipaxkaloTcs ye-
pes OfHYy M3 HHX IO (hopMyJie

O[iluli" — (_1)1\7(2'1,4“,24”)(11...71 . (1)

Amnasornuno, g-hopma paBHa HYJIO TIPH ¢ > n, a TIPH ¢ = n
UMeeT OIHY CyuiecmeerHyto KOMIIOHEHTY, TaKylo, uTO Bce ee
HeHyJ/IeBble KOMIIOHEeHTHI I10JIy4aloTcsl U3 Hee 10 (popMmyJe, aHa-
goruyno# (1).

I[Tpumep 1. JIMCKDUMHHAHTHBIA TEH30p €BKJMIOBAa MPO-
CTpaHCTBA sIBJIseTCS N-(OPMOH.

Jns pUKCHPOBAHHOIO ¢ JMHeHHas KoMOMHaLUs ¢-(POpPM Tak-
ke sBiasercs g-(opmod. ITostTomMy mpu KaxKIoM ¢ MHOXKECTBO
¢-hopM — JIMHEeHOe NPOCTPAHCTBO. AHAJIOrHUHO, JTHHEHHBIM MPO-
CTPAHCTBOM $IBJII€TCSI MHOXKECTBO BCEX ¢-BeKTODOB.

PacemotpuM g-popmy wi,..;, U g-BEKTOp a1+l 1 conocTaBuM
MM X TOJIHYIO CBEPTKY Wi, . .4, " "9,

YureM, 4TO B CyMMe wj,. ;,«''"'? DaBHBI HY/IO Te cjarae-
Mble, B KOTOPBIX XOTsl Obl 1Ba HHJAEKCAa CyMMHDOBaHHS HMEIOT
OIMHAKOBble 3HA4YeHHUSs, a OCTa/lbHble cJjaraeMble CrPYIIIHpPYeM.
[IycTb umcna ¢y, ...,%7; pacloyoxKeHbl B MOPsIAKe BO3pacTaHHUS, a
ikys .-+, 0k, — UX epectaHoBka. Torma rpynmy us ¢! ciaraembix,
B KOTOPbIX HMHJIEKCbl CYMMHPOBaHHS (B KakOM Obl TO HH OBbLIO
TNOpSIZIKE) PaBHHI ip,...,1,;, MOXKHO 3allHCaTh KaK CyMMy IO Tepe-
CTaHOBKaM
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§ wil...iq(_l) (i, kq) otk -+ ikg —qlwilmiqa 1ta - (2)

(kg seeriheg )

TaK Kak %1 = (—1)NVking) gitia TlosTomy

Wiy i, = q! E Wiy g (3)

B cymmy (3) BXORAT TOJIBKO cyujecmseribie KOMIIOHEHThI BHEIL-
Hell (OpMBI K MOJUBEKTOpPa — Te, Y KOTOPBIX HMHIAEKCBl pacroJio-
JKEHBI B MOPsiIKe BO3pacTaHMUs.

Wz dopmyabl (3) caemyer, 4To ¢-popmMy MOXKHO paccmar-
pHUBaTb Kak JIMHEHHYIO (PYHKLHIO Ha NPOCTPAHCTBE (-BEKTOPOB.

O6paTHo, myTb Al — KOMIOHEHTHl ¢-BeKTopa a, a w(a) =
= Ty, " — nuneliHas (Qynxuusa. [IpeoGpasya sty cymmy
aHaJoruyHo (2), MBI MOJYYHM
Ty i g = E Wiy i,
1< <ig
rie

N (kg o5t tq . . —
wil‘“iq - Z (_1) (Zkl Zkl)ﬂ-lk,l...lkq - q!ﬂ—[zlzq]'

(ihy -ikg)

ITO0 — KOMIOHEHTH ¢-(DOPMBI.

Takum o6pasom, UMeeT MeCTo

[Ipennoxenue 1. I[Ipocmparcmso q-gpopm u npocmpar-
CMB0 q-8eKMOPO8 CONpPAcerb. 00HO OpYeomy.

OnpeneneHue. p-BeKTOp «'l~» HasblBaeTCs NPOCMbIM
W PA3A0HUMbIM, €CTH OH TNPENCTaBUM Kak IMpOoU3BeleHHe p!
Ha aJbTepHUPOBAHHOE NIPOU3BEIeHHE BEKTOPOB, TO €CTh HAHLyTCs

] i
TaKkHe BEKTOPBI 1, . ..,T, C KOOpIHHATAMU &', ..., &), 4TO
i1y [i1 i
altlr = plet g, (4)

IMpumep 2. Iycts & u 1’ — 1Ba BeKTOpa B TpPexXMepHOM
npoctpaHcTBe. OHU ONpenensioT MPOCTOH OUBEKTOP C KOMIIOHEH-
TaMu

0% = 2P 32, ol =3l — gl

a12 — 51772 _ 52771 .

()
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o??, o™ u o?' orHualTcs 3HAKOM OT 3THX, a o'l = a?? =

= a3 =0.

Bripaxenusi (5) HamoMHHAWT O BEKTOPHOM IPOW3BENEHHH.
Kak BekTopHOe mpousBeneHHe CBSI3aHO C MPOCTHIM OHMBEKTOPOM,
ynoOHee OyIeT CKa3aTb HUXKe.

W3 npumepa 2 BUAHO, UTO ABe Pa3JMUHbIX Mapbl BEKTOPOB MO-
TYT TMOPOXKAATb OAWH U TOT K& MPOCTOH OGHBEKTOP, M MPOUCXOAUT
3TO B TOM CJy4ae, KOT/la PaBHbl BEKTOPHbIE MPOH3BENEHNS BEKTO-
POB COCTaBJISIIOMINX 3TH TapHI.

To »xe camoe BepHO, KOHEYHO, U [JIs1 MPOU3BOJBHBIX MOJH-
BEKTOPOB: OfUH U TOT K€ MPOCTOH p-BEKTOP MOXKET MOPOXKAATHCS
pasJIMuHBIMH HabopaMH M3 p BEKTOPOB.

PaccMoTpuM p BEKTOPOB Z1,...,T; H COCTAaBUM MaTpHIy H3
UX KOOPAMHATHBIX CTOJOLOB:

g ... 4
g e o
&g ...

MuHop TOH MaTpHLbl, PACMOJIOXKEHHBIH B CTPOKaX C HOMepa-
MH i1 < ig < -+ - < ip, 10 (DOPMYyJIE NOJHOIO PA3JOXKEHHUS PaBEH

diite — Z (—1)N(ik1"'ik’p)£ik1 &Z)kp

(k1..kp)

B stoit dopmyne ki ...k, — nepecTaHoBKa HOMepoB 1,...,p, a
N(ki,...,kp) = N(igy, ... ik, ), TaK KaK i1 < iz < -+ < ip.

CpaBHUBasi 3TO BbIpa)keHue ¢ (4), Mbl HaxXOAHWM Te KOMIIO-
HEHTHI MIPOCTOTO P-BEKTOPa, Y KOTOPBIX 3HAYEHHS BCEX HHJAEKCOB
TIOMapHO PA3JIMYHBI U PACIOJIOKeHbl B MOPsiiKe Bo3pacTaHus (cy-
uiecmeeroie KOMNOHEHMbL):

iteein  plelin | gin) _ giveis (7)

OcrasbHble KOMIIOHEHTHI BBIYHCJASIOTCS I10 CyLI€eCTBEHHbIM K3
CBOMCTBA AHTUCHUMMETPHH.
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B uyacTHOCTHM, A NPOCTOrO n-BeKTOpa HMeeM ol+" =

= det||§;|| (mpumep 16 § 1). Bcrmomuum dopmyny (23) § 1
ri. VII. M3 Hee BuaHO, UTO ec/d NPOCTPAHCTBO — €BKJIMJOBO,
a 6asuc — MOJIOKUTEJbHBIH OPTOHOPMHUPOBAHHBIH, TO KOMIIOHEH-
Ta al™ paBHa 00beMy OPHEHTHPOBAHHOTO MapaJJiesienuena,
MIOCTPOEHHOT0 Ha BEKTOPAX, COCTABJIAIOIINX NaHHBIH n-BEKTOP.

U3 dopmynsl (7) caenyet

[Ipennoxenue 2. [Ipocmoii p-8eKmop A8A5emcs HYAeBbIM
moeda u moAbKo moeda, Koeda COCMmasAfAroujue e20 6eKmopbl
AUHELHO 3asucumol, mo ecmo pane mampuuwl (6) menvuie p.

[Ipennoxenune 3. Kaxovul n-eexmop sseisemcs npo-
CMbLM.

JleHcTBUTENIbHO, MyCTh IaH MPOM3BOJIBHbBIA n-BeKTOp ail:in
BosbMeM Kako#-HUOyIb HeHy/leBOH NPOCTOH n-BeKTOp Bh-in =

= n'f[il 572"], ¥ 0003HaUMM OTHOIIeHHe al+"/BL+" LIepe3 A
Us cpopMyJIbI (1) CJIeyeT, 4TO A/l BCeX KOMIOHEHT altin =
= \Biin Tlonoxus n' = AEL, Mbl MMeeM 'l in = n‘vﬂ“f”

n”], KakK 1 TpeOoBaJjoCh.

2. Basuc B mpocTpaHcTBe p-BeKTOPOB. PaccmoTpuM 6asuc
€1,...,€n NPOCTPAHCTBA L U MPOCTHIE P-BEKTOPbI, MOPOKIAEMble
HabopaMHM €;,,...,€;, TPH YCJOBUH i1 < --- < i,. OGo3HauuM
Tako# p-BEKTOP €;,...i,

BasuncHEeIll BEKTOD e; NMeeT KOMITOHEHTHI 63 a 3HAuWT, KOMIIO-
HEHTaMH €;, . ;, OyayT

plolFr g, (8)
Onwucarp 3Ty cucTeMy 4YHCes MOXKHO Tak. Eciu Habop HMHAEKCOB
ki...k, He siBJsieTCs IepeCTaHOBKOH 4Hces %1,...,%,, TO XOTH
66l y ogHOro cuMBoJia KpoHekepa BepXHHU MHIEKC He COBMAAaeT
C HHXKHHMM, U KOMIIOHeHTa paBHa Hymwo. Ecau ki ...k, — nepe-
CTAHOBKA YHCeJ %1, ...,%p, TO MO TOH ke MpUuMHe U3 p! ciara-

eMbIX, BOSHUKAIOUIUX TIPH a/JbTePHUPOBAHUH, TOJNBKO OJHO PABHO
1
—'(—1)N(k1""”%), a ocTa/bHbIe C/araeMble PaBHbl HyM0. TakuM
p:
p!
06pa3oM, KOMIIOHEHTa paBHa - = 1, ecnu uHpekcew Ky, ..., k, —
p

YyeTHasl MepecTaHoBKa YHCed i1,...,%,, ¥ —1, eCJH mepecTaHOBKa
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HedeTHasl. KoMroHeHTa paBHa HYJIO, eC/1d HAOOp HUXKHUX MHIAEK-
COB He COBINAJaeT ¢ HaGOPOM BEPXHHUX.

KoMMOHEHTBl TOCTPOEHHBIX HAaMH p-BEKTOPOB COCTABJISIOT
o06obuwennblil cumsor Kporexepa

+1, ki,...,k, — ueTHan
NepecTaHoBKa i1, . .., ip,
ki...k
511___2'; =§ -1, ki,...,k, — HedeTHas 9
nepecTaHoBKa i1, ..., %p,
0 B oCTaJBHBIX CJayYasX.

O6o61enHblil cuMBosl KpoHekepa aHTHCHMMeTPUYEH TaKxXKe U
MO0 HUXXHUM HHJAeKcaM. J[eHCTBUTEJIbHO, eCcid HAabop HHIEKCOB,
Hanpumep, ki, ko, ks — UeTHas mepecTaHOBKAa HMHAEKCOB i1, 12,13,
TO TOT »Xe Habop — HeyeTHas MepecTaHOBKA WHMAEKCOB ig,i1,i3 U
YeTHas IepecTaHOBKA UHAEKCOB i3, 12, %1.

[Ipennoxenne 4. [Ipocmoie p-e6ekmopol €;, .. ;, 045 6Ce-
603MONHbLX Habopos i1 < --- < 1, cocmasaitom 6as3uc 6 npo-
cmpancmee p-8eKmopos.

B camom piesie, y Ka)KJ0oro U3 3THX p-BEKTOPOB TOJBKO OJHA
CYyLIeCTBEeHHAass KOMIIOHEHTa paBHa |, a ocTasbHble PaBHBI HYJIO.
[To3ToMy KaxK/blii p-BEKTOp a ¢ KOMIOHEHTaMHU o'~ pacKjiabl-
BaeTcs B JIMHEHHYI0 KOMOWHAIIHIO

a= E attrey .

i1<"'<i;v

JleficTBUTENBHO, CyLLleCTBEHHble KOMIIOHEHTH! IPaBoil U JeBoH ua-
CTU paBeHCTBA COBMAJAIOT, a MOTOMY COBMNAAAIOT U OCTaJbHBIE.

P-BEKTODBI €;, i, JUHEHHO He3aBUCHMBI. [[Jist IoKasaTe1bCTBa
COCTaBUM KaKylo-nub0 HUX JHHeHHylo KomOuHauuio. [lycTb XoTh
ONMH M3 KOI(PMHUIHEHTOB a'l"*i» B 3TOH JHHEHHOH KOMOMHALUM
OTJIMYEH OT HyJsl. [/ KOMIIOHEHTbI C HHAEKCAMH %1 . . . &) B CyMMe
UMeeTCsl TOJIbKO OfHO OTJIMYHOE OT HYyJ/s CcJaraeMoe, a 3HauuT
KOMIIOHEHTa OTJIMYHA OT HyJs. [IpensoxeHue 10Ka3aHoO.

CnepncrtBue. Pasmeprocmu npocmparcms p-8eKmopos

U p-hopm n-mepHoeo AUHELH020 NPOCMPAHCMEA PABHbL YUCAY
couemanuti CP.
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3. BuemHee ymHoxkeHue. Ecau mpocToil p-BeKTOp mpen-
cTaBjeH 1o (opmyne (4) ¢ MOMOIIBI0O HEKOTOPOTO Habopa Bek-
TOPOB Z1,...,%p, TO OH HA3BIBACTCH BHEULHUM Npou3sedeHuem
3TUX BEKTOPOB M 0603Hayaercs 1 A - -+ A x,. TakuM ob6pasoM, 1o
onpeneseHnIo

xl/\~~~/\:rp:p!f¥l...§;f)]. (10)

B YaCTHOCTH, 0a3HCHbIE P-BEKTOPbI, BBEAECHHbBIE B II. 2, MBI MO2KeM
3anucaTtb B BHJE

€i..i, =€y N Neg,, 1 < e < .

PacnpocTpanuM onpejiesieHre BHEIIHEro NpoW3BeleHHs Ha Mpo-
M3BOJIbHBIE MOJUBEKTOPbl. CrenaTb 3TO HYKHO Tak, 4TOObl BbI-
MOJIHSAJINCh NIPUBBIUHBIE CBOHCTBA ONMEPAaLMH YMHOXXEHHSI — acco-
[UAaTHBHOCTb U AMCTPUOYTHBHOCTb MO OTHOLIEHHIO K CJIOXKEHHIO
(KOMMYTaTHBHOCTH He OyIeT, Tak Kak Jaxke [AJs ABYX BEKTOPOB
T Ay =—yAzx).

Basuc B mnpocTpaHcTBE p-BEKTOPOB COCTOMT H3 IPOCTHIX
p-BEKTOPOB, a 3HAYUT, KaxKAblH p-BeKTOp — JMHeHHas KOMOH-
Hauus npocteix. [los0kKMM 1O omnpesesieHnIo, YTO MPH YMHOXe-
HHUH p-BeKTOpa (CrpaBa WJIM CJeBa) Ha JIHHEHHYI KOMOHHALMIO
(-BEKTOPOB [IefICTBYyeT 3aKOH NUCTPUOYTHBHOCTH, TO €CTb CKOO-
KW MOTYT ObITb packpbIThl. [locsie 3Toro ocraercss onpenesauTb
Npor3Be/leHNe TTPOCTOr0 P-BEKTOPa Ha MPOCTOH ¢-BEKTOP.

EcrtecTBeHHO OyneT HasBaTh MPOU3BEJEHHEM U = T1 A -+ ATy
Ha V. = y1 A --- Ay, Tako# (p + ¢)-BeKTOp, KOTOPBIH 00pasoBaH
BCEMH COMHOXKMTEJSIMH, BXOASLIUMH B U H V, B UX €CTeCTBEHHOM
NOpsIIKe, TO €CTb 0 OMNpeaesNeHHI0

(T A Axp) Ay A Ayg) =1 A Axp Ayr A+ Ayq. (11)
Ecnu € komroneHTsl BekTOpa 7, (av = 1,...,p), a 77?3 KOMIIO-
HeHTBl Y3 (B =1,...,q), T0

TIAN- ATy Ay A ANyg = (p+ N g“...g;f’n{'l...ngq]).

AHTUCUMMETPHUHBIH TE€H30p He MeHseTCsl MPH ajJbTepHUPOBAHUH
no rpynne uHuekcos. [Tosatomy

TIA - Nap AL A Ayg = (p+ (el L gl pgal)y,
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[lyctb uit+% y vIt-+J4 — KOMIOHEHTBl U M V COOTBETCTBEHHO.
Torna

[11 ) gzp] ~dp oy ,'7[ njq] — lvjl---jq.
p' '
Takum obpasom, onpenenenue (11) paBHOCHIBHO
witin A gdt-da — (p+q) wline-ip ydr-dal (12)

p'q
B cuny nuctpubyTUBHOCTH, KOTOPYIO MBI MOTpeboBasu, 3Ta (Pop-
MyJa pacnpocTpaHsieTcs Ha Jitobble nosuBeKTopel. HeTpynHo npo-
BEPUTb, YTO OHA MOXeT ObITb MPHUHSATA 32 ONpe/ie/leHHe BHEIHEero
MPOM3BENEHHUS.

Jlerko BHIETb, UTO YMHOXEHHE BHELIHEro MpOW3BeNeHHs Ha
YUCJIO0 PAaBHOCUJIBHO YMHOXKEHHIO Ha 3TO YUCJIO J1060r0 U3 COMHO-
JKUTeJIeH.

JlokakeM acCoLMaTHUBHOCTb BHELIHEro YMHOMXKEHHUS:

(aAb)Ac=aA(bAc) (13)

IJ1s1 JI0ObIX MOJIMBEKTOPOB a, b U c.
JleficTBUTENIbHO, PACCMOTPUM p-BEKTOP a, g-BeKTop b U r-Bek-
TOP € U COCTaBUM HX aJlbTePHUPOBAHHOE [1POU3BeJeHHe

it gitda k]

AHTI/ICI/IMMETpI/I‘{HbII;’I TEH30p HE€ MEHseTCsd MNPU aJbTE€PHUPOBAHUHU
o rpyimnne MHAEKCOB, U CJef0BaTeJIbHO,

a[ilwipﬁjl---jquklwkq] — a[[ilwipﬁjl---jq]ryklwkq] =
= qliir gl dagkikdl —(14)
KommnoHeHTE a A b paBHbI

+aq)!
plq!

a 3HAYUT, KOMIOHEHTH (a A b) A c

Z ZpBJqu]

(p+qg+r)!p+9q) allin-ip gt dal k]
(p+ag)lrt  plq
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Amnasnoruuno, komnoneHTsl a A (b A ¢) BbIpaxxaloTcs Kak

(p+q+r)(g+nr)!
(g+r)p!  q'r!

a[il...ipﬁ[jl...jq,yklmkq]]‘

B cuny paBenctBa (14) nBa mocseHUX BbIpaykeHHs! PaBHBI, 9TO U
3aBeplIaeT J0Ka3aTesabCTBO.

HccnenyeM nepecTaHOBOYHOCTh BHelLIHero yMHoxkeHus. IlycTb
a — p-BeKTOp, a b — ¢-BeKTOp, ¥ KaXAblH M3 HUX PasJjoxkKeH MO
COOTBETCTBYIOLeMY 6asucy. Beiuncssas a A b, Mbl BocrnoJbayeMcs
OUCTPUOYTHUBHOCTBIO U MOJYUUM CYMMY

Z Z ol gitdae N Neg Aej, A Aej,. (15)

1< <ip 1 <-<Jq

HpI/I BBIUMCJIEHUH b A a BOBHUKHET aHaJOru4yHasi cyMMa:

Z Z prdagttres N Nej, Neg A ANeg, . (16)

i1 <<l 1< <Jq

UucnoBele K03(D(PHLUHMEHTHI, pasyMeeTcs, NePecTaHOBOUHEl, U BO-
Mpoc CBOAMTCS K BO3MOXKHOCTH MepecTaBHTh 0Gas3HCHble BEKTOPbI
BO BHEIUHEM NPOU3BEIeHHH e;, A+ - Ae;, Aej, A---Aej, . Pacemor-
pHM KOMIOHEHTY 3TOr0 NPOH3BEJEeHHs C NPOU3BOJILHEIM Hab0POM
MHJEKCOB ki, ..., k,1,. OHa paBHa

k... . kpig

il‘“ipjlnjq :
CpaBHI/IM 9Ty KOMIIOHEHTY C COOTBeTCTBYIOHleI./JI KOMITIOHEHTOH
APYyroro npousBeneHus

ki okt
J1--Jqt1...0p °
Mbl 0/2KHBI TIepecTaBUTh KaxKIblH M3 p MHIEKCOB i 4epe3 ¢
uHpekcoB j. Tak kak 06001eHHbI ciMBO KpoHekepa aHTHCHM-
MeTpHYeH 110 HHXXKHUM HMHAEKCAM, 3TO BBI30BET YMHOXKEHHE KOM-
noHentsl Ha (—1)P?. Bce caaraemble B (15) u (16) ormuuaworcs
Ha 3TOT MHOXHTEJ/b, U TIOTOMY

aAb=(-1)"bAa. (17)
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Orcrona cienyer

[Ipennoxenue 5. [Ipu 8HewHem YMHOMCEHUL P-BEKMOP
U q-8eKMOp KOMMYMAmMuBHol, ecau xoms 6vl. 00HO U3 ducen p
UAL q YemHoe, U QHMUKOMMYMAMUBHDLL, ecAl 06a amu ducia
HeuemHole.

4. BuemHue ¢opmbl. ¢-hopMbl Yallle BCETO MPENCTaBJSIOT
UHTEpeC Kak MOJUJIMHeHHble PYHKIUHU OT ¢ BeKTOPOB (mpumep 8§
§ 1). dns Takoél (GyHKLUMH aHTHCHMMETPHUsl 03HAUaeT, UTO ee 3Ha-
YyeHHe MeHseT 3HaK, ecsy NOMEeHSTb MecTaMH KaKHe-HUOYAb JBa
ee aprymenTa. Hanpumep, hyHKIHS, cONOCTaBAsONIAs TPEM BeK-
TOpaM TPeXMEPHOTr0 €BKJHUA0BA NPOCTPAHCTBA UX CMELIaHHOEe TIPO-
U3BeJieHue, sBaseTcs 3-GpopMoH.

3HaueHue ¢-popMbl w C KOMIOHEHTaMH wj,  ;, Ha BEKTOpax

q

; i
T1,...,Tq C KOMIOHEHTaMH &;', ..., &," paBHO
_ i1 g
Wy, ..., zq) = wiy i, 80" - =
_ N(ki...kq) ¢k k
= > wig, Y (DNERogn gk
i1 < <ig (1...kq)
rae ki, ..., k; — mepecTaHOBKa YMCeJ i1, ..., 4. OTCIOA Clenyer,
4TO 3HauyeHHe ¢-(hOpMbl Ha BEKTOpaX Zi,..., &L, SBJISETCS JHHEH-

HBIM OJHOPOJHBIM MHOTOYJIEHOM OT KOMIOHEHT BHELIHEro Mpou3-
BelleHHs1 3THX BekTopoB. (Bcrmomuum, uto g-hopma — suHelHast
(yHKLMS Ha IPOCTPAHCTBE ¢-BEKTOPOB.)

[Tpumep 3. B TpexmepHOM €BKJIMIOBOM MPOCTPAHCTBE 3Ha-
yeHue 3-popMmbl A, onpeznessieModl TUCKPUMHHAHTHBIM TEH30DPOM,
B OPTOHOPMHPOBAHHOM 6a3nce MOXKHO BBIUHCJHUTH TaK:

A(X1, X9, X3) = €, 4y igfil %2 :253 =

= Y ()Nemegpd —sieled]. (18)

(il 12 ig)

JIto6oe M3 3THX BbIpaXKeHHH PaBHO NETePMHHAHTY MaTPHIbI, CO-
CTaBJI€HHOH M3 KOMIIOHEHT BEeKTOPOB Xj, Xg, X3, @ 3HAUHT, CMe-
IIaHHOMY TPOH3BENEHHI0 3THX BEKTOPOB.

[Tpumep 4. BcioMHHM, YTO BEKTOpHOe [IPOH3BeJEHHE BeK-
TopoB @ B b B § 5 r1. | MBI ompenesiuin Kak TakoH BEKTOP C,
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KOTOPHIH TIpH J1I060M X YIOBJeTBOPsieT paBeHcTBY (2) § 5 . I:
(x, a, b) = (x, ¢).

Kak mbI BUOEJH, B TEH30PHBIX 0003HaUEHHUSIX 3TO PaBEHCTBO MOXK-
HO 3amucaTh Tak:

i ik il

ik o B° = gug"y'.
[opcraBum BMecTo &' KOOpAMHATH Ga3UCHBIX BEKTOPOB, TO €CTh
1, 05 u 0%, tme 6. — cumBoa Kponekepa. dto mact

i gk l
€sjk04j5 = gsi7 -
OTKyna, cBepThIBas ¢ g**, mosyuaem
i _ s i gk
V' =gk B
B opToHOpMHpOBaHHOM Gasuce KOOPAMHATHL ¥' coBmamaiT ¢ (5).
Crpynnupyem ciaraembie B CBepTKe £ j o BF:

s 10l BF = Z&jk(ma[jﬂk])'
i<k
DTO 03HAUaeT, YTO BEKTOPHOE MPOU3BeleHHEe 3aBUCUT He OT Kax-
JIOTO COMHOXKHTEJISI M0 OTAEJbHOCTH, a OT MPOCTOr0 OMBEKTOPA,
OTpeNeIsIEMOT0 COMHOKHUTESIMH.

J11st BHELTHUX (pOPM, KaK JIJIs1 TOJMHMBEKTOPOB, OTIpefiesieHa orle-
panusi BHeIIHEero yMHOXKeHHsl. B 060ux ciydasx omepawLusi onpe-
IeJisieTcsl OAMHAKOBO M UMeeT OIHH U Te JKe CBOHCTBA.

Onpenenenune. [lycte naHbl BHellHHe (QOpMBI w U 6 cTe-
nexell p u q. O603HaunM uepes [w, 0] BHelwHIOW (GOPMY CTeNeHH
P+ ¢, PaBHYIO TEH30PHOMY IIPOM3BEJIEHHIO w U ¢, aJbTepHUPOBAH-
HOMY 10 BCeM WHAeKcaM. BrewHum npoussederuem HopM w u 0
HasbiBaercs (p + ¢)-popma

(p+q)
plq!

[pumep 5. Ecam w' u w? nuneiinsie GopMbl ¢ KOMIOHEH-

wAO = [w, 6].

TaMH w} U wjz., 10 w! A w? UMeeT KOMIOHEHTHI
211
— = T (wro? — ) = wi? — wiw?
U—1!1!2(wle Wjw;) = Wiwy — w;w; .

O10 OunMHeHHas (PYHKLHS C KOCOCUMMETPUYHOH MaTpHLel.
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BrelHee yMHOXeHHe BHEIIHUX (OPM AUCTPUOYTHBHO IO OT-
HOLIEHHMIO K CJIOKEHHUIO: /st Jo0bix (opm 01, 62 omHoil cTenenu
U 10601 (OpMBl w

O' + 0 ANw=0"ANw+6* Aw.

Kak u IJisT IOJITMBEKTOPOB, UMEET MECTO aCCOUHATHBHOCTL BHEII-
HEro yMHOXXKE€HHUS:

WA (WA W) = (W AW A WP

1151 MI0ObIX BHELTHUX (POPM.

ITO MO3BOJISIET HAM TOBOPHTbH O BHEIIHEM IMPOM3BENEHHUH JIO-
6oro yucsaa BHelIHUX (opM 6e3 YIIOMHHAHHUSA O pacCTaHOBKE CKO-
6ok. B uacTHOCTH, 6a3uc B MpocTpaHCTBe g-(hOpM, COOTBETCTBY-
IOLIUH 6asucy ey, ..., e, MPOCTPaHCTBA L, COCTOUT W3 BHELIHHX
NPOU3BeleHUH ‘ ‘

ettt = e A N et

rge e (i = 1,...,n) — BeKTOpbl 0asuca, GHOPTOrOHAIBHOTO
6asucy ej,...,en,.

3aKOH KOMMYTAaTUBHOCTH [JISl BHEIUIHUX (DOPM TOT 2Ke, 4TO U
1J151 IOJIHBEKTOPOB:

[Tpoussesenue p-copMbl U g-(POPMBI KOMMYTaTHUBHO,
€CJIM XOTs Obl ONHO M3 YHCeJ P MJIM g YeTHOe, U aH-
TUKOMMYTATHBHO B POTHBHOM CJlyuae.

5. OTHOcUTe bHBIE HHBAPHAHTBI. JI1000# 71-BEKTOp B KaXK-
JoM 6asuce BIOJIHE XapaKTepHU3yeTcsl OHUM UHCJIOM — €ro Cylle-
CTBEeHHOH KoMIoHeHToH '™, [TonpoGyemM HalTH 3aKOH mpeobpa-
30BaHUSl TOrO 4YMC/a NIPU 3aMeHe 0asuca 6e3 ydyacTHsl JIpyrux
KOMIIOHEHT m-BeKTopa. Mbl nosyyum

'l = Till ...Tﬁlail‘“i" =qln Z (—1)]\[("1""‘”)7'1-11 ...TZL

(i1.rin)
HUJIN COrJiaCHO CpOpMyJIe MOJIHOTO Pa3JIo2KEHUS

ot = (det STH)al " = (det §) ot (19)
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Mbl BUAMM, UTO COOTBETCTBHE, OTHOCSIEe KaxKIoMy Oasucy cy-
IIECTBEHHYIO KOMIIOHEHTY 7-BeKTOpa, OIpelesseT TeoMeTphde-
CKHHI 0OBEKT C OfHOH KOMIIOHEHTOH M 3aKOHOM I1peo0pa3oBaHHUs
(19). droT 06BEKT — He TEH30p, TaK KaK TEH30p C OAHOH KOMIIO-
HeHTo# no/keH uMeTh T (0,0) U, cienoBaTesbHO, ObITH MHBA-
pPHaHTOM.

[ pyroii npuMep o6beKTa TaKoro pojia JaeT AeTepMHHaHT Mart-
pULIBl U3 KOMIIOHeHT TeHsopa tuma (0,2). dra martpuua B mpu
3aMeHe 0asuca mpeoOpasyercs, KaK M3BeCTHO, B Martpuuy B’ =
= STBS, u

det B’ = (det S)? det B.

Onpepnenenue. B snuHeldHOM MpocTpaHCTBe 3aaH OMHO-
cumenvHblll UHBAPUAHM 8eca T, eCJIH KaKIoMy 0asucy coro-
CTaBJIEHO YMCJIO TaK, YTO UHCJA, COOTBETCTBYIOLIME Oas3ucaM e U
€ = eS, cBsizaHbl PABEHCTBOM

o' = (det S)"a. (20)

VuBapuaHT, UiH, KaK TOBOPAT, YTOOBl MOAYEPKHYTb OTIHYME
OT OTHOCHTEJIbHOT'O MHBapHaHTa, aOCONOMHbLL UHBAPUAHM, SB-
JIileTcst OTHOCUTEJIbHBIM HHBapHaHToM Beca (.

Anasornuno ¢opmyse (19) MoKHO MoKasath, 4TO CyLIeCTBEH-
Hasi KOMIIOHEHTa n-(OpMbl fABJSETCS OTHOCHTEJIbHBIM HHBapHaH-
TOoM Beca 1.

OTmeTnM cienyiomre CBOHCTBA anredpandyecKrux omepanui c
OTHOCHUTEJIbHBIMH UHBapHAHTAMH.

[Ipennoxenune 6. Ecau a u b — omuocumenvrole uHsa-
puanmo. 00H020 U MO0 Jce 8eca T, Mo UX CYMMa — OMHOCU-
MeAbHbLU UH8APUAHM 8eCa T.

Ecau a u b — omnocumenvrole UHBAPUAHMbL 8€C08 To U
Ty, MO UX npousgedexue — OMHOCUMENbHbLL UHBAPUAHM 8eca
Tq + Tp.

Ecau a — omuocumenvHolli unsapuanm seca r, mo e2o p-a
cmenenb — OMHOCUMEAbHBLL UHBAPUAHM 8eca Pr.

Bce Tpu yTBep:KIeHHUs JIETKO HOKa3blBAIOTCS HENOCPEACTBEH-
HOH TIPOBEPKOH 3aKOHA MpeoOpa3oBaHUsl, U Mbl MPEIOCTABUM YH-
TaTeJII0 HallKcaTh J0Ka3aTesbCTBO.
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[ToguepkHeM, UTO CyMMa OTHOCHTEJbHBIX MHBAPHAHTOB pas-
HBIX BECOB He SIBJISIETCS OTHOCHTENbHBIM HHBAPHAHTOM.

OTHocHTEeNBHBIH HHBAPHAHT HA3BIBAIOT TaKiKe NAOMHOCMObIO.
OO6bexT, nosyyaeMblil YMHOKEHHEM TeH30pa Ha OTHOCHTEJbHbIH
VHBapHaHT, Ha3blBaeTCs mMeH30pHOL naomHocmoio. Hanumure
3aKOH 1peoOpa3oBaHUs KOMIIOHEHT TEH30PHOH MJIOTHOCTH Beca s.

[TonpoGHee 06 OTHOCUTEJIbHBIX MHBApPHAHTaX U APYTHUX CXOJ-
HBIX 00beKTax (B UaCTHOCTH 00 aKCHAJIbHEIX BEKTOPAX, O KOTOPHIX
m1a peub B § & 1. I) MoxkHO mpodecTs B KHHre Edumosa u Po-
3eHjopHa [8].

YIIPA2KHEHHWA

1. dyHKUKS OT ABYX BEKTOPOB B TPEXMEPHOM €BKJHAOBOM BEKTOp-
HOM IIPOCTPAHCTBE COMOCTABJISAET JIOOBIM ABYM BEKTOpaM X M y CMellaH-
HOe MpousBefeHHe (a, X, y), Tae a — (QuKcHpoBaHHbIH BekTop. Ioka-
JKUTe, 4TO 3Ta GyHKUMsA — 2-chopma. Beipasute ee mMarpuuy B 3a1aHHOM
6asuce e yepe3 KOOPAUHATHl BEKTOPA a.

2. Ilyetb 1,...,Tn — JUHEHHO HE3aBUCHMblE BEKTODPBI B 1-MEPHOM
J1HelHOM npocTpaHcTBe L. JIoKaKuTe, 4TO OUBEKTOPH! Zi A x; AJS BCEX
k <l cocraBasitorT 6a3uc B MPOCTPaHCTBe OUBEKTOPOB MpocTpaHcTBa L.

3. Myets @1,...,7, — Gasuc nounpoctpanctea £ C L. Hazosem
HANpasAfoWUM P-6€KMOPOM TOATPOCTPAHCTBA W = X1 A - -+ A Zp.

JlokaxkuTe, UTO a) BEKTOp ¥y JIEXKHUT B L' TOTJIa ¥ TOJBKO TOTAA, KOTa
yANw =0.

6) JloGble 1Ba HAMPABIAOIKMX P-BEKTOpa NoANpocTpancTea L oTu-
YaloTCs OIMH OT APYTOro Ha YHCJIO0BOH MHOXKHTEJb.

B) Ecaiu mpocTpaHCTBO €BKJIMAOBO, 3TOT MHOKHTE/b PaBeH OTHOLIE-
HHUIO 00BEMOB OPHEHTHPOBAHHBIX MapaslieseNuIenoB, MOCTPOEHHbIX Ha
COOTBETCTBYIOLIMX 6asucax.

4. JlokaxuTe, 4TO B TPEXMEPHOM MPOCTPAHCTBE KaxKAbli OGHUBEKTOD
SIBJISIETCS TIPOCTBIM.
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OBLUME 3AMEYAHUA

B koHue kaxxporo maparpaca npuBefeHBl 3aJa4d U yIpaKHe-
HUSI, OTHOCSILMeCs K MaTepuaJsy AaHHoro naparpacda. Pemas ux,
HaJl0o UMeTh B BHJY, UTO MOJy4YeHHEe BEPHOI0 OTBeTa HeOOXOAUMO,
HO He OHO SIBJISIETCS OCHOBHOH LieJblo. JTa Liefb — MOCMOTPETD
Ha KOHKPeTHble YacTHbIE cJaydau o0IUX (PaKTOB, MOYNPAXKHATHCS
B NIPUMEHEHHH MeTOJOB, U3JIOXKEHHBIX B COOTBETCTBYIOLIEM Mapa-
rpade. ITosToMy He Bce mpepJsaraeMble COCOOB! pelleHHs] OQHHA-
KOBO I10JI€3HBI.

YacTto BcTpeyaeTcst TeHAEHUHS pellaTh 3aJayd He TeMH MeTO-
JlaMH, KOTOpble B IaHHBIF MOMEHT U3Yy4alOTCsl, HAPUMeEp, B Hada-
Jie U3yueHUs] aHaJUTHYECKOH reOMEeTPUH CTYAEHT OblBaeT CKJIOHEH
pellaThb NpeiJIoKEHHbIE eMy 3ala4i MeTOAAMHU 3J1eMEHTapHO! reo-
MeTpHH. DTO 6eCCMBICJEHHO: d/eMeHTapHasi TeOMeTpUs yxKe H3Y-
YeHa, cefyac HY»KHO OBJ/1aJileTb HOBBIM MaTepHaJoM.

MHorpa ecTb BO3MOXKHOCTb JOrafaThCsl, KAKOB NOJKEeH OBITb
OTBET, a 3aTeM MPOBEPUTH CBOK NOTanKy. DTO, KOHEUHO, IpeKpac-
HO, HO MaJsio ueMy yyuT. ChesaB 3To, mopymanTe, Kak Obl Bol
CTaJid pellaTh, ecau 66l Bam He ynmasoch moramartbes.

Kak mpaBuso, perieHue 3anad He TpeOyeT AJUTENbHBIX pac-
CYXKIEHUH WM TPOMO3JNKHX BblYMcJaeHHH. Ecan HaliieHHBIH Ba-
MU Croco0 pelleHHsl TPYLOeMOK, NIOCMOTPUTE, Hesb3s JIU clieaTh
3ajlauy MHade. B HeKOoTOpBIX 3ajayax yKas3aHMs INpHBENEHBl MJs
TOrO, 4YTOObl 0OpPaTHTh BHHMaHHUe YUTaTeJsl Ha TOT MyTh pelleHHUs,
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KOTOPBbIH KakKeTcsi aBTOPYy MpPeANOYTHTeNbHBIM. B s06oMm ciyyvae,
nepej TeM, KakK OKOHYATeJbHO OCTAHOBHUTbCS Ha ONpelesleHHOM
croco0e pelleHUs:, 0Je€3H0 CPABHUTh €ro ¢ APYTHMMH BO3MOXKHBI-
MU crioco6aMu. Ilocse Toro, Kak pelieHue 1oJy4yeHo, MofyManTe,
HeJb3s JIM MOJY4HTh ero npoliue. Koneyno, Bce 3T0O AOMNOJHUTENb-
Has paboTa, HO OHa O4eHb MOJe3Ha.

OTBeTbl KO BCeM 3ajiayaM MPHUBEJeHbl, HO B XKU3HH NPUXOAUTCS
peliaTh 3aaud 0e3 TOTOBBIX OTBETOB, M II0TOMY XOPOLIO BbIpa6o-
TaTh B cebe MPUBBIUKY Je/aTh MPOBEPKY. TaM, rie 3TO BO3MOXK-
HO, CJleflyeT MOJCTAaBUTb MOJy4eHHbIH OTBET B YC/IOBHe 3afauH, U
y6equThCs, UTO OH YHOBJIETBOPSIET YCJIOBUIO. DTO, ONHAKO, He ra-
paHTHpYeT, 4TO HaliJleHbl BCe BO3MOXKHBIE pellleHHs 3afaud. Ecau
T0JIHas IPOBePKa HEBO3MOXKHA, TO CJeflyeT NPOofe/1aTh YaCTHUHYIO
NPOBEPKY: YAOBJIETBOPSAET JIM MOJyuyeHHOe pelleHHe XOoTd Obl 4a-
CTH YCJIOBHH 3aJlau U eCTeCTBeHHbIM TPeGOBAHUAM, KOTOPBIM OHO
HeoOXOMMO JIOJIXKHO YIOBJETBOPSATH (CKaxkeM, siBJsieTcs JIH Bbl-
YHCJIeHHast IJIMHA T10JI0KUTeNbHOH). CKOMBKO pelleHuH JOoJIKHA
UMeTb 3ajadya M3 oOwux coobpakeHui? CoBnagaer Ju pasmep-
HOCTb HalJeHHOH BeJMUMHBI C Pa3MepPHOCTbIO MCKOMOH? Bepna
JIM Ha#ieHHas obuias (popMy/a B MPOCTEHIINX YaCTHBIX CJydasx?

BaxxHo o6paTuTh BHHMaHHe Ha 060CHOBaHHOCTbL oTBeTa. Oco-
O6eHHO 3TO OTHOCHTCA K 3ajauaM Ha J0Ka3aTeJsbCTBO, KOTOpble
MOXKHO pacCMaTpHBaTh KakK 3alaud C roToBbIM oTBeTOM. He kax-
JbId TEKCT, 3aKaHUMBAIOLUIUCS CJI0BAMH <4TO U TPeOOBANOCh JI0-
Kas3aTb>, ABJSETCS N0KAa3aTeJbCTBOM. 3[eCh TPYAHO NaTh OOLIHe
peKOMeHJalliH, OfIHAKO, 3aKOHYMB [0Ka3aTe/bCTBO, 3ajaiTe cebe
J1Ba BOIIPOCa: MOJIOKUJIHUCH KM Obl Bbl Ha 9TO paccyxKaeHue, eciu
Obl OT ero peayJbTaTa 3aBHUCEJO YTO-TO AJs Bac oueHb BaxkHOe,
HJIH TIOTpeboBaNu OBl JOMOJHHUTEbHEIX rapaHTuil? Ecan 6vl KTO-
To npuBes Bam 3To nmokasaTesbcTBO, TO UTO Obl Bhl Bospasuin?

HacTo omwubKa B paccyxKAeHHH HAXOLUTCS TaM, [ie HalUCaHO
<0YeBHJIHO>. Bbl B 9TOM yBepeHBl, HO Ha YeM OCHOBbIBAaeTCsl 3Ta
yBepeHHOCTb? OueBHIHBIE BellM TeM M XOPOIIH, YTO HUX JErko
JoKasaTb. Ec/iM HeT MoJIHOM ICHOCTH, TO KONafTech, [OKa ee He
Oyner.

[IpuBeneHHble HHXKe YKa3aHHS K 3alauaM HHOTZA UMeIoT (op-
My yTBepxKaeHus. Ha Hero Hago cMOTpeThb, KaK BCIIOMOrare/IbHbIH
pesyJsbTat, KOTOPbIH elle HY?KHO IPOBEPUTh.
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YKA3AHHWA
I'JIABA 1

§1

—
5. Ecsin Takasi To4Ka CyLIecTBYeT, TO PA—i—ﬁ—i—]? = 3%
s JII000H TOukH P.

§4

4. PasnoxuTe a N0 CTOPOHAM TpeyroJbHuKa. [Ipoexuus Ju-
HelHOH KOMOWHALMK paBHA JHUHEHHOH KOMOMHAIMH (C TEMH XKe
KO3(PULHEHTAMH) MPOEKIHH ITUX K& BEKTOPOB.

§5

2. 3awmernre, uTo ([a, b], [a, c]) = (a, [b, [a, c]]). Hasnee
MOXKHO TPHUMEHHTb (HOPMYJTy HBOMHOTO BEKTOPHOTO MPOHM3BeJe-
HHsl. DTO npeobpasoBaHHe ObIBAeT MOJE3HO U B APYTHX CJIydasix.

T'JIABA 11
§ 2

5. Ecaiu 1Ba jaHHBIe BEKTOpa He KOJIJIMHEApHbI, TO 4acTo Obl-
BaeT y00HO MCIOJIb30BaTh 0a3MUC, COCTABAEHHBIH M3 3THX BEKTO-
POB 1 HUX BEKTOPHOTO MPOU3BELEHHUS.

§3

2. EcqM yMHOXKUTh ypaBHEHHME Ha ero CBOOOAHBIH 4YJ/EeH, TO
CBOGOIHBIN YJjieH MOJyUeHHOrO ypaBHEHHS OyIeT MOJIOXKHUTEJIEH.

T'JIABA III
§1

2. YjieHbl BTOPOH CTENEHM COCTABJSIOT KBaapaT ABydJjeHa
3r — 4y. Ml He MoxeM MOJOXKUThL y' = 3z — 4y, @’ = x, TaK
KakK TIPH 3TOM Mbl TepeiiieM K HelmpsiMOyToJIbHOH CHCTeMe KOoop-
nnHat. Ho samena y' = (—3x+4y)/5, ' = (4x+3y)/5 nepeBonut
MPSMOYTOJIbHYIO CHCTEMY B TPSMOYTOJBHYIO.
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5. Tak kak 6a3uCHble BEKTOPbl PaBHbBI MO MJHHE, BEKTOPHI
€1 + ey U e] — ez B3aUMHO MePreHANKYJ/SPHEl, U yI00HO BHIOPATh
OCH JIeKapTOBOH MPAMOYTOJNBHOM CHCTEeMBl KOOPAMHAT, HAaNlpaBJ/leH-
HBIMH BJIOJIb 3TUX BEKTOPOB.

§ 2

5. HenocpencTBeHHBIH NOACYET He CJIOXKEH, HO MOXKHO BBECTH
JeKapToOBY MPSMOYTOJIbHYIO CUCTEMY KOOPAMHAT, OCH KOTOPOH Ha-
TNpaBJIeHbl BIOJIb PaAMyCOB, M COCJIATbCS HA pe3ysabTaT 3anaud 6
§ 1.

6. IlpoBennte KacaTespHyI0 K mapaboJie, napaJsjenbHyl0 AaH-
HOW NpSIMOH.

§3

6. [TocmoTpuTe Ha 3anauy 4.

§4

1. Cnemyer pasnuyath ABa Cayd4as: KOTLa MepecedeHHe ecTb
npsiMasi, ¥ KOrjaa OHO — Tapa COBIMABILIUX MPSIMBIX.

5. Pemlenue: YpaBHeHUeM JIMHHUU IlepecedyeHHUs ABJ/SIeTCS CHU-
creMa

522 — 3yt +422 =0, —a?+4+y>—22=1.

Ecau Mbl MCK/TIOUHM 2 (T. €. HalileM ero us BTOPOrO ypaBHEHHUs
MOACTaBUM B MepBOe), TO MOJYYyMM ypaBHeHue 12 + y? = 4. DTo
ypaBHeHHe — CJIe[CTBHE CHCTeMbl H MOTOMY ONpesie/sieT MHOMXKe-
CTBO, cojiepKalllee JHMHMIO nepecedenusi. Tak Kak B ypaBHeHHe
He BXOJMT z, 3TO MHOXKECTBO — LMJMHAD C 006pas3ymoIlUMu, Na-
pasiesbHBIMU e3. [lepecekasi UMJMHAP MJIOCKOCTBIO 2 = 0, Mbl
noJlyyaeM OKPY»HOCTb ¢ ypaBHeHueM z = 0, 22 + y? = 4, Ha
KOTOPOH J1exkUT npoekuus. ONHAKO NPOEKIHs He COBMAnaeT ¢
OKpPY>KHOCTbI0. McKto4asi 2, Mbl I0JKHBI OBIJH 3alIOMHHUTD yCJI0-
Bue 22 = —1 — 22 +y? > 0. Urak, nmpoekuus — 1Be NyTH OKPyX-
woctu: =2 + y2 =4, y?> — 22 > 1 Ha maockoety z = 0.
6. TunepGonia He yMelaeTcst B MOMYTIOCKOCTH.
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I'JIABA IV

§ 2

8. IlocmoTpuTe, BO UTO MepexofsT Haualo KOOPAHMHAT U Oa-
3HUCHbIE BEKTOPBI.

9. MHoxecTBO 00pa3oB BcexX TOUeK MPH JHHeHHOM HeaduH-
HOM I1peoOpa3oBaHUK — MpsiMast JUHUS UK TOYKa.

12. EcTb /1 HemoiBHKHAs TOYKA Ha UHBAPUAHTHOU MPSIMOH?

§3

1. IlpeobpasyiiTe ma0OCKOCTb TaK, YTOObI Be W3 MPSIMBIX Ile-
pelld B OCH KOOpIHHAT.

4. Vickomble Hampap/ieHHs — IJIaBHBIE HanpaBjaeHUs aguH-
HOro npeo6pa3oBaHus.

5. ObGpaTvTe BHMMaHHe Ha TO, 4TO MNpsiMas, UMelollasi eaHH-
CTBEHHYIO 0OLIYI0 TOUYKY ¢ napaboJsioll uiau runepoosoil He 0653a-
TeJIbHO SIBJISETCS KacaTesbHOM.

IJJABA V

§3

4. 6) KoapuipeHTs! pasyokeHHs] Te e, 9TO U B YHPOIIEH-
HOW MaTpuLe.

5. Uro o3Hauaer Teopema 0 6azncHOM MuHOpe npu Rg A = 1?

6. DneMeHTapHBIMH NTPe0OPA30BAHUSAMU CTPOK 0OpaTUTe B HY-
JieBble BCe CTPOKH, KPOME OTMEUEHHBIX.

7. Ouenure panru matpul ||A|B| u ||A]A + B].

§4

6. Vcnonb3yiiTe pesyabTaT 3amauu b.

7. TlycTb 061Mil KopeHb t. YMHOXKHMM MepBbiii cToa6el Ha t2,
BTOPOH — Ha 12, TpeTHHl — Ha t U BCe MPUOABUM K YETBEPTOMY
cTOJOLLY.
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I'JIABA VI
§ 2

2. BexTop ¢ koopauHatamu &1, €2, €3, €4 npunannexur L' To-
rJa ¥ TOJbKO TOTJA, KOIla COBMECTHA CHCTeMa ypaBHeHHH ¢ Heus-
BECTHBIMU < H [3.

1 5 &t

2 6 £2
« +8 =

3 7 ¢3

4 8 ¢l

4. JIns HaxoXKIeHUs JUHEHHBIX 3aBUCHMOCTEH MeX1y BEKTO-
paMM MOXKHO TPUBECTH MaTpULYy M3 UX KOOPAHUHATHBIX CTOJIOLOB
K YIPOLIEHHOMY BHAY C TIOMOLIBIO 3JieMeHTapHbIX NpeoOpas3oBa-
HUH cTpok. Haxomum, 4To ai,a2 ¥ by JUHEHHO He3aBUCHMBI, a

1

by = tay — as + 3by. Tostomy z = a1 — ag = 4(by — 3by)

npuHagaexut L' (L.

§4

3. B vHBapHaHTHOM MOANPOCTPAHCTBE HEUETHOH Pa3MepPHOCTH
HalifieTcst COOCTBEHHBIA BEKTOP.

8. T?=E. Orciona cenyert, uto A2 = 1.

9. Bocrnosib3yliTech HHBAPHAHTHOCTBIO CJle]a MATPHLLBL.

10. Bocnosb3ay#iTech Teopemoit 4.

§ 6

6. Ecaiu B — matpuua 6uanHelHOl (PyHKUUH, TOo Bx = 0 —
CHUCTeMa ypaBHEHHH ee HY/Mb-IpocTpaHcTBa (cM. 3agauy 5). [lepe-
CeueHHe HY/b-IPOCTPAHCTB BCeX (POPM 3amaeTcs CUCTeMOH Dx =
= 0. [lomecTuM B 3TOM nepecedyeHUH NOCaenHNE N — k 0A3UCHBIX
BEKTOPOB.

7. Ecin AT Ax = 0, 1o xT AT Ax = (Ax)T(Ax) = 0, u noro-
My Ax = 0.

8. Haifinercss BepxHsifi TpeyrosbHasg MmaTpuna S Taxas, 4TO
STBS = E (cm. nokasartenbctso kputepusi CHIbBECTpa).
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9. Ilycte k(z1) > 0, a k(z2) < 0. Paccmorpure MHOrouseH
k(txy 4+ x2) OT mepeMeHHO t.

I'JIABA VII

§1

4. 6) Ecau Bbl Hawy Takyw MaTpuily, TO TOCTapalTech C
ee TOMOLIbI0 MOCTPOUTh MATPHUIy TAKOTO THINA BABOE OOJbIIETO
nopsiika. Uro 310 3a Matpuubl aasg n =1 u 2?

§ 2

6. [IpencTaBbTe XapakTepUCTHUECKUH MHorouseH A\* + 1 kak
(A2 4+v2X+1)(A\2 =2\ + 1) 1 HaiiguTe HHBapHAHTHBIE TOAMPO-
CTPaHCTBAa, COOTBETCTBYIOLIHE NapaM KOMIJIEKCHO COMPSKEHHBIX
KOpHeH.

§4

3. Ilpeo6paszoBaHue yHUTapHOTO MPOCTPAHCTBA, UMEIOLIee Ta-
Ky MaTpuly B OPTOHOPMHPOBAHHOM 0asuce, SIBJSETCS YHHUTap-
HBIM.

I'JIABA VIII

§ 2

2. R =4, r = 2. Manas kBaapatuuHas (GopMa He sBJjseTCs
HU TOJIOXKUTENbHO, HY OTPHULATENbHO MOJNYOINpefeeHHON.
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OTBETbI

I'JIABA 1
§1

1. Bexrtopel a, b u ¢, 08 KOTOpPBHIX HalayTcs Ko3(PULU-
edTsl « > 0, 8 > 0 u v > 0 Takue, uto aa + b + y¢c = 0.
2. |BC|/|ICAl = M1 —A). 8. AC(L,1/2). 4. (5, -3).
5. Touka nepeceuenus menuan: AO = (AB + AC)|/3.

§ 2

1. (1,1). 2. D(z1 —2x2+ 23, y1 — Y2+ y3). 3. a) [psimasi, mep-
MeHUKYJ/IsIpHAst MOJISPHON OCH, MepeceKarllas ee B ToOUKe 7 = 2.
6) OKpy>XHOCTb pajuyca | ¢ LEeHTPOM Ha MOJSIPHOH OCH, MPOXO-
nsiiast yepes nodioc. 4. x = rcosp cosl; y = rsing cosl; z =
= rsinf.

§3
! i !
1. Ecnu € = ae u |0O0'| = ape, 0 @ = add, © =
= az’ +ag. [lpu a = 2, a9 = 0 KOOPAHHATH YMEHbIIAKTCS BABOE.
1 1
2.z = 5(—3:’ +y' +1), y= —5(33’ +y —1). 3.0 — mpo-
THBOMOJIOKHAs O BepIIMHA MapaJJesienunena, NOCTPOEHHOro Ha

6a3UCHBIX BEKTOpax. KOHHI)I COOTBETCTBYIOLIHUX 0a3UCHBIX BEKTO-
poB coBIanaroT.

§4
4. (3/2)a.

§5
2. cosf = (cosa — cosfB cosy)/(sinf siny). 3. —12v/2.

4. Heo6xoouMo M HOCTAaTOYHO, 4TOOBI JEeTePMHHAHT MaTpHLbI
Obn mosoxkutesen. 5. (em)~l. 6. 3/4.
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I'JIABA 11

§1

1. 224+y? =4. 3. 224ay+y’—o—y=0. 4 224y =422
5. YpaBuenue ®(p, 0) = 0, rme dyukuusi & — vetHast mo 6 u
TNIepUOAHYEeCcKas 110 ¢ C MEePHUOOM T.

§2

1.x=2-2t, y=2+1t 2z=1¢t 2.2 =1+42u-—
—3v, y=u, z=v. 3.(2,0,2);t1=-1,ta=1. 4. 3z —

b
—2y—5z+4=0. 5. a)r= [2, b] + ta. 6) B obiiem cayuae

|af?
Din,

Iy |2

ni, no|, Dins — Don
r = 21 2|][;11 ln;]‘g : 1]+t[n1,n2], WM T = —

Dsny

a2 + t[ny, ny] npu ycaouu (ny, ny) = 0.

§3

1. O(—8, 1), r = 4. 2. (A1A2 + 3132)0102 < 0.
3.2 =8t y = 65, z = 49t. 4. 0,(0,2,1), r; = V2
04(0,2/3,1/3), r2 = /2/3. 5. O(31/8, 6/5, —29/40).

6.r= T —|—a1—(r1 — T2, Ao, a2) —|—ta0 HJIU XKeTr = 317(r2,a2’a0) —
(ag, a1, az) (a1, az,a0)
—agi(rl,al,a()) + tag.
(a17a27a0)
I'JIABA III
§1
1 1 1 1
La?—y?/4a=1, o = —=@'—y)—=, y= —=(@"+y)+=.
y?/ \/5( y)Qy\/i( Y+

2.y?=27; o' =4 +3y+1)/5, v =(-3x+4y—1)/5.

3. B03MOXKHbI: Iaphl MepeceKalmKxcs, apaileabHbX H COBMaB-
IIUX TIPAMBIX. 4. A = C, B =0, AD?> + AE? > A’F.
5. dnaunc ¢ nomyocamu 4v/2 u 3v/2.
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§ 2

3. Hnsa sanunca, napadogsl U Oanzkaiield K (OKyCcy BeTBU
runep6ossl r = p/(1 — ecos¢). Jasi Bropoil BeTBH TUMepOOJBI
r=-—p/(l+eccosp). 5.1/a*>+1/b>. 6.2v2. 8. lpamas
COEJIMHSET TOUKHM KACAHWsl KACATEJbHBIX, MPOBEIEHHBIX K JIMHUH
U3 JJAHHOM TOYKH.

§3
4.0(—3%, %) 3x4+y+1=0,2+3y—1=0. 5. a) [lapa
nepecekamouuxcs npsiMeix. 6) [unepdona. 6. (3x +y + 1)(z +
+3y—1). 7.2—-3y+3=0.

§4

2. a) OnHonoJsiocTHBIH runep6oaoun x2 4+ y? — 222 4+ 4z = 4.

6) Konyc 22 + y? = 2(z — 2)2. 3. Jlna runep6oanueckoro mna-

paboJionia, 3aJaHHOT0 KaHOHMUEeCKHM ypaBHEHHeM, HOpMaJjbHble

BeKTOpBl MIockocTed ny (b, a, 0) u na(—b, a, 0). 5. 2% + y* = 4;
2 _22>1
y?—a? > 1.

IJIABA IV

§1

1. 6) Ha. B) Her. r) Ilpu tpex. 2. (fgh)™! = h~lg=1f~1.
3.2 =5—y, y"=5—=x

§2

1. a) Ha. 6) Her. 2. Tlpsamasg y = 3. 4. (1, 1).

6. CBoOonHble YjIeHBl 3aMEHSITCS Ha HOJb. 7. a) x* = box +

+agy+co, Y- =bix+ary+c. 6) x* =ax+2biy+cr, Yyt =
1 1

= 5027 + boy + 302 8. y = ztg g 9. Her. 10. B n060m

cJydae — BEKTOPBI KOJIJIMHeapHble €2, pH a + b # 0 elle u KoJ-

quneapubie (a + b, —1). 11. OceBast CUMMETPHsI OTHOCHTEJBHO

[%2)
= —rtg =
y=—atgg
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1. 1/3. 3. 2" = —3% y* = —%y. [omorerusi ¢
LEeHTPOM B Hadajie KoopauHaT. 4. BekTopsl, KoJiHHeapHble Bek-
Topy a) a(3,2), 6) b(—2,3). CooTBeTCTBYIOLIHE PACTSIKEHHS:
a) 226, 6) v/26. 7. a) Ocb OfHOH CHMMETPHUH MepPIeHANKY-
JISIpHA &, 0Cb APYTroH MoJiyuyeHa U3 Hee MapaJiiebHbIM [epeHoCOM
Ha 2a. 6) Ocu oGenx cuMMeTpuil mpoxoasT uepes O, Ocb BTO-
poli moJiyueHa MOBOPOTOM OCH MepBoH Ha yroa ¢/2. 8. gf, rae
g{zf=z y"=N-0a}, T {2"=2z vy "=y+a} g-—
cKaTthe K mpsimoit y = a/(A—1). 9. Ha.

I'JIABA V
§1

1. a) 13 6) 9, B) 48, He cuuTas ee caMoH.

)

79

2. a) Her. 6) Ha. B) la.r) Her. 3.2B. 4.D = (3—-2)\)A—
—(1+X)B+ AC, )\ npou3BOJIBHO. 5. a) Her. 6) Her.
6. Her. a=2b—c.

§ 2

2. a) Jla. 6) Her. 4. a) Her. 6) [a. 5. a) Marpuue
(—FE) orBeuaet LieHTpa/bHas CHMMeTpusi, a I — moBopoT Ha /2.

0) a b ||, e aub#0 — Npou3BOJbHEL
a®+1
—— -a

7 1 0 0
-1 3 =2
0 -1 1

8 100100 LoOof|ltoo0}ff100
01001 o0]f011]||01o0]|110
011 001 00 1|I|l002](||0 01
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§3
1. a) Rg A = 2, 6a3ucHbIl MHHOD, HaNpUMep, 111 : = -3
3 2
6)H789H=2H456H—H123H; 6|=2|5]-
9 8
1
—1|/4]|. r)9 — Bce nongmartpuubl BTOporo nopsiaka. 2. PaHr
7
10 -1 -2 =3 5

He 00Jibllle JBYX. 4. a)|lo 1 2 3 41; o7 =

00 0 0 O 9
1 2
=-3| 3| +4]4
) 6
§4

1.a"det A.  4.46. 5.detA=Fkt+b,rneb=detA, a
k=3S(~1)"*id;.  6.(3"+1)/2. 9. 10.
irj

§5

2.
ad — be

—C a
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§6
-1 -1 —-B
3. 1 0. 4. ——||. 5. a) He cymecrsyer.
0 1 E, .
-1 1
6)AT. 6. 1]+ =2 |c
0 1
T'JIABA VI
§1

n
1. A=5 a;E;;. 2. n(n+1)/2. 3a 6a3uc MoKHO NIpH-
k=1

HATb MaTpulbl F;;, (i > j) cranmapTHoro 6asuca IpocTpaHCTBa
KBaJpaTHBIX MaTpPHUL MOpsiAKa 1.

1 —a a®> —a?
0 1 —2a 3d?
0 0 1 —3a

0 O 0 1

1 1 .
+ Ep”(a)(t —a)? + Ep/”(a)(t —a)? (wTpux ob6osHauaeT aH(de-
peHuMpoBanue 1o t). 4. f; pack/JanblBaeTcs Mo ej; fo packna-
NbIBaeTCA MO ey, eo; f3 pacKAajiblBaeTcs MO €1, €2, €35...; fn_1

packJiaabiBaeTCsd Mo €1,...,Exn—1. 5. OpI/IeHTI/IpOBaHbI OJHNHAaKO-
BO.

§ 2

¢ -2+ =0,
261 -3¢+ ¢4 =0.

1. Hanpuwmep, aj,as. 2.
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3. Hanpumep, nuHeitHast 060704Ka BEKTOPOB e3 U e4. 4. a) aq,
as, by, 6)as—a; =|4,4,4,4/|T. 5.a) lda. 6) [la. B) Her.

§3
1200
2400 6)2_1700
5600 0 0 9 1
1. a)
0012 SRR 000
B b
0024 000 123
0036

2. Unbextusno npu Rg C' = 2. ClopbeKTUBHBIM OBITb HE MOXET.
3. a) Her. 6) Ha. 7. a) Her. 6) Ha.

§4
A | O
, Tme A1 — KBajpaTHasi MoAMaTpulla MopsiaKa
O |0
! A
7 1 paHra r. 6. B Gasuce e| = e +e2, e, = —ej + e MaTpuua
1 0
7. Ina Ay = 7 6a3uc B COOCTBEHHOM IMOAMPO-
0 —1
T T
CTpaHCTBe — BEKTOPbI ¢ KoopauHaramu ||1,—2,0|" u ]|0,3,1]" .
. T
Ias A = —7 coGcTBeHHBIH BeKTOp ¢ KoopanHatamu |2,1,—3]" .
8. Ilns Ay = 1 coOGCTBEHHOE MPOCTPAHCTBO — MHOXKECTBO CHM-
MeTpUYHbIX MaTpuil. s Ao = —1 coOGCTBeHHOE MOAMpPOCTpaH-
CTBO — MHOXKECTBO KOCOCHMMMETPHUYHBIX MaTpHil. 9. cosa =

110 1 -1 0
1
:i(trA—l). 1. S=|l1 2 0ff A =]l0 1 —-1]
0

1 4 1 0 1
1
12. A7 = ——(mE + agA + -+ + a, A"71), e a; (i =
ao
= 0,...,n) — KO3DPHIHEHTE XapaKTePUCTHUECKOr0 MHOrOUJIe-
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§5
1. a) Her. 6) [Ha, ecmu f(z) = 0 mas Beex .
2. ||Bo,—ac|| , tne 0 = Si(ey,eq). 3.a) 0 ... 0 &!
(k + Dk...2la ... [n(n — 1)...(n — k + 1)]a"7*|.

6) v; =0, i#k+1; ¢ 4 =k

§6
1 1130
113
—2.400
a) 24 01|, 0
0010
00 1
0000
2. 48 3 3. Ll
25 1 12 4. 2) (&) + (€% -
-1
011 2
— (&%) 06) (£")% — (€*) + (¢)%. Marpuusl nepexoa:
1 1 -3 V2 -5 —1
1
a , 6) — —
) 0 1 0 ) 7 0 1 -1
0 -1 1 0 1 1

5. s =n—Rgb. Ilocnennue s cTpoK u MocjenHue s CTONOIOB —
HYJIEBBIE. 6. [lycte D — marpuua, cocTaB/jeHHash M3 MaTpHIl
Bcex (hopM, HaNUCaHHBIX OAHA mox Apyro#. Heobxomumo u no-
cratouo RgD < k. 7. a)r, 6) 0. 9. k He sBJsIETCS HU
MOJIO’KUTEJNbHO, HA OTpPHUIlaTesbHO onpefeseHHod.  10. MuHopsl
yeTHOro nopsinka > 0, a HeueTHoro nopsaka < 0.

§ 7

1.a) 3, 6) 6, B) 14.
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2.
1100 1111
a)A,:o1007521110
0021 1100
0002 1000
11000 1 0 0 0 0
01100 0 0 0 1 0
6) A=loo100|. S=||-1 0 1 0 2
00011 0 -1 0 -1 0
00001 0 0 -2 0 —2
TJIABA VII
§1
1. a) 2 0 2/3 6) 2 -2 8/3
0 2/3 0 , -2 s8/3 —4 |,
2/3 0 2/5 8/3 —4 32/5
B) arcos 577, 2. %H—L L1, —1T, %HL 11, 1T,

1
5”1’ 17 _]-a _1HT 3. a) Hoa 1, ]-a 1HT7 H]'v 17 1, OHT

6) |1, =1, 0, 1||T. 4. a) 1/y/n.

5.00 =" |, Rr=-
. a = — _
Vallo 1| V5
1 V3 V2
1
0) Q=% 2 0 —v2|, R=
1 -3 V2

7. 4V2.

5

0

V6
0
0

7
1

2v6 —/6
V2 V2
0 V3
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§ 2

1. 2 4
01

CoGersennpie moampoctpanctea A: |1 — 1|7, ]2 —3||". Coo-
ctBennsie noampoctpanctsa A*: |4 — 1|7, |1 0", 3. M
TOXK/ECTBEHHOE TPe0Gpa3oBaHye, Ul OTPaKeHHe B OANPOCTPaH-
ctBe & ecmx =2’ +2", o' € &', " € &', 10 A(x) = 2’ — 2",

Eciu & = {0}, 7o A= —E. 4. a)2"n!, 6) 6eCKOHEUHO MHOTO,
B) 1a, B caydae 0).
-3 -1 V2 100
55:% V3 -1 V2, A=]010
0 2 V2 00 4

6. IToBopoT Ha 57/4 B NIOCKOCTH BEKTOPOB a1, G2 ¥ MOBOPOT Ha
/4 B MJIOCKOCTH BEKTOPOB b1, bo. (YTJIbl OTCUHTHIBAIOTCS OT a1 K
az 1 oT by K ba.) KoopnuHatHble cTONOUBI a1, asg, by, ba COOTBET-
CTBEHHO

1 1 1 -1
1] —v2 1] o 1] V2 1] 0
2 T2l Zo o2 1l 2l
0 —V2 0 V2
1/V2 0 1/v2
01 V2 00 / /
7. A = PDQT = . . 0 1 0
10 0 10
~1/v2 0 1/v2
01 0 0 10 01
8. a) =
10 01 00 10
1 8 1 11l 4 V2
6) Q=2 ve S=c
3 -1 \/g 3 \/5 5
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9. Ecin A = xy?, To eIMHCTBEHHOE HeHyJIeBOe CHHIYJISPHOe
4ucio paBHo || |y

§3
1. (9-15t%)/8. 2.b*(z,y) = b(y,x). 3. 3 0
-1 1
V31 V2
5. S:\/ié 0 -2 V2|, 40 +40*)’ + ()%
V3 1 V2
6. lla. 7.2) (¢')°— (€2 u 26'¢%. 6) (€)% n (&)= ()™
1 L =5 22 (132 2\2
8. S:\/—2_6 L9 k(z) =26(n%)" , h(z) = (n")" + (n°)".

9. Bes orpannyeHnus Ha pa3MepHOCTb YCJIOBHE TOJNBKO AOCTATOY-
no. Ipumep: (£1)2 u (£3)%
§4
1. a) |a| = 2, |b| = 3, cos(a,b) = (3 +14)/6, cos(b,a) =

= (3—1)/6. 6) Bekropsi a u b'(—1—3i/2,3/2—i) OpTOrOHAJBHHI.
V=b—aa, a=(3-1)/4.

0 1| @ —i
4. A = , 8 =— . A U camoconpsiKeHHOe
0 -1 V2{1 1
1 . T 1 . T
U yHUTapHOe. 5. 7 lli, 1], EH—@, 1" .
T'JIABA VIII
§1
1 I 4 1 2
To -3 -2 -3
+ 11 + t2
I3 0 1 0
T4 0 0 1
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2. a) [lyctoe MHOXKeCTBO, TOUKY MJIH MJOCKOCTb. 6) dim P >
> ki + ko —n, ecau NJOCKOCTH He TapaJyesbHbl.

§2
I -2 1 V15 n -2
1
1. 2 = —=||2v3 —V/3 V5 + | 2v3 ||
5 2\/5 \/_ \/_ \/_ 72 \/_
£ 2 4 0 N3 -3

(nH)? — (n?)? — (n*)?/5 = 1. 2. TunepGoanyeckuil napaboNOH.

3—§<(l<0

I'JIABA IX
§1
2. a) 64,0) 64. 3. 2, = (-1)Nin)det S, ecan
i1,...,1, pa3auunel, 1 0 B MPOTHBHOM CJy4Yae. 4. Jlunetinoe
npeo6pasoBatue A(z) = f(x)a, nmeer matpuuy af. 5. eTsipe
TeHsopa tuna (1, 1) u 1Ba UHBapHaHTa.
§ 2
1. 11 2 1 10
B = , C= , D=
2 3 3 2 11
2. B — wmarpuua npeoOpa3oBaHusi, COMPSKEHHOro MpeoGpaso-

BAHUIO C MaTpulled CcT. Ux JNETEePMUHAHTBl U CJefbl AOJXKHBI

ObiTh ofMHAaKOBB. OcTajbHble NETEPMHUHAHTBI PaBHbl, TaK Kak
— m

detI'=1. 3. 2“(2‘5)-

§3
1 0 o —a?
(617 €2, 63) —Oé3 0 al
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1. Anexcaunpos I1. C. Kypc aHannTiuecko# reoMeTpun u Ju-
HeliHol anre6pol. — M.: Hayxka, 1979.

2. Wnwbun B. A, Tosusk O.T. AHamuTnyeckasi reoMeTpus. —
M.: Hayka, 1981.
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MHoro uHTepecHbBIX 3a1a4 U TeopeM cOOpaHO B KHHUTe

14. TlpacosioB B. B. 3anauu u Teopembl JUHeHHON ajare6pel. —
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15. Xanmou [1. KoHeyHOMepHbBIe BEKTOPHBIE TIPOCTPAHCTBA. —
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[IpuknanHble BOMpOCH JMHEHHOH anrebpbl paccMaTpUBAIOTCA
B KHHUTax:
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MPEAMETHbIM YKA3ATEJb

A

A6cuucca 16
Anbrepuuposanue 390
Annivkara 16

b

basuc 14, 228
6uoproroHansHbii 30, 276,
342
skopnanos 300, 302
opToroHanpHbIH 314

opToHopMHpoBaHHbIH 19, 313

crangapTHeiil 230
Basuchl

CUHTYJIsIpHBle 336
Bugekrop 400

B

BanentHocTh TeHsopa 378

Bekrop 6, 224, 355
akcuanbHbi 40, 413
HamnpasasoWUH 62
HyJeBo# 6, 225
TNpUCOeIMHEeHHBIH 299
TIPOTHBOIOMOKHBIH 225
cBOOOIHBIH 8
coO6CTBeHHBIH 259

BexTopsl
KOJIIHHeapHble 6
KOMII/JIaHapHble 6
paBHble 6

Buemnss ¢opma 400

r
T'unep6ona 93
acuMntoThl 102
nupektpucel 104
nogyocu 101
tdokycnl 103
I'inep6omonn
nBymnoJsocTHbH 128, 369
omHomoJocTHRIH 125, 369

b |
Hertepmunant 44, 192
Juamerp 112

3

3akoH uHepuuu 287

nu

Hsomopdusm

a((UHHBIX IPOCTPAHCTB 356

€BKJIMIOBBIX MPOCTPAHCTB
329
KOOpAMHATHBIN 248

JIMHEHHBIX MPOCTPaHCTB 248

WuBapuant 57, 381
OpTOroHaJbHBEIH 366
OTHOCHUTEJbHBIN 412

Wupeke kBagpaTuuHol dopmbl 287

Wupexcot
KoBapuaHTHble 378
KOHTpBapHaHTHble 378
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[Ipedmemnoiti ykazameno

K
Keanparuunas dopma 281
6ospinas 362
manas 362
MOJIOXKUTENBHO OTpefe/eHHas
287
noJsiyonpenenentas 287
Kogekrop 379
KomnoneHTHl
BekTOopa 15
TeH3opa 378
Konyc 125, 369
MHUMBIH 369
Koopnunarnas ctpoka 274
Kooppunathslit cronber 228
Koopaunartst
BekTopa 15, 228
KoBapuaHTHble 31, 399
KOHTpBapuaHTHble 31
TOuKH 16
Kpurepuii Cunbeectpa 289

JI
Jluneiinass komOuHauus 9
TpuBHasbHas 11
Jluneiinas o6osouka 235
Jlunus
anre6pandeckas b6
neHTpanbHas 114

M

Martpuna 159
s-MepHasi 376
['pama 312, 350
aHTUCUMMeTpHU4Hast 162
6uanHeiHol QyHKUMU 279
nuaroHasnbHas 162
elMHUYHasa 165
xopaaHosa 303
KBajpaTHas 159
KJIETOUYHO JUaroHasbHasi 257

KJIeTOUHO TpeyroJgbHas 202,
256
JIMHeHHOTro 1npeo6pa3oBaHus
253
HeBbIpOXKeHHas1 178
HyJeBas 163
o6parHast 181
oproroHasbHast 314, 331
oroGpakeHusi 246
nepexona 24, 232
IIPOTUBOIONOKHAs 163
npsimoyroJibHasi 159
pactupennas 207
cUMMeTpHuHasi 162
TpeyrosbHasi 162
yHuTapHast 351
¢yHnameHTanbHas 216
spmutoBa 292, 351
Martpuupl
nepecTaHoBOuHble 172
paBHble 159
sJeMeHTapHble 177
Munop 188
raaBHbli 289
JIOTIOJIHUTEbHBIE 198
MHozxecTBO 3HaueHHi 244

H
Hanpasnenus
acuMnrotuyeckue 110
raaBHele 117
CHUHTYJIsIpHBle 157
conpsizkeHHble 116
Hanpasastomas 59, 60
Hanpasasitomune kocunycs 20
HepagencTBo
Anamapa 321
Koun-bByHnsikoekoro 311,
349
TpeyrospHKKa 311
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(0]

Oo6pasytomas 59, 60

O6wem napannesnenunena 320
opueHTHpOBaHHOrO 36, 321,
404

OrpaHuueHne npeoGpasoBaHus
257

Opnunara 16

Opuenranus 33-35, 234

OproroHanbHoe gonoHeHHe 315

OtoGpaxenue 133
B3aUMHO OHO3HauHOe 135
UHBEKTHBHOE 245
JUHeHHoe 242
HyJeBoe 243
o6parHoe 251
CIOpBeKTHBHOe 244

I1
[Tapa mpsimbIx
MHHMBIX TapaJjenpHbix 94
MHHMBIX Tepecekatouuxces 92
napannenpHbx 94
nepecekatouuxcs 93
coBrajgamnx 95
[Tapa6ona 94
nupektpuca 106
¢dokyc 106
[Tapa6osoun
runep6onuueckus 129, 371
snnuntudeckui 128, 370
[Tepeceuenne nognpoctpancTs 238
[Tepecranoska 203
yetHas (HeuerHast) 203
[TnockocTb
k-mepHasi 358
OpHeHTHpOBaHHas 34
[ToBepxHOCTB
anre6pandeckas Hb
BpamieHus 122

KoHHMYecKas 60
HUAHHIpUYecKas 59
[Tonmatpuua 161
6asucHas 188
[Monmpoctpancrso 10, 235
WHBapHaHTHOe 255
KopHeBoe 295
HanpasJsomee 10, 358
co6cTBeHHOE 258
nuKauyeckoe 298
[TonuBekTop 400
npocroit 402
ITpaBuso Kpamepa 47, 210
IIpeo6pasosanue 133
apdunnoe 141, 357
nuaroHasusyemoe 266
JauHelHoe 141, 243
HUJIbIIOTEHTHOE 297
obpatHoe 137
optoroHasbHoe 139, 330
nepBoro (BToporo)
pona 156
npucoenrHenHoe 343, 353
camocornpsikeHHoe 326, 352
comnpsikeHHoe 323
ToxkaecTBeHHoe 135, 251
yHHUTapHOe 352
[Tpeo6pasoBanus
nepecTaHoBouHble 254
sJemMeHTapHbie 175
[Tpoekuus
BekTOpHas 31
oproroHaJsbHas 316
ckasisipHas 32
[IpousseneHue
BeKTOpHOe 39
nBofiHoe 49
sHewHee 406, 410
matpun 169
Ha 4HCIIo
BekTOpa 8§
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JNUHEeRHOH QyHKIHH 275
MaTpuibl 162
oroGpaxkenusi 250
TeHsopa 383
oto6paxenui 136, 250
ckansipnoe 309, 348
cMelaHHoe 37
TeH3opoB 384
[TpoctpancTBo
apudmernyeckoe 230
addunHoe 355
6eckoHeuHOMepoe 230
BekTOpHOE 10
eBKk1110B0 308
JHelHoe 224
HysieBoe 226
OpHeHTHpOBaHHOe 35, 234
cornpsizkeHHoe 276
TOUEUHOe eBKJHUI0BO 357
yHHUTapHOe (3pMHTOBO) 348
[TpsimonHeliHble 06pasyoliye
125, 130
[TceBnockassp 40
[Tyuok
nsockocrei 86
npsMbix 84

P
Pannyc-exrop 16
Pasnoxenue
QR 319
nosisipHoe 337
cuHryssipoe 334
Pasmepnocts mpoctpanctsa 230
Panr
KBaJpaTHUHOH (hopMbl 286
matpuusl 187
CTOJOLOBBIH 186
cTpouHblil 185
otobpaxenus 244
Pewenne cucremsl 207

obuiee 219
TpUBHAJIbHOE 216

C
CeepTbIBaHHE
TeH30poB 387
Cas3ka miockoctedt 86
CemunHBapuaHt 367
Cxarue (pactsikenue) 134
CurnHarypa 289
CumBos Kponekepa 380
CummerpupoBanue 389
Cucrema KoopauHaT
BHYTpeHHsis 64
nekaprosa 16, 358
npsiMoyroJipHas 19
noJsipHas 20
cepuueckas 22
UUAMHIpUYecKas 22
Cucrema JIMHEHHO 3aBHCHMas
(nesaBucumas) 11, 164, 227
Cucrema JIMHEHHBIX ypaBHEHHH
207
onHoponnast 207
coBmectHas 208
conpsizkeHHast 213
Cnen maTpuubl 262
CobcTBeHHOe 3HaueHHe 258
CronGer(ctpoka) 160
Crpoku
6asucHble 185
Cymma
BEKTOpOB 8
JIMHERHBIX (PYHKUHH 275
matpu, 162
oroGpaxkenui 250
noanpocTpaHcTs 237
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